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PREFACE

The international conference Intelligence of Low Dimensional Topology
2006 (ILDT 2006) was held at Hiroshima University, Hiroshima, Japan
during the period 22–26 July, 2006. It is a part of the research project
“Constitution of wide-angle mathematical basis focused on knots” (Akio
Kawauchi, the project reader). It is the fourth of the series of conferences
Intelligence of Low Dimensional Topology, following the preceding series of
conferences Art of Low Dimensional Topology, organized A. Kawauchi and
T. Kohno, and is organized also by S. Kamada from the new series. This
time, the conference was held as international conference and it was a joint
conference with the extended KOOK seminar. The aim of the conference
is to promote research in low-dimensional topology with the focus on knot
theory and related topics. This volume is the proceedings of the conference
and includes articles by the speakers. The articles were prepared under 8
page limit, except for plenary speakers. The details might be omitted. I
hope that the readers would enjoy the quick view of a lot of current works.

The plenary speakers were J. Scott Carter, Gyo Taek Jin, Louis
H. Kauffman, Masanori Morishita, Tomotada Ohtsuki, Colin Rourke,
Masahico Saito, and Vladimir Vershinin. Besides the 9 plenary talks, there
were 39 talks. There were 105 participants including 19 persons from for-
eign countries: Australia, Bulgaria, China, Colombia, France, Korea, Rus-
sia, Spain, Tunisia, U.K., and U.S.A.

I would like to thank the speakers and participants. The organizing
committee and local organizing committee also deserve great thank.

This conference is supported by the Grant-in-Aid for Scientific Research,
Japan Society for the Promotion of Sciences:

• (B)17340017 – Seiichi Kamada, the Principal Investigator
• (B)16340014 – Toshitake Kohno, the Principal Investigator
• (A)17204007 – Shigenori Matsumoto, the Principal Investigator
• (B)16340017 – Takao Matumoto, the Principal Investigator
• (B)18340018 – Makoto Sakuma, the Principal Investigator

and the 21st Century COE Program
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• “Constitution of wide-angle mathematical basis focused on knots”
– Akio Kawauchi, the Project Reader.

Articles by Sofia Lambropoulou and Toshitake Kohno are also in this
volume. They were expected as plenary speakers, however they could not
attend the conference.

Seiichi Kamada Hiroshima, Japan
(Chairman, Organizing Committee 25 December 2006
for the International Conferences
“Intelligence of Low Dimensioanl Topology 2006”)
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1Intelligence of Low Dimensional Topology 2006
Eds. J. Scott Carter et al. (pp. 1–8)
c© 2007 World Scientific Publishing Co.

FORD DOMAIN OF A CERTAIN HYPERBOLIC
3-MANIFOLD WHOSE BOUNDARY CONSISTS OF

A PAIR OF ONCE-PUNCTURED TORI

Hirotaka AKIYOSHI

Osaka City University Advanced Mathematical Institute
3-3-138 Sugimoto, Sumiyoshi-ku, Osaka 558-8585, Japan

E-mail: akiyoshi@sci.osaka-cu.ac.jp

The combinatorial structures of the Ford domains of quasifuchsian punctured
torus groups are characterized by T. Jorgensen. In this paper, we try to find
an analogue of Jorgensen’s theory for a certain manifold with a pair of once-
punctured tori as boundary. This is a report on a work in progress.

Keywords: hyperbolic manifold, Kleinian group, Ford domain

1. Introduction

The following is our initial problem.

Problem 1.1. Characterize the combinatorial structures of the Ford do-

mains for hyperbolic structures on a 3-manifold which has a pair of punc-

tured tori as boundary.

See Definition 3.2 for the definition of Ford domain. In what follows, we see
some background materials which motivate Problem 1.1.

Both knots depicted in Figure 1 are hyperbolic, and have genus 1. In fact,
they have (once-)punctured tori depicted in the figure as Seifert surfaces.
One can see that K2 is obtained from K1 by performing a Dehn surgery on
the loop in the Seifert surface depicted in the figure.

One major difference between the two knots is that K1 is a fibered knot
while K2 is not. Thus there is a big difference between the constructions
of the complete hyperbolic structures on these knot complements following
the proof of the Thurston’s Hyperbolization Theorem for Haken manifolds.
Following it, one can construct the complete hyperbolic structure of finite
volume on the complement of each K1 and K2 by cutting along essential
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(a) (b)

Fig. 1. (a) the figure-8 knot K1 = 41, (b) K2 = 61

surfaces in the manifold several times to obtain a finite number of balls,
constructing hyperbolic structures on each component, then deforming and
gluing back the structures until one obtains a hyperbolic structure on the
original manifold. The argument which guarantees the final gluing is as
follows. If one cuts the original manifold along a fiber surface as in the
case of K1, then, by the “double limit theorem”, one can find a hyperbolic
structure which is invariant under the gluing map. On the other hand,
if one cuts the manifold along a non-fiber surface as in the case of K2,
then one needs to define a certain map on the space of geometrically finite
hyperbolic structures. A fixed point of the map gives a structure which
is invariant under the gluing map, which is obtained by the “fixed point
theorem” for the map.

The Jorgensen theory tells in detail the combinatorial structures of the
Ford domains of hyperbolic structures on punctured torus bundles. So,
we expect to understand in detail the hyperbolic structures on manifolds
with non-fiber surfaces from the combinatorial structures of Ford domains.
Problem 1.1 is the first step to the attempt to fill in the box with “???” in
the following table.

analytic
combinatorial
(genus= 1)

fiber surface double limit theorem Jorgensen theory
non-fiber surface fixed point theorem ???

2. A family of 3-manifolds with a pair of punctured tori as
boundary

We denote the one-holed torus (resp. once-punctured torus) by T0 (resp.
T ). Let γ be an essential simple closed curve on the level surface T0×{0} of
the product manifold T0 × [−1, 1], and denote by M0 the exterior of γ, i.e.,
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M0 = T0 × [−1, 1] − IntN(γ), where N(γ) is a regular neighborhood of γ.
For each sign ε = ±, we denote the one-holed torus T0×{ε1} ⊂ ∂M0 by T ε

0 .
We define the slopes (= free homotopy classes) µ and λ in ∂N(γ) as follows.
µ is the meridian slope of γ, i.e., µ is represented by an essential simple
closed curve which bounds a disk in N(γ), and λ is the slope represented by
the intersection of ∂N(γ) and the annulus γ × [0, 1]. Then {µ, λ} generates
H1(∂N(γ)).

For a pair of coprime integers (p, q), let M(p, q) be the result of Dehn
filling on M0 with slope pµ + qλ, i.e., the manifold obtained from M0 by
gluing the solid torus V by an orientation-reversing homeomorphism ∂V →
∂N(γ) ⊂ ∂M0 so that the meridian of V is identified with a simple closed
curve on ∂N(γ) of slope pµ+qλ. We regard M0 as a submanifold of M(p, q)
by using the canonical embedding.

Proposition 2.1. For any pair of coprime integers (p, q), M(p, q) is home-
omorphic to the handlebody of genus 2.

Set P = ∂T0 × [−1, 1]. In contrast to Proposition 2.1, the pair
(M(p, q), P ) does not necessarily admit a product structure.

Proposition 2.2. The surfaces T±
0 is incompressible in M(p, q) if and only

if (p, q) 6= (0,±1). In this case, it follows that (M(p, q), P ) is an atoroidal
Haken pared manifold (in the sense of [9]).

By the Thurston’s Hyperbolization Theorem for Haken pared manifolds
(cf. [9, Theorem 1.43]), we obtain the following corollary.

Corollary 2.1. For any pair of coprime integers (p, q) 6= (0,±1), M(p, q)
admits a complete geometrically finite hyperbolic structure with the parabolic
locus P .

For the rest of this paper, we fix a pair of coprime integers (p, q) 6=
(0,±1), and set M = M(p, q).

Definition 2.1. We shall denote by MP the space of geometrically finite
hyperbolic structures on the pared manifold (M,P ) with the parabolic locus
P .

By Corollary 2.1, MP is not empty. The following proposition follows
from Marden’s isomorphism theorem.

Proposition 2.3. The space MP is isomorphic to the square T × T of
the Teichmüller space T of the punctured torus.
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The following proposition follows from Proposition 2.2 and the covering
theorem [6].

Proposition 2.4. There is a natural embedding of MP into the square of
the quasifuchsian space of the punctured torus.

3. Ford domains for hyperbolic structures in MP

In what follows, we use the upper half space model for H
3.

Definition 3.1. For an element γ of PSL(2, C) which does not stabilize
∞, the isometric hemisphere, Ih(γ), of γ is the set of points in H

3 where γ

acts as an isometry with respect to the canonical Euclidean metric on the
upper half space. We denote the exterior of Ih(γ) by Eh(γ).

Definition 3.2. For a Kleinian group Γ, the Ford domain, Ph(Γ), of Γ is
defined by Ph(Γ) =

⋂
γ∈Γ−Γ∞

Eh(γ), where Γ∞ is the stabilizer of ∞ in Γ.
For any hyperbolic structure σ on M0 and M(p, q), the Ford domain for σ

is defined to be the Ford domain of the image of a holonomy representation
for σ which sends the peripheral element [∂T0 × {0}] of the fundamental

group to
[
1 2
0 1

]
.

To answer Problem 1.1 for the pared manifold (M,P ) with a coprime
integers (p, q) 6= (0,±1), we will follow the following program.

(1) Construct a geometrically finite hyperbolic structure, σ0, on the pared
manifold (M0, P∪∂N(γ)∪N(α±)) with the parabolic locus P∪∂N(γ)∪
N(α±), where N(α±) is the regular neighborhood in T±

0 of the union
of two simple closed curves α± ⊂ T±

0 .
(2) Construct a geometrically finite hyperbolic structure, σ(p, q), on the

pared manifold (M(p, q), P ∪N(α±)) in ∂MP by hyperbolic Dehn fill-
ing on the structure σ0.

(3) By using the “geometric continuity” argument, which is used in the
Jorgensen theory, characterize the combinatorial structures of Ford do-
mains of the structures in MP.

The combinatorial structures of Ford domains for σ0 and σ(p, q) are
characterized by using EPH-decomposition introduced in [3]. (See Figure
2, which illustrates the Ford domains for σ0 and σ(3, 5).)

Definition 3.3. For σ ∈ {σ0, σ(p, q)}, let ∆E(σ) be the subcomplex of the
EPH-decomposition for σ consisting of the Euclidean facets. Let ∆E,0(σ) be
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(a) (b)

Fig. 2. (a) Ford domain for σ0, (b) Ford domain for σ(3, 5)

the subcomplex of ∆E(σ) consisting of the facets whose vertices correspond
to the parabolic locus P .

By the observation in [3, Section 10], it can be proved that ∆E,0(σ) is
dual to the Ford domain for σ.

Let QF be the closure of the quasifuchsian space of T . Let D be the
Farey tessellation of H

2. Let ν = (ν−, ν+) : QF → H2×H2−diag(∂H
2) be

the extension of Jorgensen’s side parameter. (See [4, Section 4] for detail.)
For any point ν ∈ H2 × H2 − diag(∂H2), a topological ideal polyhedral
complex Trg(ν) is defined in [4, Section 5]. Then, for any ρ ∈ QF , ∆E(ρ) is
isotopic to Trg(ν(ρ)) in the convex core of H

3/ρ(π1(T )) (see [4, Theorem
5.1]).

For the step (1), the desired hyperbolic structure, σ0, is obtained from
two copies of the manifold of the double cusp group ν−1(∞, 1/2) by gluing
along a pair of boundary components of their convex cores.

Definition 3.4. Let ∆0 be the complex obtained from the two copies of
the complex Trg(∞, 1/2) by gluing them together along the edge with slope
∞ (see Figure 3).

Fig. 3. The link of the ideal vertex of ∆0

The following proposition follows from [4, Theorem 9.1].
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Proposition 3.1. The complex ∆E,0(σ0) is combinatorially equivalent to
the complex ∆0.

For the step (2), the following Proposition 3.2 is proved by studying
the Ford domains after hyperbolic Dehn filling. See [2] for an outline, in
which the definition of layered solid torus is not correct; it should be mod-
ified as follows. The following construction is parallel to the construction
of the topological ideal triangulation of the two bridge link complement
introduced in [10]. Let σ+ be the triangle of D with vertices 0, 1/2 and 1/3.
For any coprime integers (p, q), let l be the geodesic in H

2 with endpoints
p/q and s+ ∈ {0, 1/2, 1/3} which intersects the interior of σ+. Let σ− be
the triangle of D with vertex p/q whose interior intersects l. Let σ−,∗ be
the triangle which shares an edge with σ− and does not contain p/q. Let
s− be the vertex of σ−,∗ which is not contained in σ−. We introduce the
equivalence relation ∼s− on the boundary component of Trg(s−, s+) cor-
responding to σ−,∗ following [10, Section II.2]. Let V (p, q) be the quotient
space Trg(s−, s+)/ ∼s− . Then V (p, q) is homeomorphic to the solid torus
with a point on the boundary removed whenever σ+ and σ−,∗ do not share
an edge. We can see also that the meridian of V (p, q) has slope p/q.

Definition 3.5. Let Ṽ (p, q) be the double cover of V (p, q). Let ∆(p, q)
be the complex obtained by gluing Ṽ (p, q) to ∆0 so that the triangle of
∂Ṽ (p, q) with edges of slopes (0, 1/3, 1/2) and the triangle of ∂∆0 with
edges of slopes (∞, 0, 1) are identified (see Figure 4).

Fig. 4. The link of the ideal vertex of ∆(p, q); this figure illustrates the case (p, q) =
(3, 5)

Proposition 3.2. For all but finite coprime integers (p, q), the complex
∆E,0(σ(p, q)) is combinatorially equivalent to ∆(p, q) (see Figure 4).
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Let MPsym be the subspace of MP consisting of the elements whose
image (λ−, λ+) in T × T by the map defined in Proposition 2.3 satisfies
that λ+ is the mirror image of λ−. Then σ(p, q) is contained in ∂MPsym.
The symmetry of this kind seems to be useful to carry out the “geometric
continuity” argument.

Question 3.1. Is the combinatorial structure of the Ford domain for every
hyperbolic structure in MPsym characterized by a way similar to that given
in Proposition 3.2?

Let Jsym be the subspace of MPsym to which the answer for Question
3.1 is positive. Figure 5 illustrates the Ford domain for a hyperbolic struc-
ture contained in Jsym for (p, q) = (3, 5). We can draw a conjectural picture
of Jsym for (p, q) = (3, 5) as Figure 6. In the figure, the hyperbolic structures
are parametrized by Trρ(γ), where ρ is a lift to a SL(2, C)-representation
of the holonomy representation for the structure. A point in the plane is
colored gray if the corresponding representation determines an embedding
into C of a simplicial complex which is supposed to be the dual of the
Ford domain and if the radii of the isometric hemispheres corresponding
to the vertices of the complex do not exceed 1. The condition on the radii
of isometric hemispheres is necessary for the corresponding holonomy rep-
resentation to be discrete. Those points are colored by two different colors
according to the change of combinatorial structures of the Ford domains.

Question 3.2. How is the Ford domain for a hyperbolic structure in MP−
Jsym characterized?
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algebraic systems. The method is applied to coalgebra self-distributive maps
to recover low dimensional differential maps.
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1. Introduction

The Jacobi identity is related to the Yang-Baxter equation and therefore
the braid relation.5,9 Self-distributive structures are also related to the
Yang-Baxter relations. Sets with self-distributive maps are called racks,
quandles, and keis1,6,8,10,11 depending on the specificity of the remaining
axioms. Their cohomology theories3,4,7 have been studied recently. How are
Lie algebras, quandles, and their cohomology theories related? Such rela-
tions were investigated in terms of coalgebra structures.2 A cohomology
theory was constructed in coalgebras that describes Lie algebra and rack
cohomology theories in a unified manner, in low dimensions. The construc-
tion was made by category theoretical considerations, with an extensive use
of diagrammatics.

In this paper, an alternative symbolic (and more traditional) approach
to such a construction is proposed. The method is based simply on calcu-
lations with general elements of coalgebras, but formulated in an abstract
linear combinations of symbols that reflect deformation theory, and the
principle applies to a wide range of cohomology theories of algebraic sys-
tems.

This article is organized as follows. In Section 2, a unified view of Lie
algebras and racks is described in coalgebras. A symbolic method is pro-
posed for Hochschild cohomology of associative algebras in Section 3. In the
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last section, we describe the cohomology theory2 from this new viewpoint,
recovering the same differential maps, and show that d2 = 0 follows from
such symbolic computations.

The authors would like to thank the organizers of the conference “Intel-
ligence of Low Dimensional Topology 2006”, in particular Seiichi Kamada,
who served both the organizing and local committees. Our collaborators
Alissa Crans and Mohamed Elhamdadi helped create the work that this
note summarizes. The authors also acknowledge partial support from NSF,
DMS #0301095, #0603926 (JSC) and #0301089, #0603876 (MS).

2. Self-distributivity: From sets to coalgebras

A coalgebra is a vector space C over a field k together with a comultiplication
∆ : C → C ⊗C that is bilinear and coassociative: (∆⊗ 1)∆ = (1⊗∆)∆. A
coalgebra is cocommutative if the comultiplication satisfies τ∆ = ∆, where
τ : C ⊗ C → C ⊗ C is the transposition τ(x ⊗ y) = y ⊗ x. A coalgebra
with counit is a coalgebra with a linear map called the counit ε : C → k

such that (ε ⊗ 1)∆ = 1 = (1 ⊗ ε)∆ via k ⊗ C ∼= C. We use the notation
∆(x) =

∑
x(1) ⊗ x(2) and frequently suppress the sum. The coassociativity

is written in these symbols (suppressing the sum) as x(1)(2)⊗x(1)(2)⊗x(2) =
x(1)⊗x(2)(1)⊗x(2)(2), cocommutativity as x(1)⊗x(2) = x(2)⊗x(1). Together
these imply x(1)(1) ⊗ x(2) ⊗ x(1)(2) = x(1)(1) ⊗ x(1)(2) ⊗ x(2).

Let q be a self-distributive binary operation on a set X. By using the
notation x / y = q(x, y) for x, y ∈ X, the self-distribitivity (x / y) / z =
(x / z) / (y / z) can be formulated, in terms of compositions of maps, as

q(q × 1) = q(q × q)(1 × τ × 1)(1 × 1 × ∆) : X3 → X,

where ∆ : X → X × X is the diagonal map ∆(x) = (x, x), and τ is
the transposition τ(x, y) = (y, x). Diagrams representing these maps are
depicted in Fig. 1. The diagrammatic technique was used extensively2 A
standard construction of a coalgebra from a set X is to make a vector
space C with basis being the elements of X, and define the comultiplication
defined by ∆(x) = x⊗ x for any x ∈ X. Then the self-distributivity in this
coalgebra is written as

q(q ⊗ 1) = q(q ⊗ q)(1 ⊗ τ ⊗ 1)(1 ⊗ 1 ⊗ ∆) : C⊗3 → C.

This equality is called coalgebra self-distributivity.
We now observe that the Lie bracket of a Lie algebra gives rise to coal-

gebra self-distributive maps. A Lie algebra g is a vector space over a field
k of characteristic other than 2, with an antisymmetric bilinear form [·, ·] :
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Fig. 1. Diagrams of self-distributivity

g⊗g → g that satisfies the Jacobi identity [[x, y], z]+[[y, z], x]+[[z, x], y] = 0
for any x, y, z ∈ g. Given a Lie algebra g over k we can construct a coal-
gebra N = k ⊕ g. We will denote elements of N as either (a, x) or a + x,
depending on context and to enhance clarity of exposition, where a ∈ k and
x ∈ g. Note that N is a cocommutative coalgebra with comultiplication and
counit given by ∆(x) = x⊗ 1 + 1⊗ x for x ∈ g and ∆(1) = 1⊗ 1, ε(1) = 1,
ε(x) = 0 for x ∈ g. In general we compute, for a ∈ k and x ∈ g,

∆((a, x)) = ∆(a + x) = ∆(a) + ∆(x)

= a(1 ⊗ 1) + x ⊗ 1 + 1 ⊗ x = (a ⊗ 1 + x ⊗ 1) + 1 ⊗ x

= (a + x) ⊗ 1 + 1 ⊗ x = (a, x) ⊗ (1, 0) + (1, 0) ⊗ (0, x).

Define q(x⊗y) = [x, y] for x, y ∈ g. For x, y, z ∈ g, we compute q(q⊗1)(x⊗
y ⊗ z) = [[x, y], z] and

q(q ⊗ q)(1 ⊗ τ ⊗ 1)(1 ⊗ 1 ⊗ ∆)(x ⊗ y ⊗ z)

= q(q ⊗ q)(1 ⊗ τ ⊗ 1)(x ⊗ y ⊗ (z ⊗ 1 + 1 ⊗ z))

= q(q ⊗ q)(x ⊗ z ⊗ y ⊗ 1 + x ⊗ 1 ⊗ y ⊗ z))

Define q(x⊗1) = x, then the Jacobi identity gives that q is self-distributive.
This leads to the following map, found in quantum group theory5,9 that is
coalgebra self-distributive: Define q : N ⊗ N → N by linearly extending
q(1 ⊗ (b + y)) = ε(b + y), q((a + x) ⊗ 1) = a + x and q(x, y) = [x, y] for
a, b ∈ k and x, y ∈ g, i.e.,

q((a, x)⊗ (b, y)) = q((a + x)⊗ (b + y)) = ab + bx + [x, y] = (ab, bx + [x, y]).

3. Hochschild cohomology

Let X be an associative algebra and A be an X-bimodule. In this sec-
tion we look at symbolic view point of the Hochschild cohomology of X

with coefficient A. The 2-cocycle condition is related to the associativity
(xy)z = x(yz). We apply the following rule: replace a multiplication xy
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by a symbol {x|y} only at a single place among all multiplications in the
equality of associativity (xy)z = x(yz), and take a formal linear sum of
such expressions. Then we obtain

{x|y}z + {xy|z} = x{y|z} + {x|yz}

which leads to the Hochschild 2-differential

(dφ)(x ⊗ y ⊗ z) = φ(x ⊗ y)z + φ(xy ⊗ z) − xφ(y ⊗ z) − φ(x ⊗ yz)

for a 2-cochain φ ∈ Hom(X⊗2, X). For the 3-cocycle condition, we use the
notation

u( (xy)z )v −〈u{x|y|z}v 〉→ u( x(yz) )v

to indicate the place where the associativity is applied. Then the pentagon
relation of associativity is expressed as follows.

LHS : ((xy)z)w −〈 {x|y|z}w 〉→ (x(yz))w −〈 {x|yz|w} 〉→ x((yz)w)

−〈x{y|z|w} 〉→ x(y(zw)),

RHS : ((xy)z)w −〈 {xy|z|w} 〉→ (xy)(zw) −〈 {x|y|zw} 〉→ x(y(zw)).

The five expressions inside of −〈 〉→ are added together (minus signs for
the expressions on the right) to construct the 3-differential

(dψ)(x ⊗ y ⊗ z ⊗ w) = ψ(x ⊗ y ⊗ z)w + ψ(x ⊗ yz ⊗ w) + xψ(y ⊗ z ⊗ w)

−ψ(xy ⊗ z ⊗ w) − ψ(x ⊗ y ⊗ zw)

for a 3-cochain ψ ∈ Hom(X⊗3, X). The fact that d2(φ) = 0 is recovered
from the following symbolic substitution

{x|y|z}w = {x|y}zw + {xy|z}w − x{y|z}w − {x|yz}w
{x|yz|w} = {x|yz}w + {xyz|w} − x{yz|w} − {x|yzw}
x{y|z|w} = x{y|z}w + x{yz|w} − xy{z|w} − x{y|zw}

−{xy|z|w} = −{xy|z}w − {xyz|w} + xy{z|w} + {xy|zw}
−{x|y|zw} = −{x|y}zw − {xy|zw} + x{y|zw} + {x|yzw}.

Note here that the associativity is used to equate corresponding terms to
cancel. In the following sections, we apply this symbolic rule to the coalge-
bra distributivity to observe that this method can be widely used to invent
cohomology theories for various algebraic systems.
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4. Cohomology for the coalgebra self-distribitivity

In this section, we follow the set-up of symbolic representations of 2- and 3-
differentials of the Hochschild cohomology in the preceding section to derive
a 2- and 3-differentials for the coalgebra self-distributivity, and demonstrate
that the square of the differentials vanishes by the same symbolic schemes
for these dimensions (2 and 3), to illustrate that this symbolic method can
be used in a variety of algebraic systems.

Let X be a coalgebra and q : X⊗X → X be a coalgebra self-distributive
map. For simplicity we consider the case where the comultiplication is fixed.
We represent q(x ⊗ y) symbolically by x / y as in the case for a quandle.
Then the coalgebra self-distributivity and its compatibility with the comul-
tiplication, respecitively, is written, for x, y, z ∈ X, as

(x / y) / z =
∑

(x / z(1)) / (y / z(2)),∑
(x / y)(1) ⊗ (x / y)(2) =

∑
(x(1) / y(1)) ⊗ (x(2) / y(2)).

By applying the same principle of formal linear sum as in the Hochschild
cohomology case, we obtain

{x|y} / z + {x / y|z} =

{(x / z(1))|(y / z(2))} + {x|z(1)} / (y / z(2)) + (x / z(1)) / {y|z(2)},
{x|y}(1) ⊗ {x|y}(2) =

{x(1)|y(1)} ⊗ (x(2) / y(2)) + (x(1) / y(1)) ⊗ {x(2)|y(2)},

respectively, where the sum is suppressed. This gives rise to the 2-cocycle
conditions

(d2,1η1)(x ⊗ y ⊗ z)

= q(η1(x ⊗ y) ⊗ z) + η1(q(x ⊗ y) ⊗ z) −
∑

η1(q(x ⊗ z(1)) ⊗ q(y ⊗ z(2)))

−
∑

q(η1(x ⊗ z(1)) ⊗ q(y ⊗ z(2))) −
∑

q(q(x ⊗ z(1)) ⊗ η1(y ⊗ z(2))),

(d2,2η1)(x ⊗ y) =
∑

η1(x ⊗ y)(1) ⊗ η1(x ⊗ y)(2)

−
∑

η1(x(1) ⊗ y(1)) ⊗ q(x(2) ⊗ y(2)) −
∑

q(x(1) ⊗ y(1)) ⊗ η1(x(2) ⊗ y(2)),

for a 2-cochain η1 ∈ Hom(X⊗2, X). A 2-cochain η2 ∈ Hom(X,X⊗2), that
has the same condition for the coassociativity as the coalgebra Hochschild
cohomology theory, was also considered,2 but in this paper we assume that
this cocycle vanishes, for simplicity and limited pages. Thus in this paper
we formulate the 2-differential only for η1 as D(2)(η1) = (d2,1 + d2,2)(η1).
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For the 3-cocycle condition, we use the symbol for applying q analogous
to the Hochschild case:

u ⊗ ( (x / y) / z ) ⊗ v −〈u{x|y|z}v 〉→ u ⊗ ( (x / z(1)) / (y / z(2)) ) ⊗ v,

u ⊗ ( (x / y)(1) ⊗ (x / y)(2) ) ⊗ v

−〈u[x|y]v 〉→ u ⊗ ((x(1) / y(1)) ⊗ (x(2) / y(2)) ) ⊗ v,

respectively. Then one computes

LHS : ((x / y) / z) / w −〈 {x|y|z} / w 〉→ ((x / z(1)) / (y / z(2))) / w

−〈 {(x / z(1))|(y / z(2))|w} 〉→ ((x / z(1)) / w(1)) / ((y / z(2)) / w(2))

−〈 ({x|z(1)|w(1)} / ((y / z(2)) / w(2)) 〉→
((x / w(1)(1)) / (z(1) / w(1)(2))) / ((y / z(2)) / w(2))

−〈 ((x / w(1)(1)) / (z(1) / w(1)(2))) / {y|z(2)|w(2)} 〉→
((x / w(1)(1)) / (z(1) / w(1)(2))) / ((y / w(2)(1)) / (z(2) / w(2)(2))),

RHS : ((x / y) / z) / w −〈 {x / y|z|w} 〉→ ((x / y) / w(1)) / (z / w(2))

−〈 {x|y|w(1)} / (z / w(2)) 〉→
−〈 {(x / w(1)(1))|(y / w(1)(2))|(z / w(2))} 〉→
((x / w(1)(1)) / (z / w(2))(1)) / ((y / w(1)(2)) / (z / w(2))(2))

−〈 ((x / w(1)(1))/, ((y / w(1)(2))/)[z|w(2)] 〉→
((x / w(1)(1)) / (z(1)) / w(2)(1))) / ((y / w(1)(2)) / (z(2)) / w(2)(2))).

The last operation happens to distant elements. This corresponds to the
3-differential, for 3-cochains ξ1 ∈ Hom(X⊗3, X) and ξ2 ∈ Hom(X⊗2, X⊗2),

d3,1(ξ1, ξ2)(x ⊗ y ⊗ z ⊗ w)

= q(ξ1(x ⊗ y ⊗ z) ⊗ w) + ξ1(q(x ⊗ z(1)) ⊗ q(y ⊗ z(2)) ⊗ w)

+q(ξ1(x ⊗ z(1) ⊗ w(1)) ⊗ q(q(y ⊗ z(2)) ⊗ w(2)))

+q(q(q(x ⊗ w(1)(1)) ⊗ q(z(1) ⊗ w(1)(2))) ⊗ ξ1(y ⊗ z(2) ⊗ w(2)))

−ξ1(q(x ⊗ y) ⊗ z ⊗ w) − q(ξ1(x ⊗ y ⊗ w(1)) ⊗ q(z ⊗ w(2)))

−ξ1(q(x ⊗ w(1)(1)) ⊗ q(y ⊗ w(1)(2)) ⊗ q(z ⊗ w(2)))

−q(q(q(x ⊗ w(1)(1)) ⊗ ξ2,1(z ⊗ w(2))) ⊗ q(q(y ⊗ w(1)(2)) ⊗ ξ2,2(z ⊗ w(2))))

where ξ2 : X⊗X → X⊗X is denoted by ξ2(x⊗y) = ξ2,1(x⊗y)⊗ξ2,2(x⊗y)
by suppressing the sum. Other 3-differentials are formulated in a similar
manner.

Then (d3,1D(2))(η1) is represented by the following symbols. The four
terms of the LHS are substituted as follows, where each term is labeled by
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(∗n) to identify canceling pairs, with positive integers n. Some terms cancel
in the LHS already, and many appear on the RHS.

{x|y|z} / w

= ({x|y} / z) / w (∗1) + {x / y|z} / w (∗2)

−{(x / z(1))|(y / z(2))} / w (∗3) − ({x|z(1)} / (y / z(2))) / w (∗4)

−((x / z(1)) / {y|z(2)}) / w (∗5)

{(x / z(1))|(y / z(2))|w}
= {(x / z(1))|(y / z(2))} / w (∗3) + {(x / z(1)) / (y / z(2))|w} (∗6)

−{(x / z(1)) / w(1)|(y / z(2)) / w(2)} (∗7)

−{x / z(1)|w(1)} / ((y / z(2)) / w(2)) (∗8)

−((x / z(1)) / w(1)) / {(y / z(2))|w(2)} (∗9)

({x|z(1)|w(1)} / ((y / z(2)) / w(2))

= ({x|z(1)} / w(1)) / ((y / z(2)) / w(2)) (∗4)

+{x / z(1)|w(1)} / ((y / z(2)) / w(2)) (∗8)

−{(x / w(1)(1))|(z(1) / w(1)(2))} / ((y / z(2)) / w(2)) (∗10)

−({x|w(1)(1)} / (z(1) / w(1)(2))) / ((y / z(2)) / w(2)) (∗11)

−((x / w(1)(1)) / {z(1)|w(1)(2)}) / ((y / z(2)) / w(2)) (∗12)

((x / w(1)(1)) / (z(1) / w(1)(2))) / {y|z(2)|w(2)}
= ((x / w(1)(1)) / (z(1) / w(1)(2))) / ({y|z(2)} / w(2)) (∗5)

+((x / w(1)(1)) / (z(1) / w(1)(2))) / {y / z(2)|w(2)} (∗9)

−((x / w(1)(1)) / (z(1) / w(1)(2))) / {(y / w(2)(1))|(z(1) / w(1)(2))} (∗13)

−((x / w(1)(1)) / (z(1) / w(1)(2))) / ({y|w(2)(1)} / (z(2) / w(2)(2))) (∗14)

−((x / w(1)(1)) / (z(1) / w(1)(2))) / ((y / w(2)(1)) / {z(1)|w(2)(2)}) (∗15)

The next four terms are negatives of the RHS also with corresponding
terms labeled. We note that the following terms are identical and canceled
directly: (2), (3), (8), (17), (19). The following terms cancel after applying
the coalgebra self-distributivity (possibly multiple times): (1), (4), (5), (6),
(9), (16), (18).

−{x / y|z|w}
= −{x / y|z} / w (∗2) − {(x / y) / z|w} (∗6)

+{((x / y) / w(1))|(z / w(2))} (∗16) + {x / y|w(1)} / (z / w(2)) (∗17)

+((x / y) / w(1)) / {z|w(2)} (∗18)
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−{x|y|w(1)} / (z / w(2))

= −({x|y} / w(1)) / (z / w(2)) (∗1) − {x / y|w(1)} / (z / w(2)) (∗17)

+({(x / w(1)(1))|(y / w(1)(2))}) / (z / w(2)) (∗19)

+({x|w(1)(1)} / (y / w(1)(2))) / (z / w(2)) (∗11)

+((x / w(1)(1)) / {y|w(1)(2)}) / (z / w(2)) (∗14)

−{(x / w(1)(1))|(y / w(1)(2))|(z / w(2))}
= −{(x / w(1)(1))|(y / w(1)(2))} / (z / w(2)) (∗19)

−{(x / w(1)(1)) / (y / w(1)(2))|(z / w(2))} (∗16)

+{((x / w(1)(1)) / (z / w(2))(1))|((y / w(1)(2)) / (z / w(2))(2))} (∗7)

+{(x / w(1)(1))|(z / w(2))(1)} / ((y / w(1)(2)) / (z / w(2))(2)) (∗10)

+((x / w(1)(1)) / (z / w(2))(1)) / {(y / w(1)(2))|(z / w(2))(2)} (∗13)

−((x / w(1)(1))/, ((y / w(1)(2))/)[z|w(2)]

= −((x / w(1)(1)) / {z|w(2)}(1)) / ((y / w(1)(2)) / {z|w(2)}(2)) (∗18)

+((x / w(1)(1)) / {z(1)|w(2)(1)}) / ((y / w(1)(2)) / (z(2) / w(2)(2))) (∗12)

+((x / w(1)(1)) / (z(1) / w(2)(1))) / ((y / w(1)(2)) / {z(2)|w(2)(2)}) (∗15)

The other corresponding terms cancel by repeated applications of axioms
of cocommutative coalgebras and coalgebra self-distributivity.

In summary, in this paper we proposed symbolic computations that can
be used to develop cohomology theories of algebraic systems in low dimen-
sions, that follow analogies of deformation theory, and demonstrated that
this method recovers a cohomology theory of coalgebra self-distributivity.
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This paper is concerned with the Khovanov homology of links which admit a
semi-free Z/pZ-symmetry. We prove that if we consider Khovanov homology
with coefficients in the field F2, then the Z/pZ-symmetry (for any odd integer p)
of the link extends to an action of the group Z/pZ on the Khovanov homology.

Keywords: Khovanov homology, periodic links, equivariant Reidemeister
moves.

1. Introduction

Khovanov homology is an invariant of links which was introduced by M.
Khovanov.5 The most basic feature of this link invariant is that it dominates
the Jones polynomial. Let L be an oriented link in S3, Khovanov defines
bigraded homology groups H∗,∗(L) which categorizes the Jones polynomial
of L, i.e. the polynomial Euler characteristic of H∗,∗(L) is the Jones poly-
nomial of L:

VL(q) =
∑
i,j

(−1)iqjrankHi,j(L),

here VL(q) is equal to (q+ q−1) times the original Jones polynomial.3 Since
its discovery, Khovanov homology has been subject to extensive literature.
For instance, there were various attempts to simplify Khovanov’s construc-
tion and to generalize it into several directions. In particular, Viro8 intro-
duced a combinatorial definition of the Khovanov chain complex. Viro’s
elementary construction plays a key role in our paper.

∗Supported by a fellowship from the COE program ”Constitution of wide-angle mathe-
matical basis focused on knots”, Osaka City University. The Author would like to express
his thanks and gratitude to Akio Kawauchi for his kind hospitality.
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An oriented link L in the three-sphere is said to be p-periodic (here p ≥ 2 is
an integer) if it has a diagram D which is invariant by a planar rotation ϕ

of 2π/p-angle. Since the Jones polynomial of a periodic link satisfies some
congruence relations,6,7 it is natural to ask whether the Khovanov homol-
ogy carries out some information about the symmetry of links? In other
words, is it possible to define a Z/pZ−equivariant Khovanov homology as-
sociated to p-periodic links? The main purpose of this paper is to study
the Khovanov chain complex of a periodic diagram trying to extend the
symmetry of the link diagram to some group action in homology.
Here is an outline of our paper. In section 2, we review the definition of the
Khovanov homology. Section 3 is to explain how to construct an equivariant
Khovanov homology for periodic diagrams. In section 4, we state our main
theorem which proves the invariance of our construction under equivariant
Reidemeister moves. It is worth mentioning here that we only give a sketch
of the proof of our main result. The details shall be given in a forthcoming
paper.

2. Khovanov homology

In this section we briefly review Viro’s construction of Khovanov homology.
This construction which is purely combinatorial was inspired by the state
sum formula of the Kauffman bracket polynomial of links. Let D be a link
diagram with n crossings labelled 1, 2, . . . , n. A Kauffman state of D is an
assignment of +1 marker or −1 marker to each crossing of D. In a Kauffman
state the crossings of D are smoothed according to the following convention:

+1 marker -1 marker

Figure 1

Denote that a Kauffman state s may be seen as a collection of circles Ds.
Let |s| be the number of circles in Ds and let

σ(s) = ]{+1 markers} − ]{−1 markers}.

It is well known that the Kauffman bracket of D is given by:

≺ D Â (A) =
∑

states s of D

(−A)σ(s)(−A2 − A−2)|s|,

here also we use a normalization of the Kauffman bracket different from
the original one.4 Namely, we set the Kauffman bracket of the trivial knot
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to be −A2 − A−2.
An enhanced Kauffman state S of D is a Kauffman state s together with
an assignment of a + sign or − sign to each of the circles of Ds. If D is
oriented, we set w(D) to be the writhe of D. Now, let:

i(S) =
w(D) − σ(s)

2
and

j(S) =
3w(D) − σ(s) + 2τ(S)

2
,

where τ(S) stands for the algebraic sum of signs in the enhanced state S,
i.e. τ(S) = ]{cirles with + sign} − ]{ circles with − sign }. Let i and j be
two integers. We define Ci(D) to be the free abelian group generated by
all enhanced states with i(S) = i. Let Ci,j(D) be the subgroup of Ci(D)
generated by enhanced states with j(S) = j. The Khovanov differential is
defined by:

di,j : Ci,j(D) −→ Ci+1,j(D)
S 7−→

∑
All states S’

(−1)t(S,S′)(S : S′)S′

where (S : S′) is

• 1 if S and S′ differ exactly at one crossing, call it v, where S has a
+1 marker, S′ has a −1 marker, all the common circles in DS and DS′

have the same signs and around v, S and S′ are as in figure 2,

• (S : S′) is zero otherwise

and t(S, S′) is the number of −1 markers assigned to crossings in S labelled
greater than v.
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Figure 2

The chain complex (C∗,∗(D), d∗,∗) is called the Khovanov chain complex of
the link diagram D. Its homology H∗,∗(D) does not depend on the labelling
of the crossings. Moreover, it is invariant under Reidemeister moves, hence
H∗,∗ is a link invariant called the Khovanov homology.5,8

3. Equivariant Khovanov homology

This section is concerned with the Khovanov homology of periodic links.
Let p ≥ 2 be an integer and let L be a p−periodic link. Assume that D is
a diagram of L such that D is invariant by a planar rotation ϕ of the angle
2π/p. Let S be the set of all enhanced states of D. Since the diagram D

is symmetric then the action of the rotation on D induces an action of the
finite cyclic group G =< ϕ > on the set of enhanced states S. Moreover,
one can easily see that if S is an enhanced state then we have:

i(ϕk(S)) = i(S) and j(ϕk(S)) = j(S) for all 1 ≤ k ≤ p.

Hence, we deduce that the finite cyclic group G = Z/pZ acts on the set Si,j

of enhanced states with i(S) = i and j(S) = j. Let Si,j be the quotient set
of Si,j under the action of G. Since Ci,j(D) is the free group generated by
Si,j . Then, the action of G on Si,j extends to an action of G on Ci,j(D). Let
Ci,j(D) be the quotient group. Obviously, Ci,j(D) is the free abelian group
generated by Si,j . So far, we have proved that G acts on the Khovanov
chain groups. It remains now to check if the action commutes with the
differential.

Lemma 3.1. For all 1 ≤ k ≤ p, we have: d ◦ ϕk ≡ ϕk ◦ d modulo 2.
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Proof. First, we notice that we have: (S : S′) = 1 ⇐⇒ (ϕ(S) : ϕ(S′)) = 1.
According to the definition of the differential in section 2 we have:

ϕ(di,j(S)) = ϕ(
∑

All states S’

(−1)t(S,S′)(S : S′)S′)

=
∑

All states S’

(−1)t(S,S′)(S : S′)ϕ(S′)

=
∑

All states S’

(−1)t(S,S′)(ϕ(S) : ϕ(S′))ϕ(S′)

≡
∑

All states T

(ϕ(S) : T )T modulo 2

≡ d ◦ ϕ(S) modulo 2.

The group action of G on the Khovanov chain groups together with Lemma
3.1 imply that if one consider the Khovanov chain complex with coeffi-
cients in F2, (C∗,∗(D, F2), d), then we can define a quotient chain com-
plex (C∗,∗(D, F2), d). We will refer to this chain complex as the equivariant
Khovanov chain complex of D. Its homology shall be called the equivariant
Khovanov homology of D and shall be denoted H∗,∗

eq (D).

Remark 3.1. The equality given by Lemma 3.1 is true only if coefficients
are considered in F2. Our construction does not extend straightforward to
Khovanov homologies with coefficients in other rings.

4. Invariance under Reidemeister moves

In this section we shall deal with the natural question of whether the equiv-
ariant Khovanov homology defined in section 3, is an invariant of periodic
links. In other words, we would like to discuss whether this construction is
invariant under Reidemeister moves. Let D and D′ be two p−periodic dia-
grams which represent the same link L. Obviously, D and D′ are related by
Reidemeister moves. Since D and D′ are both p−periodic, then the Reide-
meister moves which relate D and D′ are applied along orbits of the action
defined by the rotation ϕ. We call these moves equivariant Reidemeister
moves. We denote the three equivariant Reidemeister moves by: ER1, ER2
and ER3, where ERi, for 1 ≤ i ≤ 3 means that we apply p times the
Reidmeister move Ri along an orbit. The response to the above-mentioned
question is positive as explained in the following theorem:

Theorem 4.1. If p is odd, then H∗,∗
eq is an invariant of p−periodic links.

This means that H∗,∗
eq is invariant under equivariant Reidemeister moves

ER1, ER2 and ER3.



March 27, 2007 11:10 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

24

Proof. As we have mentioned earlier, we only give an outline of the proof.
The invariance of our construction under equivariant Reidemeister moves
is inspired by the proofs of the invariance of Khovanov homology under
Reidemeister moves given in.1,8 Let D and D′ be two periodic diagrams
related by an equivariant Reidemeister move ERi, the idea is to construct
a chain map ρ from (C∗,∗(D,F2), d) to (C∗,∗(D′,F2), d) such that:

• ρ induces an isomorphism ρ∗ in homology.
• ρ is equivariant under the action of < ϕ >, thus it induces a map ρ

between the quotient sub-complexes.

Now we have the two following commutative diagrams:

C∗,∗(D)
ρ
−→ C∗,∗(D′)yπ �

yπ′
C∗,∗(D)

ρ
−→ C∗,∗(D′)

H∗,∗(D)
ρ∗
−→ H∗,∗(D′)

t∗

x yπ∗ �
yπ′∗ t′∗

x
H∗,∗eq (D)

ρ
∗−→ H∗,∗eq (D′)

where π is the canonical surjection and t∗ is the transfer map in homol-
ogy.2 Using the fact that the composition π∗t∗ is the multiplication by
p, we should be able to conclude that ρ∗ is an isomorphism between the
equivariant homologies of D and D′. The proof will be given in details in a
forthcoming paper.

Remark 4.1. Theorem 4.1 is better described using the categorification of
the Kauffman bracket skein module of the solid torus introduced by Asaeda,
Przytycki and Sikora in.1 A similar equivariant Khovanov homology can be
defined for links in the solid torus. Actually, this equivaraint Khovanov
homology is an invariant of links in the solid torus.
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Self Ck-equivalence is a natural generalization of Milnor’s link homotopy. It
has been long known that a Milnor invariant with no repeated index, for ex-
ample µ(123), is a link homotopy invariant. We show that Milnor numbers with
repeated indices are invariant under self Ck-moves, and apply these invariants
to study links up to self Ck-equivalence. Using these techniques, we are able
to give a complete classification of 2-string links up to self delta-equivalence.

Keywords: string link; Milnor µ-invariant; Ck-clasper; Ck-move; self delta-
move; self Ck-move.

1. Introduction

For an n-component link L, Milnor numbers are specified by a multi-index
I, where the entries of I are chosen from {1, ..., n}. The most familiar Milnor
number is perhaps µ(123), which is the invariant often used to show that
the Borromean rings are nontrivial. However, the linking number lk(Ki,Kj)
of the ith and jth components of L is the same as the Milnor number µ(ij).
In fact, Milnor numbers can be thought of as a generalization of the linking
number. Just as the linking number of Ki and Kj can be calculated by

∗The first author was supported by a Japan Society for the Promotion of Science Post-
Doctoral Fellowship for Foreign Researchers, (Short-Term), Grant number PE05003
†The second author is partially supported by Sumitomo Foundation (#050027) and
a Grant-in-Aid for Scientific Research (C) (#18540071) of the Japan Society for the
Promotion of Science
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examining the longitude of Ki in π1(S3\Kj), Milnor numbers are calculated
by studying the longitude of Ki in π1(S3 \ L).

More precisely, Milnor numbers are defined using the Magnus expan-
sion θ : π1(S3 \ L) → Z[[X1, X2 . . . Xn]], where the Xi are noncommuting
variables and θ(mi) = 1 + Xi. Here mi is the preferred meridian of Ki in
π1(S3 \ L). Given a zero framed longitude lj of Kj , we may write it in
terms of the mi and take the Magnus expansion. The Milnor numbers are
the coefficients of the polynomials in this expansion. That is, if I ′ = i1i2...ir
is a multi-index, then θ(lj) =

∑
µL(I ′j)Xi1Xi2 · · ·Xir . There are ways to

calculate Milnor numbers that are easier than using the definition. See for
example [1].

Let |I| denote the length of the multi-index I. Milnor numbers for a link
are interrelated, and µ(I) is not well defined if µ(J) 6= 0 for certain J with
|J | < |I|. However, this indeterminacy problem can be avoided by studying
µ(I) := µ(I) modulo gcd(µ(J)) where J is obtained from I by deleting at
least one index, and permuting the remaining indices cyclically.

Two links L and L′ are said to be link homotopic if L′ is obtained from L

by ambient isotopies and self crossing changes, where a self crossing change
is a crossing change between two arcs that belong to the same component of
L. This relation was introduced by Milnor to study links while ignoring the
“knottedness” of the individual components. In his first paper [7] Milnor
proved that when the multi-index I had no repeated entries, the numbers
µ(I) are invariants of link homotopy. Milnor numbers with repeated indices
are known to be isotopy invariants [8], but are less well understood.

A Ck-move is generalization of a crossing change; see [4] for details.
Consider the generalization of link homotopy known as self Ck-equivalence,
introduced by Shibuya and the second author in [10]. Two links L and L′

are self Ck-equivalent if L′ is obtained from L by ambient isotopies and Ck-
moves, where all the arcs in the Ck-move belong to the same component of
L.

Milnor’s link homotopy invariants are very useful for studying link ho-
motopy. In a similar way, Milnor numbers can be used to study self Ck-
equivalence. Given a multi-index I, let r(I) denote the maximum number
of times that any index appears in I. A Milnor invariant µ(I) is called real-
izable if µL(I) 6= 0 for some link L. Then our main result is the following.

Theorem 1.1. Let µ(I) be a realizable Milnor number. Then µ(I) is an
invariant of self Ck-equivalence if and only if r(I) ≤ k.

Notice that a self Ck-equivalence can be realized by self Ck′ -moves when
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k′ < k, self C1-equivalence is link homotopy, and self C2-equivalence is self
delta-equivalence. Thus self Ck-equivalence classes form a filtration of link
homotopy classes.

The classification of links up to link homotopy has been completed
by Habegger and Lin [3]. However, the structure of links under self Ck-
equivalence is not well understood. Using coefficents of the Conway poly-
nomial, Nakanishi and Ohyama have classified two component links up to
self C2-equivalence [9]. In the next section we will present a classification
of 2-string links up to self C2-equivalence.

Let L be the Bing double of the Whitehead link, shown in Figure 1.
The Alexander polynomial of this link is trivial, and in fact, J. Hillman
has pointed out that the three variable Alexander polynomial of L is also
0. Thus, L has the trivial Conway polynomial. But µL(123123) = 1, so by
Theorem 1.1 L is not self C2-equivalent to trivial. Thus, the classification
of 3-component links up to self C2-equivalence will likely require Milnor
numbers.

Fig. 1. The Bing double of the Whitehead link.

It is well known that Milnor’s link homotopy invariants vanish if and
only if the link is link homotopic to the unlink. However, the 2-component
link L in Figure 2 has vanishing Milnor numbers, and is not self C3-
equivalent to a split link. The proof that this link is not split up to self
C3-equivalence depends on the fact that L is Brunnian, and that for an n-
component Brunnian link, there is a relation between Ck+n−1-equivalence
and self Ck-equivalence. For details, see [2].

For 2-component links under self C2-equivalence, Nakanishi and
Ohyama’s classification implies that if all the self C2-invariant Milnor num-
bers vanish, then the 2-component link is self C2-equivalent to trivial. Could
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Fig. 2. The Hopf link with both components Whitehead doubled.

this be true for links with a larger number of components?
For a certain class of links, it is. A link L is called a boundary link if the

components of L bound disjoint Seifert surfaces. Shibuya and the second
author have shown that boundary links (with any number of components)
are self C2-equivalent to the trivial link [11]. However, whether the vanishing
of the self C2-invariant Milnor numbers implies that an arbitrary link is
self C2-trivial is not yet known. For 2-string links, it is not true. In the
next section, we will see that there are infinitely many 2-string links with
trivial Milnor self C2-invariants that are not self C2-equivlanent to trivial
(Remark 2.1).

2. Self Delta Classification of 2-String Links

Milnor numbers are derived from the fundamental group of the link com-
plement, and the indeterminacy of Milnor numbers arises because of the
choice of path from each component to the base point of S3. This problem
can be avoided by studying string links, where there is a canonical choice
of such a path. Thus, for string links, the Milnor numbers µ(I) are well
defined for all I.

For a 2-string link L, let f(L) := a2(L) − a2(K1) − a2(K2). Here a2 is
the coefficient of z2 of the Conway polynomial, L denotes the plat closure
of L, and K1 (resp. K2) the first (resp. second) component of the closure
cl(L) of L, see Figure 3. Then we have the following lemma.

Lemma 2.1. For a 2-string link L, f(L) = a2(L)− a2(K1)− a2(K2) is an
invariant of both C3-equivalence and self C2-equivalence.

To prove the lemma above, we need the following lemma shown in [4].

Lemma 2.2. Let T be a Ck-clasper for a (string) link L, and let T ′ (resp.
T ′′, and T ′′′) be a Ck-clasper obtained from T by changing a crossing of an
edge and the ith component Ki of L (resp. an edge of T , and an edge of



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

31

1 2

LL L

L cl(L)

K2K1

Fig. 3.

another simple Cl-clasper G) (see Figure 4). Then LT is Ck+1-equivalent
to LT ′ , LT is Ck+1-equivalent to LT ′′ , and LT∪G is Ck+l+1-equivalent to
LT ′′′∪G.

T Ki T' Ki T T T'' T'' T G T''' G

Fig. 4.

Proof of Lemma 2.1. It is wellknown that a2 is an order-2 Vassiliev
invariant, and C3-equivalence preserves the order-2 Vassiliev invariants. So
f(L) is a C3-equivalence invarinat.

Let L′ be a 2-string link that obtained from L by a single self C2-move.
We may assume that there is a simple C2-clasper T such that L∩T = K1∩T

and L′ is obtained from L by surgery along T . By Lemma 4, we can deform,
up to C3-equivalence, T into a local C2-clasper where a local C2-clasper
means that there is a 3-ball B3 such that (B3, B3 ∩ L) is the trivial ball
and string pair and that B3 contains T (see Figure 5). Since f is an invariant
of C3-equivalence and a2 is additive under the connected sum of knots, we
have f(L) = f(L′).

The following is the main result in this section.

Theorem 2.1. Let L and L′ be 2-string links. Then L is self C2-equivalent
(self delta-equivalent) to L′ if and only if µL(12) = µL′(12), µL(1122) =
µL′(1122), and f(L) = f(L′).
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3

1 2

L

B

Fig. 5. A local C2-clasper.

In order to prove Theorem 2.1, we need the following lemmas, which
are given in [4] or [5], in addition to Lemmas 2.1 and 4.

Lemma 2.3. Let T1 (resp. T2) be a simple Ck-clasper (resp. Cl-clasper)
for a (string) link L, and let T ′

1 be obtained from T1 by sliding a leaf f1

of T1 over a leaf of T2 (see Figure 6). Then LT1∪T2 is Ck+l-equivalent to
LT ′

1∪T2 .

T1 T2 T'1 T2

Fig. 6. Sliding a leaf over another leaf.

Lemma 2.4. Let T be a Ck-clasper for 1n and let T be a Ck-clasper ob-
tained from T by adding a half-twist on an edge. Then (1n)T ∗ (1n)T is
Ck+1-equivalent to 1n, where 1n is the trivial n-string link.

Lemma 2.5. Consider Ck-claspers T and T ′ (resp. TI , TH and TX) for
1n which differ only in a small ball as depicted in Figure 7, then (1n)T ∗
(1n)T ′ is Ck+1-equivalent to 1n (resp. (1n)TI

is Ck+1-equivalent to (1n)TH
∗

(1n)TX ).

Now we are ready to prove Theorem 2.1.
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T T' TI TH TX

+

Fig. 7. AS and IHX relations, where ⊕ in TX means a positive half twist.

Proof of Theorem 2.1. The ‘only if’ part follows directly from Theorem
1.1 and Lemma 2.1. We will show the ‘if’ part.

Let Ta, Tb, Tb′ , Tc, Tc′ and Td be claspers as illustrated in Figure 8, and
let T x (x = a, b, c, d) be claspers obtained from Tx by adding a half-twist
on an edge. Recall that string links have a natural monoid structure arising
from composition. Let L be a 2-string link. Then by Lemmas 4, 6 and 2.4, L

is C2-equivalent to the product of µL(12) copies A if µL(12) ≥ 0 or −µL(12)
copies A−1 if µL(12) < 0, where A is a string link obtained from the trivial
string link 12 by surgery along Ta, and A−1 is obtained from 12 by surgery
along T a. Thus, L can be obtained from AµL(12) by surgery along simple
C2-claspers.

Let B and B−1 be string links obtained from 12 by surgery along Tb

and T b respectively. Then, by Lemmas 4, 6 and 2.4, L can be obtained from
the string link AµL(12) ∗ Bf(L) by surgery along self C2-claspers and C3-
claspers. Note that a string link obtained by surgery along Tb′ is ambient
isotopic to B [12]. Thus L is self C2-equivalent to a link L′ that is obtained
from AµL(12)∗Bf(L) by surgery along simple C3-claspers that intersect each
component Ki (i = 1, 2) twice.

Using Lemma 7, as well as the usual Lemmas 4, 6 and 2.4, L′ is C4-
equivalent to AµL(12) ∗ Bf(L) ∗ Cw ∗ Dz for some integers w, z, where C,
C−1, D and D−1 are string links obtained from 12 by surgery along Tc, T c,
Td and T d respectively. Note that by Lemma 7, a string link obtained from
12 by surgery along Tc′ is C4-equivalent to C ·D−1. Since a C4-clasper has
five leaves, and L′ has two components, by Proposition 3.1 of [2], L′ is self
delta equivalent to AµL(12) ∗Bf(L) ∗Cw ∗Dz. Further, the link D is self C2-
equivalent to 12, see [9]. So L′ is self C2-equivalent to AµL(12)∗Bf(L)∗Cw. It
follows from Lemma 3.3 of [6] that µL(1122) = µAµL(12)(1122) + f(L) + 2w

and hence w = 1
2 (µL(1122) − µAµL(12)(1122) − f(L)).

Corollary 2.1. There are infinitely many 2-string links L with µL(12) =
µL(1122) = 0 that are not self C2-equivalent to each other.
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Fig. 8.

Proof. Let Li := A0 ∗ B2i ∗ C−i. Then µLi
(12) = 0 and µLi

(1122) =
2i− 2i = 0. However, since C is C3-equivalent to trivial, f(Li) = 2i. So, Li

is not self C2-equivalent to Lj for i 6= j.

Remark 2.1. Note that in the proof above, L0 is the trivial link. Thus for
string links, the vanishing of Milnor numbers with r(I) ≤ 3 does not imply
that the link is self C2-equivalent to trivial.
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We present some results on estimates of the Morse-Novikov numbers for knots
and links. Using these, we show the Morse-Novikov numbers concretely for
some knots and links.
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1. Introduction

These notes are adapted from the talk given at the conference ‘Intelligence
of Low Dimensional Topology 2006’ at Hiroshima University.

We define a circle valued Morse map for knots and links as follows, and
then we argue some methods to estimate the number of critical points. We
present methods using Heegaard splitting and so on. Note that this Morse
map may be regarded as a generalization of Milnor map ([8]). It is stud-
ied from this viewpoint and some methods to estimate are given recently.
See [6] and [12]. Further, there are several works studying a gradient flow
corresponding to this Morse map. See, for example, [4] and [9].

Let L be an oriented link in the 3-sphere S3. A Morse map f : CL :=
S3 − L → S1 is said to be regular if each component of L, say Li, has
a neighborhood framed as S1 × D2 such that (i) Li = S1 × {0} (ii)
f |S1×(D2−{0}) → S1 is given by (x, y) → y/|y|. We denote by mi(f) the
number of the critical points of f of index i. A Morse map f : CL → S1 is
said to be minimal if for each i the number mi(f) is minimal on the class
of all regular maps homotopic to f .

Under these notations, the following basic theorem is shown ([10]).

Theorem 1.1 ([10]). There is a minimal Morse map satisfying:

(1) m0(f) = m3(f) = 0;
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(2) All critical values of the same index coincide;
(3) f−1(x) is a Seifert surface of L for any regular value x.

The minimal Morse map satisfying the conditions in Theorem 1.1 is said
to be moderate. We define the Morse-Novikov number of L as follows:

MN (L) = min

{∑
i

mi(f) | f : CL → S1 is a regular Morse map

}
.

Then we can observe the following. See [10] for the detail.

Proposition 1.1. (1) MN (L) = 0 if and only if L is fibred.
(2) MN (L) = 2 × min{m1(f) | f is moderate}.

2. Heegaard splitting for sutured manifolds and product
decompositions

We recall the definition of a sutured manifold ([1]). A sutured manifold
(M,γ) is a compact oriented 3-dimensional manifold M together with a set
γ(⊂ ∂M) of mutually disjoint annuli A(γ) and tori T (γ). In this paper, we
deal with the case of T (γ) = ∅. The core curve of a component of A(γ) is
called a suture, and we denote by s(γ) the set of sutures. Every component
of R(γ) = ∂M − IntA(γ) is oriented, and R+(γ)(R−(γ) resp.) denotes the
union of the components whose normal vectors point out of (into resp.) M .
Moreover, the orientations of R(γ) must be coherent with respect to the
orientations of s(γ). Let (V, γ) be a sutured manifold such that V is a 3-ball
and γ is an annulus embedded in ∂V . Then we call (V, γ) the trivial sutured
manifold . In this case R+(γ) is a disk and R−(γ) is also a disk.

We say that a sutured manifold (M,γ) is a product sutured mani-
fold if (M,γ) is homeomophic to (F × [0, 1], ∂F × [0, 1]) with R+(γ) =
F × {1}, R−(γ) = F × {0}, A(γ) = ∂F × [0, 1], where F is a compact
surface. Let L be an oriented link in S3 and R a Seifert surface for L.
The exterior E(L) of L is the closure of S3 − N(L;S3). Then R ∩ E(L) is
homeomorphic to R, and we often abbreviate R ∩ E(L) to R. (N, δ) =
(N(R;E(L)), N(∂R; ∂E(L)) has a product sutured manifold structure
(R×[0, 1], ∂R×[0, 1]). So (N, δ) is called the product sutured manifold for R.
We say that the sutured manifold (N c, δc) = (E(L)− IntN, ∂E(L)− Intδ))
with R±(δc) = R∓(δ) is the complementary sutured manifold for R. A
Seifert surface R is a fiber surface if and only if the complementary sutured
manifold for R is a product sutured manifold. Note that we say that an
oriented surface R in S3 is a fiber surface if ∂R is a fibred link with R a
fiber.
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A product disk D(⊂ M) is a properly embedded disk such that ∂D

intersects s(γ) transversely in two points. We obtain a new sutured manifold
(M ′, γ′) from (M,γ) by cutting M along D and extending s(γ)− IntN(D)
in the natural way (see Fig. 1). This decomposition (M,γ) D−→ (M ′, γ′) is
called a product decomposition.

D

D

s( )γ
s

s( )γ

γ

M M'

'( ) s γ'( )

Fig. 1. Product decomposition

In [1], the next theorem is proved:

Theorem 2.1 ([1]). A sutured manifold (M,γ) is a product sutured man-
ifold if and only if there exists a sequence of product decompositions:

(M,γ) D1−−→ (M1, γ1)
D2−−→ · · · Dn−−→ (Mn, γn)

such that (Mn, γn) is a union of the trivial sutured manifolds.

A compression body W is a cobordism rel ∂ between surfaces ∂+W

and ∂−W such that W is homeomorphic to ∂+W × [0, 1]∪ (2-handles) ∪
(3-handles) and ∂−W has no 2-sphere components. It is easy to see that
if ∂−W 6= ∅ and W is connected, W is obtained from ∂−W × [0, 1] by
attaching a number of 1-handles along the disks on ∂−W × {1} where
∂−W corresponds to ∂−W ×{0}. We denote by h(W ) the number of these
attaching 1-handles.

Let (M,γ) be a sutured manifold such that R+(γ) ∪ R−(γ) has no 2-
sphere components. We say that (W,W ′) is a Heegaard splitting of (M,γ)
if both W and W ′ are compression bodies, M = W ∪ W ′ with W ∩ W ′ =
∂+W = ∂+W ′, ∂−W = R+(γ), and ∂−W ′ = R−(γ). Assume that R+(γ)
is homeomorphic to R−(γ). Then we define the handle number h(M,γ) of
(M,γ) as follows:

h(M,γ) = min{h(W )(= h(W ′)) | (W,W ′) is a Heegaard splitting of (M,γ)}.

If (M,γ) is the complementary sutured manifold for a Seifert surface R, we
may define the handle number of R as follows:

h(R) = min{h(W ) | (W,W ′) is a Heegaard splitting of (M,γ)}.
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Note that h(R) = 0 if and only if R is a fiber surface. In this setting,
we can have the next proposition. The detail can be seen in [5] and [10].

Proposition 2.1. Let L be an oriented link in S3. Then

MN (L) = 2 × min{h(R) | R is a Seifert surface of L}.

We show some examples in the next section. The next lemma is a way
to estimate h(R) and MN (L), cf. Proposition 5.2 in [6].

Lemma 2.1. Let R be a Seifert surface of an oriented link L in S3 and
(M,γ) the complementary sutured manifold for R. If there exist a set of
arcs {αi} (i = 1, 2, . . . , 2n) properly embedded in M such that ∂αi ⊂ R+(γ)
for i = 1, . . . , n, ∂αi ⊂ R−(γ) for i = n+1, . . . , 2n and the sutured manifold
(M − ∪2n

i=1IntN(αi), γ) is a product sutured manifold. Then, h(R) ≤ n.

Proof. We may regard N(R+(γ)∪(∪n
i=1αi)) (N(R−(γ)∪(∪2n

i=n+1αi)) resp.)
as a compression body W (W ′ resp.) such that h(W ) = n (h(W ′) = n resp.).
Since (M − ∪2n

i=1IntN(αi), γ) is a product sutured manifold, M − (IntW ∪
IntW ′) is homeomorphic to ∂+W × [0, 1] such that ∂+W = ∂+W × {0}
and ∂+W ′ = ∂+W × {1}. Set W = W ∪ (∂+W × [0, 1/2]) and W

′
=

W ′ ∪ (∂+W × [1/2, 1]). Then (W, W
′
) is a Heegaard splitting for (M,γ)

with h(W ) = h(W
′
) = n. This completes the proof of this lemma.

3. The Morse-Novikov numbers for prime knots of ≤ 10
crossings and links of ≤ 9 crossings

In this section, we assume that a knot or link is prime. The fibred knots
up to 10 crossings and fibred links up to 9 crossings have been detected
by Kanenobu ([7]) and Gabai ([1]). Note that there exist 2n−1 orientation
classes to analyze for a given link of n components. By using Heegaard
splitting associated to the Morse map, we can show that MN (L) = 2 if
L is a non-fibred knot up to 10 crossings or link up to 9 crossings. The
knot case has been argued in [3]. The followings are some examples. We use
Rolfsen’s notation ([11]) to describe a given unoriented link.

Example 3.1. Let L be the oriented trivial link with 2-components, and we
may regard two component disks R as a Seifert surface of L. We denote by
(M,γ) the complementary sutured manifold of R. Then M is homeomorphic
to S2 ×S1, γ(= A(γ)) consists of two annuli, and R±(γ) is two component
disks. See Fig. 2. Let α1 (α2 resp.) be an arc properly embedded in M

as illustrated in Fig. 2, and set M ′ = M − IntN(α1 ∪ α2). Then we may
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regarded (M ′, γ) as a sutured manifold such that M ′ is homeomorphic to
D2 × S1. By the product decomposition as in Fig. 3 and Theorem 2.1, we
have (M ′, γ) is a product sutured manifold. Thus we obtain that MN (L) ≤
2×h(R) ≤ 2 by Lemma 2.1. Since it is known that L is not fibred, we have
MN (L) = 2 × h(R) = 2.

γ

s( )γ

γ

R+( )γ

R ( )γ- R ( )γ-

α

α

1

2

Fig. 2.

D
D

M M'

s( )γs( )γ

s γ'( )

''

Fig. 3.

Example 3.2. Let L be 92
5 with the orientation as illustrated in Fig. 4.

The oriented links in Fig. 4 are the same links. Let R be a Seifert surface
as in Fig. 5 and α1 and α2 arcs properly embedded in the complementary
sutured manifold for R. Then, by the same argument as in Example 3.1,
we have MN (L) = 2× h(R) = 2. Note that L has a Seifert surface R̃ such
that h(R̃) = 2.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

40

Fig. 4.

α

α

1

2

Fig. 5.

4. Connected sum

The behavior of the handle number under a Murasugi sum has been studied
in [2] and [3]. From the result, we have:

Theorem 4.1. Let K1]K2 be a connected sum of K1 and K2. Then,
MN (K1]K2) ≤ MN (K1) + MN (K2).

However the study of the behavior of the Morse-Novikov number under
a connected sum is not complete, that is, the next natural question is still
open as far as I know.

Question 4.1. MN (K1]K2) = MN (K1) + MN (K2) ?
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The behavior of the Morse-Novikov number under a Murasugi sum is
studied. For the detail, see Section 7 in [6].

Theorem 4.2 ([6]). For any m ∈ Z, there exist knots K1 and K2 such
that MN (K1 ∗ K2) ≥ MN (K1) + MN (K2) + m, where ∗ is Murasugi (
not connected ) sum.

5. Novikov homology and the Alexander invariant

There is an estimate of the Morse-Novikov number using the Alexander
invariant. Let Λ = Z[t, t−1] and Λ̂ = Z[[t]][t−1]. We usually use Λ to discuss
about the knot theory concerning the infinite cyclic covering of a knot com-
plement. However, the ring Λ̂ is convenient here. Note that Λ̂ is a principal
ideal domain.

Set Ĥi(L) = Hi(CL) ⊗Λ Λ̂ and b̂i(L) = rank
bΛĤi(L), where CL is the

(usual) infinite cyclic covering of an oriented link L. The homology Ĥi(L)
is called the Novikov homology . Let q̂i(L) be the minimal number of Λ̂-
generators of the torsion submodule of Ĥi(L).

By an analog of the ordinary Morse theory and homological arguments,
we can have the following estimates.

Theorem 5.1 ([10]).

mi(f) ≥ b̂i(L) + q̂i(L) + q̂i−1(L).

Corollary 5.1.

MN (L) ≥ 2(̂b1(L) + q̂1(L)).

Since Λ̂ is a principal ideal domain, the Ĥ∗(L) can be decomposed into
cyclic modules, which relates the Alexander invariants. In fact, we have:

Theorem 5.2 ([10]). Ĥ1(L) = ⊕m−1
s=0 Λ̂/γsΛ̂, where γs = ∆s/∆s+1 and

∆s is the s-th Alexander polynomial. Thus,
(1) b̂1(L) is equal to the number of the polynomials ∆s that are equal to 0.
(2) q̂1(L) is equal to the number of the γs that are nonzero and nonmonic.

There are some concrete examples to calculate the Morse-Novikov num-
bers using these results in [4]. The next question is proposed in [6]. We
denote by g(K) the genus of a knot K.

Question 5.1 ([6]). Does there exist a knot K with MN (K) > 2g(K) ?
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We show that minimal genus Seifert surfaces for 2-bridge links can be isotoped
to braided Seifert surfaces on minimal string braids. In particular, we can
obtain a minimal string braid for a given 2-bridge link, where the word length
of the braid thus obtained is shortest, among all braid presentations, in terms
of the band generators of braids.

Keywords: 2-bridge links; braids; braided Seifert surface; braid index.

1. Braided Seifert surfaces

Let bj, j = 1, . . . , n− 1 be the usual Artin generators for the n-braid group
Bn. By band generators for Bn, we mean the set of words of the form
WbjW

−1, where W = bibi+1 · · · bj−1. A closed braid presented in terms
of the band generators naturally spans a Seifert surface, which consists of
n horizontal disks and half-twisted bands each corresponding to a band
generator. Such a surface is called a braided Seifert surface. It is known
[10] that any Seifert surface (compressible or knotted) can be isotoped to
a braided Seifert surface, carried by a closed braid with possibly higher
braid index. A Seifert surface is called a Bennequin surface if it is braided
and of minimal genus. J.Birman and W. Menasco [2] extended the result
of D. Bennequin [1] and showed that for 3-braid links, any minimal genus
Seifert surface is realized as a Bennequin surface on a 3-braid.

In [5], we showed that this result on 3-braids can not be extend to
4-braids (also done in [7]), by explicitly giving examples of 4-braid links
having no Bennequin surface on 4-braid presentations. Our 4-braid exam-
ples had Bennequin surfaces carried on 5-braids. (See Figure 1.)

∗Partially supported by MEXT, Grant-in-Aid for Young Scientists (B) 1874035
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Fig. 1. A minimal genus surface not to be carried on a 4-braid, but carried on a 5-braid

Let L be an oriented 2-bridge link with braid index b. Let n be the
length of the unique continued fraction for L with only even entries. In this
paper, we show how to construct a b-braid carrying a minimal genus Seifert
surface F for L which is of the following form (see Figures 3 and 4 (a)):

(1) F consists of b horizontal disks and half twisted bands,
(2) any pair of adjacent disks are connected by exactly one band, and
(3) there are n bands connecting the bottom disk and some other (non-

adjacent) disks.

Theorem 1.1. Let L be a 2-bridge link. Then L has a minimal genus
Seifert surface isotopic to a braided Seifert surface on a minimal string
braid.

If L is presented as a closed braid with a braid word of w letters in terms
of the band generators, and w is minimal among all possibilities, then we
say that band-length w(L) of L is w.

Then by Theorem 1.1, we have the following:

Corollary 1.1. For a 2-bridge link L of µ components, the band length
w(L) satisfies the following:

w(L) = 2g(L) + b(L) + µ − 2,

where g(L) and b(L) respectively denote the genus and braid index of L.

Proof. Let β denote the minimal first betti number of all Seifert surfaces
for L. Then we have w − (b − 1) = β = 2g + (µ − 1)

We see that for 2-bridge links, braid presentations with minimal band
length have minimal number of strings. Thus the braids we obtain (in Sec-
tion 4) for 2-bridge links are of minimal string and at the same time, of
minimal band length.
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Concerning the question of to what extent minimal genus Seifert surfaces
are realized on a minimal string braid, A. Stoimenow [11] has proved the
following:

Theorem 1.2 (Stoimenow). Let K be an alternating knot, and suppose
that g(K) ≤ 3 or that K has at most 16 crossings. Then K has at least
one minimal genus Seifert surface which is realized as a braided surface on
a minimal string braid.

2. Oriented 2-bridge links

Let S(p, q) be Schubert’s notation for the 2-bridge knot or link correspond-
ing to the rational number q/p. (For example, S(3, 2) is the trefoil and
S(5, 2) is the figure-eight knot.) Recall that S(2n + 1, q) is a knot, while
S(2n, q) is a 2-component link. Since 2-bridge knots and links are strongly
invertible, simultaneous change of orientation does not matter. However,
for 2-component links, we must specify which of the two possible orienta-
tions is assigned. As a convention, we specify the orientation of 2-bridge
link S(p, q) in the pillow case form as in Figure 2.

Fig. 2. The orientation of 2-bridge links

As the result, S(4, 3) (Figure 2 left) is a fibered link of genus 1, and
S(4, 1) (Figure 2 right) is a non-fibered link of genus 0. This convention is
consistent with the fact 3/4 has continued fraction [2, 2, 2], and 1/4 has [4].
(See the following section for the convention of continued fraction.) Braid
indices of S(4, 3) and S(4, 1) are respectively 2 and 3. Note that as unori-
ented links, S(4, 3) is the mirror image of S(4, 1). For an unoriented knot or
link, S(p, q) is isotopic to S(p, q ± p), but they have different orientations.
Actually S(p, q) is isotopic to S(q + 2mp),m ∈ Z as oriented links. In gen-
eral, two links of different orientations have different genera, and different
fibredness properties.
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For a rational number q/p, we denote a continued fraction as follows.

q

p
= r +

1

b1 −
1

b2 −
1

. . . −
1
bn

:= r + [b1, b2, . . . , bn]

where r, bi ∈ Z.
For a link, q is always odd. For a knot, by replacing q by ±p + q, if

necessary, we assume q is odd. We may also assume r = 0. Then q/p has
a (unique) continued fraction of the form [2C1, 2C2, . . . , 2Cn], Ci 6= 0. Here
S(p, q) is a link if and only if the length n is odd.

3. The braid index of 2-bridge links

Let L be an oriented 2-bridge knot or link. In 1991, K.Murasugi [9] deter-
mined the braid index of L, using Morton-Franks-Williams inequality [8, 4]
and Yamada’s braiding algorithm [12]. (Section 10.4 of P.Cromwell’s book
[3] reviews the work.)

Theorem 3.1 (Murasugi). Let L be a 2-bridge link S(p, q), where
0 < q < p and q is odd. Let [2C1,1, 2C1,2, . . . , 2C1,k1 , −2C2,1,−2C2,2,

. . . ,−2C2,k2 , . . . , (−1)t−12Ct,1, . . . , (−1)t−12Ct,kt ] be the unique contin-
ued fraction for q/p, where Ci,j > 0 for all i, j. Then the braid index b(L)
is obtained as follows:

b(L) =
t∑

i=1

ki∑
j=1

(Ci,j − 1) + t + 1

Murasugi’s argument depends on Yamada’s braiding method. Hence the
word-length would be longer than we expect. In the following section, we
give another method to obtain a minimal braid using minimal genus Seifert
surface.

4. Minimal braids for 2-bridge links

In this section, we show our braiding method of minimal genus Seifert
surfaces for a 2-bridge link L = S(p, q). Without loss of generality, we may
assume q is odd and 0 < q < p. Then q/p has a unique continued fraction of
the form [2C1, 2C2, . . . , 2Cn], C1 > 0, Ci 6= 0 for some n. We say that a pair
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of adjacent entries belong to the same block if they share a sign. Denote
by B(L) the number of blocks in this expansion. For example if q/p =
[6, 2, 4,−6,−2,−6, 4], then B(L) = 3. Minimal genus Seifert surfaces for L

are obtained by plumbing unknotted annuli, such that the ith annulus has
|Ci| full-twists. Murasugi’s theorem says that the braid index b(L) coincides
with

∑n
i=1(|Ci| − 1) + B(L) + 1.

Recall that the following modifications of continued fractions preserve
the corresponding rational number:

[C1, C2, . . .] = 1 + [−1, C1 − 1, C2, . . .]
[. . . , Ci, Ci+1, . . .] = [. . . , Ci ± 1,±1, Ci+1 ± 1, . . .]

[. . . , Cn] = [. . . , Cn ± 1,±1]
Now we present our braiding algorithm. Let q/p = [2C1, 2C2, . . . , 2Cn],

with C1 > 0 and Cj 6= 0 for all j. Modify it by inserting ±1 before and
after each entry so that in the new continued fraction is of the following
form, where σ(x) means the sign of x.

1 + [−1, 2C ′
1,−σ(C1), 2C ′

2,−σ(C2), . . . ,−σ(Cn−1), 2C ′
n,−σ(Cn), ]

Note that |Ck|′ = |Ck| − 1 if σ(Ck) = σ(Ck−1), and otherwise C ′
k =

Ck. The latter case happens between two blocks. Here, C ′
k may be 0. For

example, 1849/10044 = [6, 2, 4,−6,−2,−6, 4] is modified to

1 + [−1, 4,−1, 0,−1, 2,−1,−6,+1, 0,+1,−4,+1, 4,−1].

Note that
∑

j C ′
j = B(L) − 1 +

∑
j(|Cj | − 1).

According to such a modified continued fraction, we have a Conway
diagram for L. See Figure 3 (left) depicting the example above. Each hori-
zontal half twist corresponds to an inserted ±1, and the vertical twistings
correspond to the entries C ′

j . The diagram carries a checker board Seifert
surface F for L, which is of minimal genus. (Note that the orientation is
right here: In fact, the integer part 1 in the modified continued fraction
does not show up in the unoriented diagram, but S(p, q) and S(p, q − p)
have different orientations.)

In Figure 3 (left), one side of F is shaded, and that part is drawn like
shaded disks. There are n + 1 (in this example 8) horizontal half twisted
bands. Adjacent shaded disks are connected by a band which has a full-
twist or no twist. The latter case happens corresponding to each occurrence
of C ′

j = 0, in which case, we marge the two shaded disks. Then there are
B(L)+

∑
j(|Cj |−1) shaded disks. By sliding roots of the vertical bands, we

have a picture (Figure 3, middle), where the shaded disks are all horizontal
and adjacent ones are connected by a vertical half twisted band. There is
one long vertical unshaded disk with n + 1 horizontal half twisted bands
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connected to the shaded disk. Bring the unshaded disk to the bottom of the
shaded disk making the horizontal bands vertical (Figure 3, right). Now,
we have braided the Seifert surface, and since there are B(L) +

∑
j(|Cj | −

1) + 1 = b(L) horizontal disks, the boundary of this surface is a minimal
string braid for L.������������������������������������
� ��������������������������������������������

�������������������������������������������������������������������������������������������
Fig. 3. Braiding a 2-bridge link surface

5. Some examples

Let K be the knot S(41, 24), also known as 918. Since 24/41 = [2, 4, 2, 4],
b(K) = (0 + 1 + 0 + 1) + 1 + 1 = 4, and g(K) = 2. So the minimal-
string, minimal-length braid has four strings and seven bands. Figure 4 (a)
depicts a Bennequin surface for K, obtained by our algorithm. Braiding
other minimal genus Seifert surfaces for K, we obtain other minimal braids
(Figure 4, (b) and (c)). O.Kakimizu [6] classified incompressible Seifert
surfaces for prime knots of ≤ 10 crossings up to isotopies respecting the
knot. We see that K has three isotopy classes of minimal genus Seifert
surfaces, and they are depicted in Figure 4 (a), (b) and (c). There are other
4-braids carrying Bennequin surface for K, like Figure 4 (d), (e) and (f).
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It is known that K can be presented by infinitely many conjugacy classes
of 4-braids. Only finitely many of them carry Bennequin surfaces since the
number of bands is limited to seven. Different conjugacy classes may carry
isotopic Bennequin surfaces. Finally we remark the following: The surface
in Figure 4 (d) is isotopic to that in Figure 4 (e) (See Figure 5). Figure 4
(d) as a braid is related to (e) by a braid flype (Figure 6), and then to (f)
by an exchange move (Figure 7). The surfaces in (e) and (f) are not isotopic
to each other.

Fig. 4. Minimal braids for 918 carrying Bennequin surfaces

Fig. 5. Manipulation of a Hopf band
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The Alexander–Conway polynomial is reconstructed in a manner similar to
the way the Jones polynomial is constructed by using the Kauffman bracket
polynomial. This is a summary of the reconstruction.

Keywords: Alexander–Conway polynomial; bracket polynomial.

1. Introduction

The Jones polynomial [4] is obtained via the Kauffman bracket polyno-
mial [5]. We smooth the crossings of a link diagram until we reduce it to a
disjoint union of circles:

−→

, , . . .

The Kauffman bracket polynomial is defined by using the weight of a cross-
ing and the number of circles, where the weight is a value determined by the
choice of smoothing. Then it is an invariant of regular isotopy. By utilizing
the writhe of the link diagram, we obtain an invariant of ambient isotopy,
which is the Jones polynomial.

On the other hand, a state model for the Alexander–Conway polyno-
mial [1] was also given by L. H. Kauffman [6]. A state in this state model is
represented by a diagram which may have transversal intersections. In this
paper, we aim to reconstruct the Alexander–Conway polynomial through a
smoothing resolution formula, say, a state model in which a state is repre-
sented by a disjoint union of circles (and a path).
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We introduce a new kind of smoothing such that we obtain a disjoint
union of framed circles and a framed path after we smooth all crossings of
a (1, 1)-tangle diagram:

−→

i

j

,

k

, . . .

Our bracket polynomial is defined by using the weight of a crossing and the
framings. Then it is an invariant of regular isotopy. By utilizing the Whitney
degree (rotation number) of the link diagram, we obtain an invariant of
ambient isotopy, which is the Alexander–Conway polynomial.

This article is a summary of the reconstruction. For the details we refer
the reader to the preprint [2].

2. A magnetic link/tangle

We introduce a magnetic link/tangle diagram in which an “orientation” q
is given at a point called node. In our reconstruction for the Alexander–
Conway polynomial, we reduce a (1, 1)-tangle diagram into magnetic tangle
diagrams without a crossing, and the node orientation contributes to a fram-
ing as ±1/2. A magnetic link/tangle without node orientation is appeared
in constructions of the oriented state model for the Jones polynomial [6],
Miyazawa’s polynomial for virtual links [7,8], the virtual magnetic skein
module [3], and so on.

A magnetic link/tangle diagram is an oriented link/tangle diagram on
R2 which may have oriented 2-valent vertices

q and q
which we call nodes. A magnetic link/tangle diagram may also have a 4-
valent vertex which is represented as a crossing in the diagram. Two di-
agrams are called equivalent if one can be transformed into the other by
a finite sequence of Reidemeister moves and the canceling moves (Fig. 1).
We omit orientations of strands in Fig. 1. A magnetic link/tangle is an
equivalence class of magnetic link/tangle diagrams under the moves.

We denote the join of n nodes with the same orientation
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↔ ↔ ↔ ↔

Reidemeister moves

q q ↔ ↔ q q
Canceling moves

Fig. 1.

p p p pq q q
n

by the triangle labeled n

qn .

For a positive integer n, a triangle labeled −n indicates one labeled n with
the reversed orientation. Then, by the canceling moves,

q qn m
and qn + m

are equivalent for any integers n and m, which implies that a circle/path
is parameterized by an integer.

3. Smoothing resolution formula

We introduce a bracket polynomial of a magnetic (1, 1)-tangle diagram,
which is a single-input, single-output magnetic tangle diagram as shown in
Fig. 2. Then we show a relationship between the Alexander–Conway poly-
nomial and the bracket polynomial, and evaluate the bracket polynomial of
the trefoil knot as an example of this relationship.

D

Fig. 2.
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For any integer k, set

[k] :=
qk − q−k

q − q−1
,

and

d :=
√
−1(q − q−1).

and

(a00, a01, a10, a11) := ( q−2,−q−1,−q, 1),
(a′

00, a
′
01, a

′
10, a

′
11) := ( q2 ,−q−1,−q, 1).

We define a bracket polynomial 〈D〉 of a magnetic (1, 1)-tangle diagram
D by the following relations under the canceling moves:〈 q2i

〉
= [i + 1],〈

D q2i

〉
=

〈
D q2i

〉
= [i]d 〈D〉 ,〈 〉

=
〈 qq 〉

+
∑

0≤i,j≤1

aij

d

〈 q q
2i

2j

〉
,

〈 〉
=

〈 qq 〉
+

∑
0≤i,j≤1

a′
ij

d

〈 q q
2i

2j

〉
.

The third and fourth equalities are relations among the bracket polynomials
of magnetic (1,1)-tangle diagrams which are identical except in the neigh-
borhood of a point where they are the magnetic tangle diagrams depicted
in the brackets.

Then we have the following theorem.

Theorem 3.1 ([2]). Let T be an oriented (1, 1)-tangle represented by a
diagram D. We denote by T̂ a link which is obtained by closing the (1, 1)-
tangle T . Then

∆
bT (t) =

(
q−rot(D)〈D〉

)∣∣∣
q=

√
−1t1/2

,

where the Whitney degree rot(D) is the total turn of the tangent vector to
the curve as one traverses it in the given direction.
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We evaluate the bracket polynomial of the trefoil knot to illustrate The-
orem 3.1:〈 〉

=

〈
1

1

1

〉
+

∑
0≤i,j,k,l,m,n≤1

aijaklamn

d3

〈
−i − k − m

j + l + n〉

+
∑

0≤i,j,k,l≤1

aijakl

d2

〈 i + j + k + l + 1〉
+

∑
0≤i,j≤1

aij

d

〈 i + j + 1

1

〉

+
∑

0≤i,j,k,l≤1

aijakl

d2

〈 i + j + k + l + 1〉
+

∑
0≤i,j≤1

aij

d

〈
1

i + j + 1〉

+
∑

0≤i,j,k,l≤1

aijakl

d2

〈 i + j + k + l + 1〉
+

∑
0≤i,j≤1

aij

d

〈 1

i + j + 1

〉

=[2][1]d[1]d +
∑

0≤i,j,k,l,m,n≤1

aijaklamn

d3
[j + l + n + 1][−i − k − m]d

+ 3
∑

0≤i,j,k,l≤1

aijakl

d2
[i + j + k + l + 2]

+ 2
∑

0≤i,j≤1

aij

d
[i + j + 2][1]d +

∑
0≤i,j≤1

aij

d
[2][i + j + 1]d

= − q3 − q − q−1,

where we omit triangles in the following manner:

q2i −→ i , q2i −→ i .

And the Whitney degree of the (1, 1)-tangle diagram is equal to 1:

rot

( )
= 1.

By Theorem 3.1, the Alexander–Conway polynomial of the trefoil knot is

t − 1 + t−1.
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In this paper, we give a formula for the quandle cocycle invariants associated
with the Fox p-coloring of torus links. In case torus knots this formula was
given by S. Asami and S. Satoh.
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1. Introduction

Quandle cocycle invariants of classical links and surface links are defined
when a quandle 3-cocycle is fixed. In this paper, we consider a quandle
cocycle invariant Ψp(L) of a link L and Φp(F ) of a surface link F associated
with the 3-cocycle θp of the dihedral quandle Rp of order p founded by T.
Mochizuki [9], where p is an odd prime. These invariants are valued in a
Laurent polynomial ring Z[t, t−1]/(tp − 1). We denote by τrL an r-twist
spin of L. Ψp(L) and Φp(τrL) are calculated when L is a torus knot and p
is an odd prime [1], when L is a 2-bridge knot and p is an odd prime [6],
when L is a 3-braid knot and p = 3 [11], and when L is a pretzel link and p
is an odd prime [7]. The purpose of this paper is to calculate the invariants
when L is a torus link and p is an odd prime.

Let m and n be coprime integers and l be an integer. For m,n, l, a
torus link T (ml, nl) is the closed braid of the nl-braid ∆ml where ∆ =
σnl−1σnl−2 · · ·σ1 with σ1, · · · , σnl−1 the standard generators of the nl-th
braid group Bnl. See Fig. 1. A torus knot is a torus link with l = 1. Since
T (ml, nl) = T (nl,ml), we supposed that m is an odd integer.

∗This research is partially supported by Grant-in-Aid for JSPS Research Fellowships for
Young Scientists
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ml-twist

Δ
ml

nl-strand

Fig. 1.

Theorem 1.1. Let L be a torus link L = T (ml, nl) such that l is an odd
integer.

(i) If n is an even integer and m is divisible by p, then

Ψp(L) = pl+1

p−1∑
s=0

t−mns2/2p.

(ii) If n is an even integer and m is indivisible by p, then

Ψp(L) = pl+1.

(iii) If n is an odd integer, then

Ψp(L) = p2.

Theorem 1.2. Let L be a torus link L = T (ml, nl) such that l is an even
integer.

(i) If n or m is divisible by p, then

Ψp(L) = pl

p−1∑
s=0

t−2mns2/p.
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(ii) If both n and m are indivisible by p, then

Ψp(L) = pl.

S. Asami and S. Satoh [1] define a quandle cocycle invariant Ψ∗
p(L) of

a link L with a base point and proved that if r is even, then Φp(τ rL) =
Ψ∗

p(L)|t→tr , and if r is odd, then Φp(τ rL) = p. It is shown in [13] that
Ψp(L) = pΨ∗

p(L), and hence Ψ∗
p(L) = p−1Ψp(L). Therefore, by Theorems

1.1 and 1.2, we have Theorems 1.3 and 1.4.

Theorem 1.3. Let r be an even integer. Let τ rL be an r-twist spin of a
torus link L = T (ml, nl) such that l is an odd integer.

(i) If n is an even integer and m is divisible by p, then

Φp(τ rL) = pl

p−1∑
s=0

t−mnrs2/2p.

(ii) If n is an even integer and m is indivisible by p, then

Φp(τ rL) = pl.

(iii) If n is an odd integer, then

Φp(τ rL) = p.

Theorem 1.4. Let r be an even integer. Let τ rL be an r-twist spin of a
torus link L = T (ml, nl) such that l is an even integer.

(i) If n or m is divisible by p, then

Φp(τ rL) = pl−1

p−1∑
s=0

t−2mnrs2/p.

(ii) If both n and m are indivisible by p, then

Φp(τ rL) = pl−1.

Remark 1.1. In case l = 1, S. Asami and S. Satoh [1] gave the formulas
in Theorem 1.1 and 1.3.

For a surface link F , the surface link obtained by reversing the orienta-
tion of F is denoted by −F . A surface link F is non-invertible if F is not
ambient isotopic to −F . By using quandle cocycle invariants, it is proved
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that some surface knots are non-invertible [1–3,6,10]. And in [10], a trefoil
knot is not ambiently isotopic to its mirror image.

Corollary 1.1. Let r be an even integer. Let τ rL be an r-twist spin of a
torus link L = T (ml, nl). Then τ rL and −τ rL are distinguished by quandle
cocycle invariant Φp (and hence τ rL is non-invertible) if there exists an
odd prime p with p ≡ 3 (mod 4) satisfying the following conditions (i), (ii)
or (i), (iii)

(i) r is indivisible by p,
(ii) m is divisible by p and indivisible by p2,

(iii) l is an even integer and n is divisible by p and indivisible by p2.

For example, p = 3 satisfies the above conditions (i) and (iii) when
L = T (10, 6) and r = 2. Thus, τ2T (10, 6) is non-invertible.

We review quandle cocycle invariants of links and give a key lemma
(Lemma 2.1) in §2. In §3, we prove Theorem 1.1 (i). The proofs of Lemma
2.1, Theorem 1.1 (ii-iii), Theorem 1.2 and Corollary 1.1 will appear in [8].

2. Quandle cocycle invariants

A quandle cocycle invariant of a link associated with a 3-cocycle f of a
finite quandle Q, which is based on [2,10], is defined in [4]. When Q is
a dihedral quandle of order p and f is Mochizuki’s 3-cocycle θp, quandle
cocycle invariants can be also defined as seen below. (cf. [6,12]).

Let D be a diagram of a link (or a tangle) L, and Σ(D) the set of arcs of
D. A map C : Σ(D) −→ Zp is a p-coloring of D if C(µ1) + C(µ2) = 2C(ν)
at each crossing x where µ1 and µ2 are under-arcs separated by an over-arc
ν (cf. [5]). A shadow p-coloring of D extending C is a map C̃ : Σ̃(D) −→ Zp,
where Σ̃(D) is the union of Σ(D) and the set of regions separated by the
underlying immersed curve of D, satisfying the following conditions: (i)
C̃ restricted to Σ(D) coincides with C, and (ii) if λ1 and λ2 are regions
separated by an arc µ, then C̃(λ1) + C̃(λ2) = 2C̃(µ). The set of p-colorings
(or shadow p-colorings) is denoted by Colp(D) (or C̃olp(D)). A p-coloring
of D is non-trivial if the image of the coloring consists of at least two
elements. A shadow p-coloring C̃ of D is non-trivial if C̃ restricted to Σ(D)
is a non-trivial coloring.

Let C̃ be a shadow p-coloring, and at a crossing point x, let a, b, c, R

and R′ ∈ Zp be the colors of three arcs and two regions as in Fig. 2. We

note that (R−a)
ap + cp − 2bp

p
= (R′−c)

ap + cp − 2bp

p
∈ Zp. Thus, we can
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a b

R R'

c

Fig. 2.

define the Boltzmann weight at x by

Wp(x; C̃) = (R− a)
ap + cp − 2bp

p
∈ Zp.

We put Wp(C̃) =
∑
x

Wp(x; C̃). Consider the state-sum

Ψp(D) =
∑

eC∈gColp(D)

tWp( eC) ∈ Z[t, t−1]/(tp − 1).

This is equal to the quandle cocycle invariant associated with
Mochizuki’s 3-cocycle θp, in the sense of [4].

Take a tangle diagram T of T (ml, nl) as the nl-braid ∆ml. Let
α1, · · · , αml be the top arcs and β1, · · · , βnl be the bottom arcs of T . See
Fig. 3. Let C̃ be a shadow p-coloring of T such that C̃(αi) = C̃(βi) for each
1 ≤ i ≤ nl. Let aj , Ai be the elements in Zp such that

aj = C̃(αi) = C̃(βi)

for j ∈ Z, j ≡ i (mod nl) and

Ai =
1
p
{2(

ml∑
k=1

(−1)ml+kai−ml+k−1)− ai + (−1)mla−ml+i},

for 1 ≤ i ≤ nl.

Lemma 2.1. In the above situation,

Wp(C̃) =
nl∑
i=1

apiAi.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

62

α1 2 αnl

β 1 β nl
2

T=∆
ml

α

β

Fig. 3.

3. Proof of Theorem 1.1 (i)

In this section, we prove Theorem 1.1 (i). Theorem 1.1 (ii-iii) and Theorem
1.2 can be proved similarly (cf. [8]). Supposed that l is an odd integer, n is
an even integer and m is divisible by p.

Let T, α1, · · · , αnl and β1, · · · , βnl be as in §2. Given a vector x =
(x1, · · · , xnl) ∈ Znl

p , a p-coloring C of T is uniquely determined such that
C(αi) = xi for each i. Then, the vector y = (y1, · · · , ynl) is given by xPml,
where yi = C(βi) for each i and P is the nl × nl matrix

P =


0 −1 0
...

. . .
0 0 −1
1 2 · · · 2

 .

Take D(ml, nl) the diagram of T (ml, nl) as the closure of T . The p-coloring
C of T is extended to a p-coloring of D(ml, nl) if and only if the equation
x = xPml holds. By solving the equation, we have Lemmas 3.1.

Lemma 3.1. Supposed that l is an odd integer, n is an even integer and
m is divisible by p.
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(i) For a1, · · · , al, al+1 ∈ Zp, there is a unique p-coloring C =
C(a1, · · · , al, al+1) of D(ml, nl) such that C(αi) = ai for 1 ≤ i ≤ l+ 1,
C(αi) = −C(αi−l) + al+1 + a1 for any l + 2 ≤ i ≤ nl.

(ii) Any p-coloring of D(ml, nl) is represented by C(a1, · · · , al, al+1).

Remark 3.1. For each p-coloring C of a link and R ∈ Zp, it is known that
there is a unique shadow p-colorings C̃ such that C̃|Σ(D) = C and C̃(λ) = R

for unbounded region λ.

Proof of Theorem 1.1 (i). By Lemma 3.1, each p-coloring is denoted
by C = C(a1, · · · , al, al+1). Let C̃ = C̃(a1, · · · , al+1, R) be a shadow p-
coloring such that C̃|Σ(D) = C and C̃(λ) = R for unbounded region λ. This
is unique by Remark 3.1. Let Ai be as in §2 for 1 ≤ i ≤ nl. Then, by direct
calculation,

Ai = (−1)i+1m

p
(2(

l∑
j=1

(−1)jaj) + a1 + al+1).

By Lemma 2.1,

Wp(C̃) =
nl∑
i=1

apiAi

=
m

p
(2(

l∑
j=1

(−1)jaj) + a1 + al+1)
nl∑
i=1

(−1)i+1ai

= −
mn

2p
(2(

l∑
j=1

(−1)jaj) + a1 + al+1)2.

For any k ∈ Zp, the number of shadow p-colorings C̃(a1, · · · , al+1, R) such

that 2((
l∑

j=1

(−1)jaj) + a1 + al+1) = k (mod p) are pl+1. Therefore, we have

Theorem 1.1 (i).
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This article explains how the authors obtained the list of prime knots of arc
index not bigger than 10.

Keywords: knot, link, arc presentation, arc index, Cromwell diagram, Cromwell

matrix

1. Arc presentations, Cromwell diagrams and Cromwell
matrices

Let n ≥ 2 be a positive integer. For each i = 1, . . . , n, let Hi denote the half
plane θ = 2πi/n of R3 in the cylindrical coordinate system with the z-axis
as the common boundary. If ai is a simple arc properly embedded in Hi for
i = 1, . . . , n, such that each boundary point of ai is a boundary point of aj
for a unique j 6= i. Then L = a1 ∪ · · · ∪ an is a link. Such an embedding
is called an arc presentation. Each half plane containing an arc is called
a page. The minimum number of pages among all arc presentations of L,
denoted α(L), is a link invariant which we shall call the arc index of L.

Proposition 1.1 (Cromwell3). Every link has an arc presentation.

Given an arc presentation of L with n pages, we can obtain a link
diagram of L on a cylinder around the z-axis minus a vertical line so that
at each crossing the vertical strand crosses over the horizontal strand. Such
a diagram has n vertical strands and n horizontal strands and will be called
a Cromwell diagram of size n.
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Fig. 1. An arc presentation and its Cromwell diagram
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0 0 0 1 0 1
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Fig. 2. A Cromwell diagram and its Cromwell matrix

An n × n binary matrix each of whose rows and columns has exactly
two 1’s is called a Cromwell matrix. From the Cromwell diagram of an arc
presentation with n pages, we can associate an n × n Cromwell matrix in
which 1’s correspond to corners of the Cromwell diagram.

Proposition 1.2. The Cromwell diagrams of size n are in one-to-one cor-
respondence with the n × n Cromwell matrices.

It is obvious that, for each n, there are only finitely many n×n Cromwell
matrices. Therefore there are only finitely many links with arc index n for
each natural number n. By the following theorem of Cromwell, we only
need to know arc index of prime links.

Theorem 1.1 (Cromwell3). For any nontrivial links L1 and L2, we have

α(L1 t L2) = α(L1) + α(L2)

α(L1]L2) = α(L1) + α(L2) − 2

2. Tabulation of knots by arc index

In this section we briefly describe the procedure we followed to tabulate
prime knots with arc index up to 10.

A Cromwell matrix is said to be reducible if two 1’s in a row or a
column are adjacent up to a cyclic permutation of entries. A reducible
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1 0 0 0 1 0

0 1 0 1 0 0

0 0 0 1 0 1

1 0 1 0 0 0

=⇒

1 0 0 1 0

0 1 0 0 1

1 0 1 0 0

Fig. 3. Reducing a Cromwell matrix with vertically adjacent 1’s

n × n Cromwell matrix can be replaced by an (n − 1) × (n − 1) Cromwell
matrix without changing the link type of corresponding Cromwell diagram.
For example, as indicated in Figure 3, if there is a column with adjacent 1’s,
then we remove this column and add the two rows which had the adjacent
1’s.

2

6

6

6

6

6

6

4

0 1 0 0 0 1
1 0 0 1 0 0
0 0 1 0 1 0
0 0 0 1 0 1
0 1 0 0 1 0
1 0 1 0 0 0

3

7

7

7

7

7

7

5

Fig. 4. The vertical mirror image and the vertical flip of Figure 2
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0 1 0 0 1 0
1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 0 1
1 0 0 0 1 0

3

7

7

7

7

7

7

5

Fig. 5. The horizontal mirror image and the horizontal flip of Figure 2

The images of a Cromwell diagram under a vertical mirror symmetry,
a horizontal mirror symmetry and flipping about a diagonal line are all
Cromwell diagrams. Their corresponding changes in Cromwell matrix are
shown in Figures 4–6. In addition to the above flips, there are also ‘cyclic
permutation of rows or columns’, ‘antidiagonal flip’ and finite composites of
those which all produce the same link type up to mirror image. To handle
these equivalences efficiently, we assign a unique number to each Cromwell
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Fig. 6. The diagonal flip and the transpose of Figure 2

matrix. The norm of an n × n Cromwell matrix is the natural number
corresponding to the binary number in n2 digits (or less if a11 = 0) obtained
by concatenating its rows. For example, the norm of the matrix in Figure 6
is the binary number 100100 001010 010100 001001 100010 0100012.

For each n = 5, 6, 7, 8, 9, 10, we had the following steps for the tabulation
of primes knots with arc index n.

(1) Generate all n×n Cromwell matrices in the norm-decreasing order. For
each of them we do the following.

(a) Discard if reducible or corresponding to a link.
(b) Discard if its Cromwell diagram is composite.
(c) Discard if any changes within the link type ever increase the norm.
(d) Make Dowker-Thistlethwaite notations5 from its Cromwell diagram.
(e) Identify the knot. For knots up to 13 crossings, one can use the Knot-

Info site.11 For knots up to 16 crossings, one can use KnotScape.10

(2) Discard those with smaller arc index. Discard any duplication by keep-
ing the ones with the largest norm.

(3) Sort by using the Dowker-Thistlethwaite name.5,10

3. Prime knots up to arc index 10

In this section we list the prime knots up to arc index 10 which is an
extension of the works of Nutt7 and Beltrami.2 In all diagrams, vertical
lines always cross over horizontal lines. The symbols in bracket are the
classical namesa of knots. Cromwell and Nutt4 showed that the arc index
is not bigger than the crossing number plus 2 and Bae and Park1 showed
that the arc index equals the crossing number plus 2 if and only if the
link is nonsplit and alternating. In the list below, the arc index of any

a31–10161 are as in Rolfsen’s book9 while 10162–10165 are renamed11 from 10163–10166

of Rolfsen’s book.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

69

Table 1. Number of nontrivial prime knots with arc index 5–10

Arc Index 5 6 7 8 9 10 Total

Alternating knots 1 1 2 3 7 18 32

Nonalternating knots 0 0 1 5 22 222 250

Subtotal 1 1 3 8 29 240 282

nonalternating knot is not greater than the crossing number. Therefore we
give the following conjecture.

Conjecture 3.1. The arc index of a nonsplit nonalternating link is not
bigger than the crossing number.

Arc Index 5
3a1 [31]

Arc Index 6
4a1 [41]

Arc Index 7
5a1 [52] 5a2 [51] 8n3 [819]

Arc Index 8
6a1 [63] 6a2 [62] 6a3 [61] 8n1 [820] 8n2 [821] 9n4 [942]

9n5 [946] 10n21 [10124]

Arc Index 9
7a1 [77] 7a2 [76] 7a3 [75] 7a4 [72] 7a5 [73] 7a6 [74]

7a7 [71] 9n1 [944] 9n2 [945] 9n3 [943] 9n6 [948] 9n7 [947]
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9n8 [949] 10n3 [10136] 10n13 [10132] 10n14 [10145] 10n22 [10128] 10n27 [10139]

10n29 [10140] 10n30 [10142] 10n31 [10161] 10n33 [10160] 11n19 11n38

11n95 11n118 12n242 12n591 15n41185

Arc Index 10
8a1 [814] 8a2 [815] 8a3 [810] 8a4 [88] 8a5 [812] 8a6 [87]

8a7 [813] 8a8 [82] 8a9 [811] 8a10 [86] 8a11 [81] 8a12 [818]

8a13 [85] 8a14 [817] 8a15 [816] 8a16 [89] 8a17 [84] 8a18 [83]

10n1 [10138] 10n2 [10137] 10n4 [10133] 10n5 [10135] 10n6 [10134] 10n7 [10154]

10n8 [10151] 10n9 [10150] 10n10 [10153] 10n11 [10149] 10n12 [10148] 10n15 [10125]

10n16 [10127] 10n17 [10126] 10n18 [10129] 10n19 [10131] 10n20 [10130] 10n23 [10146]

10n24 [10147] 10n25 [10141] 10n26 [10143] 10n28 [10144] 10n32 [10156] 10n34 [10159]
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10n35 [10163] 10n36 [10152] 10n37 [10165] 10n38 [10164] 10n39 [10155] 10n40 [10162]

10n41 [10158] 10n42 [10157] 11n12 11n20 11n23 11n24

11n27 11n37 11n48 11n49 11n50 11n57

11n61 11n65 11n70 11n79 11n81 11n82

11n84 11n86 11n88 11n92 11n96 11n99

11n102 11n104 11n106 11n107 11n110 11n111

11n116 11n117 11n122 11n126 11n132 11n133

11n134 11n135 11n138 11n139 11n141 11n142

11n143 11n145 11n147 11n164 11n173 11n183

12n25 12n121 12n243 12n253 12n254 12n280
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12n285 12n293 12n309 12n318 12n321 12n323

12n328 12n340 12n356 12n358 12n370 12n371

12n375 12n403 12n407 12n426 12n438 12n439

12n443 12n451 12n452 12n462 12n475 12n487

12n488 12n502 12n603 12n706 12n725 12n729

12n730 12n749 12n750 12n768 12n801 12n807

12n809 12n811 12n830 12n835 12n838 12n873

13n192 13n469 13n584 13n586 13n588 13n592

13n604 13n1180 13n1192 13n1271 13n1692 13n1718

13n1735 13n1762 13n1779 13n1836 13n1864 13n1901
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13n1907 13n1916 13n1945 13n2102 13n2180 13n2303

13n2428 13n2436 13n2491 13n2492 13n2527 13n2533

13n2769 13n2787 13n2872 13n3158 13n3414 13n3582

13n3589 13n3596 13n3602 13n3956 13n3960 13n3979

13n4024 13n4084 13n4104 13n4508 13n4587 13n4634

13n4639 14n3155 14n5294 14n8212 14n8584 14n8700

14n9408 14n9994 14n14356 14n14798 14n16364 14n17954

14n21069 14n21152 14n21419 14n21472 14n21881 14n22172

15n40180 15n40184 15n40211 15n40214 15n41127 15n41131

15n41189 15n45482 15n47800 15n49058 15n51709 15n52931
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15n52940 15n52944 15n53218 15n56026 15n56079 15n59005

15n124802 15n124988 15n127271 15n130933 16n207543 16n226759

16n245346 16n245347 16n246031 16n246032 16n765768 17n
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Universidad de Valparáıso,
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In this paper we define the p-adic framed braid group F∞,n, arising as the
inverse limit of the modular framed braids. An element in F∞,n can be inter-
preted geometrically as an infinite framed cabling. F∞,n contains the classical
framed braid group as a dense subgroup. This leads to a set of topological
generators for F∞,n and to approximations for the p-adic framed braids. We
also construct a p-adic Yokonuma-Hecke algebra Y∞,n(u) as the inverse limit
of the classical Yokonuma-Hecke algebras. These are quotients of the modular
framed braid groups over a quadratic relation. Finally, we construct on this
new algebra a p-adic linear trace that supports the Markov property. Paper
presented at the 1017 AMS Meeting.

Keywords: Inverse limits, p-adic integers, p-adic framed braids, Yokonuma-
Hecke algebras, Markov traces, p-adic framed links. Mathematics subject clas-
sification: 20C08, 57M27

1. Introduction

By a theorem of Lickorish and Wallace (1960), any closed connected ori-
entable 3-manifold can be obtained from S3 by doing surgery along a framed
link. Then two 3-manifolds are homeomorphic if and only if any two framed
links representing them are related through isotopy and the Kirby moves or
the equivalent Fenn-Rourke moves [2]. Framed links open to framed braids,
which have an algebraic structure similar to the structure of the classical
braids. In [6] Ko and Smolinsky give a Markov-type equivalence for framed
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braids corresponding to homeomorphism classes of 3-manifolds. The idea
of normalizing Markov traces on quotient algebras of the braid group (ac-
cording to the Markov theorem) was introduced by V.F.R. Jones [3] for
constructing the famous Jones polynomial. It would be certainly very inter-
esting if one could construct 3-manifold invariants by constructing Markov
traces on quotient algebras of the framed braid group and using the framed
braid equivalence of [6].

In this paper we introduce the concept of p-adic framed braids, which
can be seen as natural infinite cablings of framed braids. Cablings of framed
braids have been used for constructing 3-manifold invariants (e.g. by Wenzl
[11]). The p-adic framed braid group arises as the inverse limit of modu-
lar framed braid groups, which are quotients of the classical framed braid
group.

a1
b1

,

a 2
b2

, ...,

a 3
b3

(a , a  , a  ,...)1 2 3 (b , b  , b  ,...)1 2 3
... ...

Fig. 1. A p-adic framed braid as infinite framed cabling

We also construct the p-adic Yokonuma-Hecke algebras as inverse limits
of the classical Yokonuma-Hecke algebras. Finally, we construct a p-adic
Markov trace on them. In a sequel paper we normalize our p-adic trace τ

according to the Markov equivalence for p-adic framed braids in order to
construct invariants of (oriented) p-adic framed links. For details and full
proofs see [5].

We hope that this new concept of p-adic framed braids and p-adic
framed links that we propose, as well as the use of the Yokonuma-Hecke
algebras and our p-adic framing invariant, will lead to the construction of
new 3-manifold invariants using the theory of braids.

2. Inverse limits and the p-adic integers

An inverse system (Xi, φ
i
j) of topological groups (rings, algebras, etc) in-

dexed by a directed set I, consists of a family (Xi ; i ∈ I) of topological
groups (rings, algebras, etc) and a family

(φi
j : Xi −→ Xj ; i, j ∈ I, i ≥ j)
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of continuous homomorphisms, such that

φi
i = idXi and φj

k ◦ φi
j = φi

k whenever i ≥ j ≥ k.

The inverse limit of the inverse system (Xi, φ
i
j) is defined as:

lim←−Xi := {z ∈
∏

Xi ; (φi
j ◦ $i)(z) = $j(z) for i ≥ j},

where $i is the natural projection of
∏

Xi onto Xi.

lim←−Xi is unique and non-empty. As a topological space, lim←−Xi inherits
the induced topology from the product topology of

∏
Xi. lim←−Xi is a topo-

logical group with operation induced by the componentwise operation in∏
Xi. Finally, let X = lim←−Xi and Y = lim←−Yj . Then:

X × Y ∼= lim←−
(i,i)

(Xi × Yi) ∼= lim←−
(i,j)∈I×I

(Xi × Yj)

X × Y 3 ((xi), (yi)) 7→ (xi, yi) ∈ lim←−
(i,i)

(Xi × Yi)

Example 2.1. If Xi = Z for all i and φi
j = id for all i, j then lim←−Z can be

identified naturally with Z ((z, z, . . .) ←→ z ∈ Z).

Example 2.2. The p-adic integers. Let p be a prime number. Consider the
natural epimorphisms, for r ≥ s:

θr
s : Z/prZ −→ Z/psZ

k + pr
Z 7→ k + ps

Z

An element ar ∈ Z/pr
Z can be identified with a unique expression:

ar = k0 + k1p + k2p
2 + · · · + kr−1p

r−1,

where k0, . . . , kr−1 ∈ {0, 1, . . . , p − 1}.. Then:

θr
s(k0 + k1p + k2p

2 + · · · + kr−1p
r−1) = k0 + k1p + k2p

2 + · · · + ks−1p
s−1

(‘cutting out’ r − s terms). The group of p-adic integers is defined as:

Zp := lim←−Z/pr
Z.

Zp is non-cyclic and it contains no elements of finite order. Zp can be
identified with the set of sequences:

Zp = { a←− := (ar) ; ar ∈ Z, ar ≡ as (mod ps) for r ≥ s}.

Note that, given ar there are p choices for ar+1:

ar+1 ∈ {ar + λpr ; λ = 0, 1, . . . , p − 1}
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but no choice for the entries as before, since as ≡ ar(mod ps). For example:

(z, z, . . .), z ∈ Z

a constant tuple of integers, or:

b←− = (1, p + 1, p2 + p + 1, . . .)

Definition 2.1. A subset S ⊂ lim←−Xi is a set of topological generators of
lim←−Xi if the span 〈S〉 is dense in lim←−Xi.

By Lemma 1.1.7. in [8] we have that Z is dense in Zp and

〈(1, 1, . . .)〉 = 〈t〉 = Z.

This means that every p-adic integer can be approximated by a sequence
of constant sequences. We shall write a←− = limk(ak). Indeed, an element
a←− = (a1, a2, a3, . . .) ∈ Zp can be approximated by the following sequence
of constant sequences:

(a1, a1, a1, . . .)

(a1, a2, a2, a2, . . .) = (a2, a2, a2, . . .)

(a1, a2, a3, a3, . . .) = (a3, a3, a3, . . .)

...

3. p-adic framed braids

Let Bn be the classical braid group on n strands. Bn is generated by the
elementary braids σ1, . . . , σn−1, where σi is the positive crossing between
the ith and the (i + 1)st strand. The σi’s satisfy the well-known braid
relations: σiσj = σjσi, if |i − j| > 1 and σiσi+1σi = σi+1σiσi+1.

Consider also the group Z
n with the usual operation:

(a1, . . . , an)(b1, . . . , bn) := (a1 + b1, . . . , an + bn).

Z
n is generated by the ‘elementary framings’:

fi := (0, . . . , 0, 1, 0, . . . , 0)

Then, an a = (a1, . . . , an) ∈ Zn can be expressed as:

a = fa1
1 fa2

2 · · · fan
n .
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... ...

0 0 0 01

i    strandth

if  = if     f     =
... ...

0 0 0 0a

i    strandth

j    strandth

...

i a j0 0

a i a j
j

Fig. 2. Geometric interpretation for fi and f
ai
i f

aj

j

.

Definition 3.1. The framed braid group Fn is defined as: Fn = Z o Bn =
Zn o Bn, where the action of Bn on a = (a1, . . . , an) ∈ Zn is given by
σ(a) = (aσ(1), . . . , aσ(n)) (σ ∈ Bn).

By construction, Fn is generated by the elementary crossings σ1, . . . , σn−1

and by the elementary framings f1, . . . , fn. Moreover, a framed braid splits
into the ‘framing’ part and the ‘braiding’ part:

fk1
1 fk2

2 · · · fkn
n · σ, where ki ∈ Z, σ ∈ Bn.

The multiplication in Fn is defined as:

(fa1
1 fa2

2 · · · fan
n · σ)(f b1

1 f b2
2 · · · f bn

n · τ) := f
a1+bσ(1)
1 f

a2+bσ(2)
2 · · · fan+bσ(n)

n · στ.

Definition 3.2. The d-modular framed braid group on n strands is defined
as:

Fd,n := Z/dZ o Bn = (Z/dZ)n
o Bn.

Fd,n can be considered as the quotient of Fn over the relations

fi
d = 1 (i = 1, . . . , n).

The epimorphisms

θr
s : Z/pr

Z −→ Z/ps
Z (r ≥ s)

of Example 2.2 induce the inverse system maps:

πr
s : (Z/pr

Z)n −→ (Z/ps
Z)n

Proposition 3.1. lim←−(Z/prZ)n ∼= (lim←−Z/prZ)n = Zn
p .

Moreover, Z
n is dense in Z

n
p and the set {t1, . . . , tn} is a set of topological

generators for Z
n
p , where Z

n = 〈t1, . . . , tn〉.
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We further define the inverse system maps:

πr
s × id : (Z/prZ)n × Bn −→ (Z/psZ)n × Bn

Proposition 3.2. lim←−((Z/pr
Z)n × Bn) ∼= lim←−(Z/pr

Z)n × Bn
∼= Z

n
p × Bn.

Moreover, Zn × Bn is dense in Zn
p × Bn.

Consider now the action of Bn on (Z/pr
Z)n. We then have the group

homomorphisms:

πr
s · id : (Z/pr

Z)n
o Bn −→ (Z/ps

Z)n
o Bn

On the level of sets, the map πr
s · id is πr

s × id.

Definition 3.3. The p-adic framed braid group on n strands F∞,n is de-
fined as:

F∞,n := lim←−Fpr,n.

A p-adic framed braid can be interpreted as an infinite framed cabling
of a braid in Bn, such that the framings of each infinite cable form a p-adic
integer (recall Figure 1).

Theorem 3.1. F∞,n
∼= Z

n
p o Bn.

=

a2 a3 a11 a12 a13
a1

,

a21 a22 a23

, ...!

Fig. 3. A p-adic framed braid

This identification implies, in particular, that there are no modular re-
lations for the framing in F∞,n. Also, that the classical framed braid group
Fn sits in F∞,n as a dense subset. By Theorem 3.1, a p-adic framed braid
splits into the ‘p-adic framing’ part and the ‘braiding’ part.

Proposition 3.3. Fn = Z
n

o Bn = 〈t1, σ1, . . . , σn−1〉 is dense in F∞,n.

This means that any p-adic framed braid can be approximated by a
sequence of classical framed braids:

β
←−

= lim
k

(βk),

where βk ∈ Fn. For example, for ak
!= (ak, ak, . . .) ∈ Z ⊂ Zp:
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=

a2 a3 ak1 ak2 ak3
a1

lim
k

aki = (      ,       , ... )aki aki
!,

Fig. 4. The approximation of a p-adic framed braid

4. The p-adic Yokonuma-Hecke algebra

In the sequel we fix an element u in C\{0, 1} and we shall denote C[G] (or
simply CG) the group algebra of a group G.

The Yokonuma-Hecke algebras (abbreviated to Y-H algebras), Yd,n(u),
were introduced in [13] by Yokonuma. They appeared originally in the rep-
resentation theory of finite Chevalley groups and they are natural general-
izations of the classical Iwahori-Hecke algebras, see also [10].

Here we define the Y-H algebra as a finite dimensional quotient of the
group algebra CFd,n of the modular framed braid group Fd,n over the
quadratic relations:

g2
i = 1 + (1 − u)ed,i(1 − gi),

where gi is the generator associated to the elementary braid σi and the
ed,i’s are elements in Fd,n = (Z/dZ)n

o Bn, as defined in Figure 5.

... ...

0 0 0 0s

i    strandth

d,ie    = Σ1
0  s  d-1

d-s

i+1    strandst

d
_

Fig. 5. The elements ed,i

Lemma 4.1. The elements ed,i are idempotents.

Definition 4.1. The Yokonuma–Hecke algebra of type A, Yd,n(u), is de-
fined as:

CFd,n

〈σ2
i − 1 − (u − 1)ed,i(1 − σi), i = 1, . . . , n − 1〉

.
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In Yd,n(u) the relations fd
i = 1 still hold, and they are essential for

the existence of the idempotents ed,i, because ed,i is by definition a sum
involving all powers of fi and fi+1. For diagrammatic interpretations for
the elements ed,i as well as for the quadratic relations see Figures 5 and 6.

01

= u-1

d-1

d
+

02 d-2

+ ...

01d-1

+ +

000000

+

- u-1
d

01 d-1

+

02 d-2

+ ...

01d-1

+ +

000

00 0

_

_

Fig. 6. Geometric interpretation of g2
1

For relating to framed links and 3-manifolds we would rather not have
the restrictions fd

i = 1 on the framings. An obvious idea would be to
consider the quotient of the classical framed braid group algebra, CFn,
over the above quadratic relations. But then, the elements ed,i are not well-
defined. Yet, we achieve this aim by employing the construction of inverse
limits:

Extending πr
s · id linearly, yield natural algebra epimorphisms:

φr
s : CFpr,n −→ CFps,n (r ≥ s),

which induce the algebra epimorphisms:

ϕr
s : Ypr,n(u) −→ Yps,n(u) (r ≥ s).

Definition 4.2. The p-adic Yokonuma–Hecke algebra Y∞,n(u) is defined
as follows.

Y∞,n(u) := lim←−Ypr,n(u).

Theorem 4.1. In Y∞,n(u) the following quadratic relations hold:

σ2
i = 1 + (u − 1)ei(1 − σi) mod (lim←− Ipr,n),

where the elements ei ∈ lim←−CFpr,n are idempotents and Ipr,n the ideal in
CFpr,n generated by the quadratic relation in Ypr,n.
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It is worth mentioning that Y∞,n(u) can be regarded as a topological
deformation of a quotient of the group algebra CFn. Roughly, the algebra
Y∞,n(u) can be described in terms of topological generators and the same
relations as the algebra Yd,n(u) but where the modular relations do not
hold. Consequently, Y∞,n(u) has a set of a topological generators, which
look like the canonical generators of the classical framed braid group Fn,
but with the addition of the quadratic relation.

5. A p-adic Markov trace

In [4] the first author constructed linear Markov traces on the Y-H algebras.
The aim of this section is to extend these traces to a Markov trace on
the algebra Y∞,n(u). Indeed, let Xr = {z, x1, x2, . . . , xpr−1} be a set of
indeterminates. We then have the following.

Theorem 5.1. There exists a unique p-adic linear Markov trace defined as

τ := lim←− τr : Y∞,n+1(u) −→ lim←−C[Xr]

where τr is the trace trk of [4] for k = pr and where lim←−C[Xr] is constructed
via appropriate ring epimorphisms: δr

s : C[Xr] −→ C[Xs] (see [5]).
Furthermore

τ(ab) = τ(ba)
τ(1) = 1

τ(agnb) = (z)rτ(ab)
τ(atm

n+1b) = (xm)rτ(ab)

for any a, b ∈ Y∞,n(u) and m ∈ Z.

For example, for t ∈ Y∞,1(u), mi ∈ Z, w = t a←− ∈ Zp and for g2
i we have:

• τ(t) = lim←− τr(t) = (τ1(t1), τ2(t2), . . .) = (x1, x1, . . .) = x1,

• τ(tm1
1 · · · tmn

n ) = τ(tm1
1 ) · · · τ(tmn

n ) = xm1 · · ·xmn ,

• τ(t a←−) == (xa1 , xa2 , . . .) = x a←−
,

• τ(g2
i ) = 1 − (u − 1)z + (u − 1)

(
1
pr

∑pr−1
m=0 xmx−m

)
r
.

Remark 5.1. The closure of a p-adic framed braid defines a p-adic oriented
framed link. See Figure 7. In a sequel paper we normalize the traces in [4]
and the p-adic trace τ according to the Markov equivalence for framed and
p-adic framed braids in order to construct invariants of oriented framed and
p-adic framed links.
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ba

closure
ba

Fig. 7. A p-adic framed braid closes to a p-adic framed link
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REIDEMEISTER TORSION AND SEIFERT SURGERIES ON
KNOTS IN HOMOLOGY 3-SPHERES

Teruhisa KADOKAMI

Osaka City University Advanced Mathematical Institute,
Sumiyoshi-ku, Osaka 558-8585, Japan
E-mail: kadokami@sci.osaka-cu.ac.jp

We investigate whether a p/q-surgery (p ≥ 2) along a knot K in a homology
3-sphere is a Seifert fibered space or not by using Reidemeister torsion. We
obtain some necessary conditions about values of the Alexander polynomial for
K yielding a Seifert fibered space at root of unities. By using the conditions,
we prove that if a p/q-surgery along a knot K whose Alexander polynomial is
∆K(t) = t2 − 3t + 1 is a Seifert fibered space, then we have p = 2 or 3.

Keywords: Dehn surgery; Seifert fibered space; Reidemeister torsion; Alexander
polynomial.

1. Introduction (Question and Theorems)

We study Seifert surgery on knots by using Reidemeister torsion. Let Σ
be an integral homology 3-sphere, K a knot in Σ, and M = Σ(K; p/q)
the result of p/q-surgery along K where p and q are coprime integers, and
p ≥ 2 (i.e., M is a homology lens space). We omit the case p = 1 because
Reidemeister torsion of M is zero, and the case p = 0 because we would
like to treat homology lens spaces. We denote the Reidemeister torsion of
M associated to a ring homomorphism ψ by τψ(M). This value is deter-
mined up to trivial units. If we fix a combinatorial Euler structure of M ,
then τψ(M) is determied uniquely as an element of the quotient field of a
coefficient ring. The following is an algebraic translation of Seifert surgery

problem.

Question 1 Let t be a generator of H1(M ;Z), ζd a primitive d-th root of

unity where d ≥ 2 is a divisor of p, and ϕd : Z[H1(M ;Z)] → Q(ζd) a ring

homomorphism induced by ϕd(t) = ζd. For an oriented closed Seifert fibered

space M ′, do there exist a group isomorphism f : H1(M ′;Z) → H1(M ;Z)
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and a ring isomorphism f∗ : Z[H1(M ′;Z)] → Z[H1(M ;Z)] induced by f

satisfying

τϕd(M) .= τϕ′
d(M ′)

for all d, where ϕ′
d = f∗ ◦ ϕd ? If we fix combinatorial Euler structures of

M and M ′, then do there exist ε = 1 or −1, and an integer m which are
not dependent on d such that

τϕd(M) = εζm
d τϕ′

d(M ′) ?

By the first homology group, the base space of M ′ in Question 1 is a closed
surface with the genus zero (i.e., S2 or RP 2). Here we restrict the case that
the base space of M ′ is S2. We say that a 3-manifold M is of S2-Seifert
type if M satisfies the conditions in Question 1 and the restriction above.
Let p1/q1, · · · , pn/qn be the indices of singular fibers of M ′ where pi ≥ 2
for all i = 1, · · · , n. Then we say that p1, · · · , pn are the multiplicities of
M . If n ≤ 2, then M ′ is a lens space. It is conjectured that if Σ = S3, then
n ≤ 4. From now on, we assume the following.

Assumption If a 3-manifold M is of S2-Seifert type with n singular fibers,
then n ≥ 3.

For a homology lens space M = Σ(K; p/q) (p ≥ 2) and a divisor d of
p, we define the d-norm and the d-order of M denoted by |M |d and ‖M‖d

respectively. If d = p, then we say that p-order is order simply, and it is
denoted by ‖M‖ = ‖M‖p. Let ∆K(t) be the Alexander polynomial of a
knot K. Then

‖M‖d =

∣∣∣∣∣
d∏

i=1

∆K(ζi
d)

∣∣∣∣∣
is the d-order of M = Σ(K; p/q) (see [5, 6]). If M is a lens space, then
‖M‖ = 1 (5). Let (Z/pZ)× be the multiplicative group of a ring Z/pZ. For
an element x in (Z/pZ)×, we denote the inverse element of x by x̄.

The following two theorems are obtained by the key lemma (Lemma
2.1) in Section 2 and the Reidemeister torsion.

Theorem 1.1. Let M = Σ(K; p/q) be a 3-manifold of S2-Seifert type with
the multiplicities p1, · · · , pn, and p′ = p/ gcd(p, lcm(p1, · · · , pn)) ≥ 2. Then
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for any divisor d ≥ 2 of p′, there exists an integer k such that

n∏
i=1

pi ≡ ±k
2q (mod p′),

∆K(ζd)
.=

(ζkd − 1)n−2(ζd − 1)(ζ q̄d − 1)
n∏
i=1

(ζkp̄i

d − 1)

and ‖M‖p′ = 1.

Theorem 1.2. Let M = Σ(K; p/q) be a 3-manifold of S2-Seifert type with

the multiplicities p1, · · · , pn and p′ = gcd(p1, p2) ≥ 2. Then for any divisor

d ≥ 2 of p′, we have

∆K(ζd)
.= p3 · · · pnx and |Nd(x)| = 1,

where Nd(α) is the norm of α associated to an algebraic extension Q(ζd)
over Q.

By Theorems 1.1 and 1.2, we have the following two theorems.

Theorem 1.3. Let M = Σ(K; p/q) be a 3-manifold of S2-Seifert type with

the multiplicities p1, · · · , pn. Then we have the following:

(1) ‖M‖ = 1 holds if and only if gcd(pi, pj) = 1 for any pair {i, j} (1 ≤
i < j ≤ n). Moreover it is equivalent to gcd(p, pi) = 1 for all i = 1, · · · , n.

(2) ‖M‖ 6= 0, 1 holds if and only if there exits a pair {i, j} (1 ≤ i < j ≤

n) such that gcd(pi, pj) ≥ 2 and gcd(pk, pl) = 1 for other pair {k, l} 6=
{i, j} (1 ≤ k < l ≤ n).

(3) ‖M‖ = 0 holds if and only if there exit at least two distinct pairs

{i, j} (1 ≤ i < j ≤ n) and {k, l} (1 ≤ k < l ≤ n) such that gcd(pi, pj) ≥ 2
and gcd(pk, pl) ≥ 2.

Theorem 1.4. Let M = Σ(K; p/q) be a 3-manifold of S2-Seifert type with

∆K(t) = t2 − 3t+ 1. Then we have p = 2 or 3, and the number of singular

fibers is n = 3.

We do not give any proofs for theorems and a lemma in this article. For
their proofs, see [7]. For geometric methods of Seifert surgery, see [1, 2, 3,
10].
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2. Key lemma from the first homology group

Let M = Σ(K; p/q) be a homology lens space of S2-Seifert type with the
multiplicities p1, · · · , pn. Since the first homology group of M is a cyclic
group with order p and a framed link presentation of M is as in Figure 1,
we obtain a necessary condition about p1, · · · , pn.

Let ` be a prime number. Then we set

I` = {i ∈ {1, · · · , n} | ` is a divisor of pi},

and |I`| is the cardinal number of I`.

The following is a key lemma for the proofs of the theorems in Section
1.

Lemma 2.1. Let M = Σ(K; p/q) be a homology lens space of S2-Seifert
type with the multiplicities p1, · · · , pn, and ` a prime divisor of some pi.
Then we have the following.

(1) |I`| = 1 or 2.

(2) |I`| = 1 if and only if gcd(p, `) = 1.

(3) If |I`| = 2, then we set I` = {i, j}. Let ki (resp. kj) be a positive integer
such that `ki (resp. `kj ) is a divisor of pi (resp. pj) and `ki+1 (resp. `kj+1)
is not a divisor of pi (resp. pj).

(i) If ki < kj, then `ki is a divisor of p and `ki+1 is not a divisor of p.

(ii) If ki = kj, then `ki is a divisor of p.

K K K

K

1 2 n

n+1

-a

p2

q2

pn

qn

p1

q1

L

Fig. 1. framed link presentation of M
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3. Examples

We exhibit some examples.

Example 3.1. (1) Let Tr,s be an (r, s)-torus knot. Then

∆Tr,s(t) =
(trs − 1)(t − 1)
(tr − 1)(ts − 1)

.

By L. Moser’s result [11], if |p−qrs| ≥ 2, then M = S3(Tr,s; p/q) is a Seifert
fibered space with three singular fibers whose multiplicities are |r|, |s| and
|p − qrs|.

(i) ‖M‖ = 1 if and only if gcd(p, r) = gcd(p, s) = 1.

In Theorem 1.1, we can take k = rs.

(ii) The case that gcd(p, r) ≥ 2 or gcd(p, s) ≥ 2.

We may assume gcd(p, r) ≥ 2 without loss of generality. Let d ≥ 2 be a
divisor of gcd(p, r). Then gcd(d, s) = 1.

∆Tr,s(ζd) = s × ζd − 1
ζs
d − 1

,

∣∣∣∣Nd

(
ζd − 1
ζs
d − 1

)∣∣∣∣ = 1.

(2) Let K be a (−2, 3, 7)-pretzel knot as in Figure 2. Then

∆K(t) = t10 − t9 + t7 − t6 + t5 − t4 + t3 − t + 1.

It is well-known that S3(K; 17) is a Seifert fibered space with the multi-
plicities 2, 3 and 5 (for example, see [1, 9]).

∆K(ζ17)
.=

(ζ9
17 − 1)(ζ17 − 1)2

(ζ4
17 − 1)(ζ3

17 − 1)(ζ5
17 − 1)

.

In Theorem 1.1, we may take k = 9, and

9 · 2̄ ≡ −4, 9 · 3̄ ≡ 3, 9 · 5̄ ≡ −5 (mod 17).

(3) Let Kn be a (−2, 3, n)-pretzel knot where n ≥ 9 is odd. Then

∆Kn(t) = tn+3 − tn+2 + t3 · tn−2 + 1
t + 1

− t + 1

(for example, see [4, 8]). By S. Bleiler and C. Hodgeson [1], (a) M =
S3(Kn; 2n + 4) is a Seifert fibered space with the multiplicities 2, 4 and
n − 6, and (b) M = S3(Kn; 2n + 5) is a Seifert fibered space with the
multiplicities 3, 5 and n − 5.

(a) We note that n − 6 is odd.
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K 5/3

=

2 -3

-1

17

Fig. 2. 17-surgery along the (−2, 3, 7)-pretzel knot

(i) Let d ≥ 2 be a divisor of n + 2. Then n − 6 ≡ −8 (mod d) and

∆Kn(ζd)
.=

(ζ8
d − 1)(ζd − 1)2

(ζ4
d − 1)(ζ2

d − 1)(ζd − 1)
.

In Theorem 1.1, we may take k = 8, and

8 · 2̄ ≡ 4, 8 · 4̄ ≡ 2, 8 · (n − 6) ≡ −5 (mod n + 2).

(ii) We note that gcd(2, 4) = 2 and ζ2 = −1. In Theorem 1.2,

∆Kn(−1) = 6 − n.

(b) (i) The case that gcd(n−5, 15) = 1. This case is equivalent to ‖M‖ = 1
by Theorem 1.3. Let d ≥ 2 be a divisor of 2n + 5. Then

∆Kn(ζd)
.=

(ζn−5
d − 1)(ζd − 1)2

(ζn
d − 1)(ζn+1

d − 1)(ζ2
d − 1)

.

In Theorem 1.1, we may take k = n − 5, and

(n − 5) · n̄ ≡ 3, (n − 5) · (n + 1) ≡ 5, (n − 5) · 2̄ ≡ n − 5
2

(mod 2n + 5).

(ii) The case that gcd(n−5, 15) = 5. This case is equivalent to n ≡ 0 (mod5).
Then

∆Kn(ζ5)
.= 3 × 1

ζ5 + 1
,

∣∣∣∣Nd

(
1

ζ5 + 1

)∣∣∣∣ = 1.

(iii) The case that gcd(n − 5, 15) = 3. This case is equivalent to n ≡
2 (mod 3). Then

∆Kn(ζ3)
.= 5 × 1

ζ3 + 1
,

∣∣∣∣Nd

(
1

ζ3 + 1

)∣∣∣∣ = 1.

(iv) The case that gcd(n − 5, 15) = 15. This case is equivalent to n ≡
5 (mod 15). Then

∆Kn(ζ15) = 0.
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(4) Let Kn be a 2-bridge knot as in Figure 3 where n 6= 0 is an integer and
a rectangle means 2n-half twists. Then

∆Kn(t) = n(t − 1)2 + t = nt2 − (2n − 1)t + n.

By M. Brittenham and Y. Wu [2], (a) M = S3(Kn; 2) is a Seifert fibered
space with the multiplicities 2, 4 and 4n − 1, and (b) M = S3(Kn; 3) is a
Seifert fibered space with the multiplicities 3, 3 and 3n − 1.

(i) We note that gcd(2, 4) = 2 and ζ2 = −1. In Theorem 1.2,

∆Kn(−1) = 4n − 1.

(ii) We note that gcd(3, 3) = 3 and ζ2
3 + ζ3 + 1 = 0. In Theorem 1.2,

∆Kn(ζ3)
.= 3n − 1.

2

Kn

n

Fig. 3. a 2-bridge knot which has a Seifert surgery
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Miyazawa polynomials are invariants of virtual links. We discuss some features
of Miyazawa polynomials and give a table of virtual knots whose real crossing
numbers are equal or less than four. Furthermore we determine virtual crossing
numbers of some knots in the table.

Keywords: knot, virtual knot

1. Introduction

A virtual link diagram [2] is a link diagram in R2 possibly with some en-
circled crossings without over/under information, called virtual crossings.
We call usual crossings (i.e. positive or negative crossings) real crossings .
A virtual link is the equivalence class of such a link diagram by generalized

Reidemeister moves illustrated in Figure 1.
Miyazawa polynomials are invariants of virtual links defined by

Miyazawa in the Case 4 of Section 4 of [4], which are valued in Q[A±1, t±1].
By substituting 1 for t, they turn into Jones-Kauffman polynomials. For a
classical link, the Miyazawa polynomial equals the Jones polynomial.

In this paper we discuss about some features of Miyazawa polynomials
and give a table of virtual knots up to 4 real crossings. I constructed the
table of virtual knots equipped with some invariants; Miyazawa polyno-
mials, Jones-Kauffman polynomials [2] and JKSS invariants [5]. To classify
virtual knots, Miyazawa polynomials, JKSS invariants and Jones-Kauffman
polynomials of their 2 cabled are used. We determine the virtual crossing

∗This research is supported by the 21st COE program “Constitution of wide-angle math-
ematical basis focused on knots”.
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Fig. 1.

numbers of some knots in the table by use of Miyazawa polynomial (The-
orem 2.1). I made the computer program to list the data and to calculate
these invariants. We show the table of virtual knots without their invariants
(Table 1) because the whole table is too big to put here.

2. Some features of Miyazawa polynomials

Let D be a virtual link diagram. The virtual link diagram obtained from
D by reversing the orientation is called the reverse of D. The virtual link
diagram obtained from D by replacing all positive (or negative) crossings
of D with negative (or positive) ones is called the vertical mirror image
of D. The virtual link diagram symmetric to D with respect to a line in
R

2 is called the hirizontal mirror image of D. The Miyazawa polynomials
of the two kinds of mirror images of D are obtained from that of D by
substituting A−1 for A. The Miyazawa polynomial of D is equal to that of
the reverse of D.

For a virtual link L, the virtual crossing number of L means the minimal
number of virtual crossings among all diagrams representing L. Then we
have the following.

Theorem 2.1 (Y. Miyazawa[4]). The virtual crossing number of the
virtual link is equal to or greater than the maximal degree on t of its
Miyazawa polynomial.

For example, the Miyazawa polynomial of the virtual knot diagram in
Figure 2 (it is the virtual knot No.10 in Table 1) is (−A−4 + 2A−8 −
A−12)(t2 + t−2)/4 + (−A−2 + 2A−6 −A−10)(t + t−1)/2 + (3A−4 −A−12)/2
and the maximal degree on t is 2. On the other hand, the number of virtual
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crossings of the diagram is 2. Thus the virtual crossing number of the virtual
knot is 2.

Fig. 2.

Theorem 2.2 ([1]). The real crossing number of a virtual link is equal to
or greater than the maximal degree on t of its Miyazawa polynomial.

The Miyazawa polynomial of the virtual link represented by the virtual
link diagram in Figure 3 is −A−2 +A−1(t + t−1)/2. The real crossing num-
ber and the virtual crossing number of this virtual link are equal to the
maximal degree on t of its Miyazawa polynomial.

Fig. 3.

The operation of a virtual link diagram depicted in Figure 4 is called
Kauffman’s flype. Jones-Kauffman polynomials are preserved under Kauff-
man’s flype. In general, Miyazawa polynomials are not preserved under
Kauffman’s flype.

Fig. 4.

We introduce an operation which preserves Miyazawa polynomials.
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(1) (2)

Fig. 5.

Theorem 2.3 ([1]). For virtual link diagrams, the operations depicted in
Figure 5 (1) and (2) preserve Miyazawa polynomials.

The two virtual knot diagrams in Figure 6 are related by the operation
of Figure 5 (1). (The diagram on the left is the reverse of the diagram No.
89 in Table 1 and that on the right is No. 95.) Their Miyazawa polynomials
are (A−6 − A−10 + A−14 − A−18)(t + t−1)/2 + A−4 − A−8 + A−12. They
are not equivalent since the JKSS invariant of the virtual knot diagram
on the left is y−1(x − 1)(x + 1)(y + 1)(x + y) and that on the right is
2y−1(x − 1)(y + 1)(x + y).

Fig. 6.

Miyazawa polynomials are not nessessarily preserved by the operation
in Figure 7 (1) and (2).

(1) (2)

Fig. 7.

The two virtual knot diagrams in Figure 8 are related by the oper-
ation of Figure 7 (1). The Miyazawa polynomial of the virtual knot di-
agram on the left (No. 73 in the table) is (A−12 − A−16)(t2 + t−2)/2 +
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(A−10 −A−14)(t + t−1)/2 + A−8 and that on the right (No. 81) is (A−10 −
A−14)(t + t−1)/2 + A−8 + A−12 − A−16.

Fig. 8.

3. Gauss chord diagram

For a virtual knot diagram with n real crossings, its Gauss chord diagram is
an oriented circle that is the preimage of the knot diagram, with n oriented
chords. Each chord connects two points that form a real crossing of the
knot diagram and it is oriented from the over path to the under path. Each
chord is equipped with the sign of the corresponding crossing. For example,
a virtual knot diagram and its chord diagram are shown in Figure 9.























-

-

+

Fig. 9.

There is a one-to-one correspondence between the set of the equivalence
class of virtual knot diagrams by virtual Reidemeister moves and the set of
Gauss chord diagrams. There is a one-to-one correspondence between the
set of virtual knots and the equivalence class of Gauss chord diagrams by
Reidemeister moves. See [2].

Thus we may make a table of Gauss chord diagrams instead of virtual
knots.

A Gauss chord diagram with n chords are expressed by an n-tuple of
pairs of integers,

((a1, a2), (a3, a4), · · · , (a2n−1, a2n))
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with ai ∈ {0, 1, · · · , 2n − 1} for i = 1, 2, · · · , n and an n-tuple of signs
(s1, s2, · · · , sn) with si ∈ {1,−1} for i = 1, 2, · · · , n as follows: Label the
end points of chords with integers 0, 1, · · · , 2n − 1 in the positive direc-
tion of the circle. Give an order to the chords. For j = 1, · · · , n, let a2j−1

and a2j be the labels of the starting point and the terminal point of the
jth chord, respectively. In this way, we have an n-tuple of pairs of inte-
gers ((a1, a2), (a3, a4), · · · , (a2n−1, a2n)). For j = 1, · · · , n, let sj be the
sign of the jth chord. Then we have an n-tuple of signs (s1, s2, · · · , sn)
with si ∈ {1,−1}. The Gauss chord diagram in Figure 9 is expressed by
((0, 3), (1, 5), (4, 2)) and (1,−1,−1). The expression depends on the order
of the chord and a base point of the circle.

We have a list of prime virtual knots whose real crossing numbers are
equal to or less than 4 in Table 1, where Nv means the virtual crossing
number. In this table, a knot, two mirror images and their reverses are
regarded to be equivalent.

There is 1 virtual knot whose real crossing number is 2 and there are
7 virtual knots whose real crossing number are 3 in Table 1. Their virtual
crossing numbers are completely determined by Theorem 2.1. Those of 52
virtual knots whose real crossing numbers are 4 are determined.

Remark 3.1. Green also constructed a table of virtual knots with
four or less real crossings by under the supervision of Bar-Natan. Refer
to http://www.math.toronto.edu/∼ drorbn/Students/GreenJ/index.html.
Kishino [3] made a table of virtual knots with respect to the total number
of virtual crossings and real crossings.
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Table 1
No virtual knot Nv

1
(0, 2)(1, 3)

(1, 1)
1

2
(0, 3)(1, 4)(2, 5)
(1, 1, 1)

2

3
(0, 3)(4, 1)(2, 5)
(1, 1, 1)

0

4
(0, 3)(4, 1)(2, 5)
(1, 1, -1)

2

5
(0, 3)(1, 5)(2, 4)
(1, 1, 1)

2

6
(0, 3)(1, 5)(2, 4)
(1, -1, -1)

2

7
(0, 3)(1, 5)(4, 2)
(1, 1, -1)

2

8
(0, 3)(1, 5)(4, 2)

(1, -1, -1)
1

9
(0, 3)(1, 6)(2, 4)(5, 7)

(1, 1, 1, 1)
−

10
(0, 3)(1, 6)(2, 4)(5, 7)
(1, 1, -1, 1)

2

11
(0, 3)(1, 6)(2, 4)(5, 7)
(1, 1, -1, -1)

−

12
(0, 3)(1, 6)(2, 4)(5, 7)
(1, -1, 1, 1)

−

13
(0, 3)(1, 6)(2, 4)(5, 7)
(1, -1, 1, -1)

2

14
(0, 3)(1, 6)(2, 4)(5, 7)
(1, -1, -1, -1)

−

15
(0, 3)(1, 6)(2, 4)(7, 5)
(1, 1, 1, -1)

−

16
(0, 3)(1, 6)(2, 4)(7, 5)

(1, 1, -1, -1)
−

17
(0, 3)(1, 6)(2, 4)(7, 5)

(1, -1, 1, -1)
−

18
(0, 3)(1, 6)(2, 4)(7, 5)
(1, -1, -1, 1)

−

19
(0, 3)(1, 6)(4, 2)(5, 7)
(1, 1, 1, 1)

−

20
(0, 3)(1, 6)(4, 2)(5, 7)
(1, 1, 1, -1)

−

21
(0, 3)(1, 6)(4, 2)(5, 7)
(1, -1, 1, -1)

−

22
(0, 3)(1, 6)(4, 2)(5, 7)
(1, -1, -1, 1)

−

23
(0, 3)(6, 1)(2, 4)(5, 7)
(1, 1, 1, 1)

−

24
(0, 3)(6, 1)(2, 4)(5, 7)

(1, 1, 1, -1)
2

25
(0, 3)(6, 1)(2, 4)(5, 7)

(1, 1, -1, -1)
−

No virtual knot Nv

26
(0, 3)(6, 1)(2, 4)(5, 7)
(1, -1, 1, 1)

−

27
(0, 3)(6, 1)(2, 4)(5, 7)

(1, -1, 1, -1)
2

28
(0, 3)(6, 1)(2, 4)(5, 7)

(1, -1, -1, 1)
2

29
(0, 3)(6, 1)(2, 4)(7, 5)
(1, 1, 1, -1)

−

30
(0, 3)(6, 1)(2, 4)(7, 5)
(1, 1, -1, 1)

−

31
(0, 3)(6, 1)(2, 4)(7, 5)
(1, -1, 1, -1)

−

32
(0, 3)(6, 1)(2, 4)(7, 5)
(1, -1, -1, 1)

−

33
(0, 3)(6, 1)(2, 4)(7, 5)
(1, -1, -1, -1)

−

34
(0, 3)(6, 1)(4, 2)(7, 5)
(1, 1, 1, 1)

−

35
(0, 3)(6, 1)(4, 2)(7, 5)

(1, 1, -1, -1)
−

36
(0, 3)(6, 1)(4, 2)(7, 5)

(1, -1, 1, 1)
−

37
(0, 3)(6, 1)(4, 2)(7, 5)
(1, -1, 1, -1)

2

38
(0, 3)(1, 6)(2, 5)(4, 7)
(1, 1, 1, -1)

−

39
(0, 3)(1, 6)(2, 5)(4, 7)
(1, -1, -1, 1)

2

40
(0, 3)(1, 6)(2, 5)(7, 4)
(1, 1, 1, 1)

−

41
(0, 3)(1, 6)(2, 5)(7, 4)
(1, -1, -1, 1)

−

42
(0, 3)(1, 6)(5, 2)(4, 7)
(1, 1, -1, -1)

−

43
(0, 3)(1, 6)(5, 2)(4, 7)

(1, -1, -1, 1)
−

44
(0, 3)(6, 1)(2, 5)(4, 7)

(1, 1, 1, 1)
−

45
(0, 3)(6, 1)(2, 5)(4, 7)
(1, 1, 1, -1)

2

46
(0, 3)(6, 1)(2, 5)(4, 7)
(1, 1, -1, -1)

−

47
(0, 3)(6, 1)(2, 5)(4, 7)
(1, -1, -1, 1)

0

48
(0, 4)(1, 5)(2, 6)(3, 7)
(1, 1, 1, 1)

3

49
(0, 4)(1, 5)(6, 2)(3, 7)
(1, 1, 1, 1)

1

50
(0, 4)(1, 5)(6, 2)(3, 7)
(1, 1, 1, -1)

3
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No virtual knot Nv

51
(0, 4)(1, 5)(6, 2)(3, 7)

(1, 1, -1, -1)
3

52
(0, 4)(1, 5)(2, 7)(3, 6)
(1, 1, 1, 1)

3

53
(0, 4)(1, 5)(2, 7)(3, 6)
(1, 1, -1, -1)

3

54
(0, 4)(1, 5)(2, 7)(6, 3)
(1, 1, 1, 1)

2

55
(0, 4)(1, 5)(2, 7)(6, 3)
(1, 1, 1, -1)

3

56
(0, 4)(1, 5)(2, 7)(6, 3)
(1, 1, -1, -1)

2

57
(0, 4)(5, 1)(2, 7)(3, 6)
(1, 1, 1, 1)

1

58
(0, 4)(5, 1)(2, 7)(3, 6)

(1, 1, -1, -1)
3

59
(0, 4)(5, 1)(2, 7)(3, 6)

(1, -1, 1, 1)
3

60
(0, 4)(5, 1)(2, 7)(6, 3)
(1, 1, -1, 1)

3

61
(0, 4)(5, 1)(2, 7)(6, 3)
(1, -1, 1, 1)

2

62
(0, 4)(5, 1)(2, 7)(6, 3)
(1, -1, 1, -1)

3

63
(0, 4)(5, 1)(7, 2)(6, 3)
(1, 1, 1, 1)

3

64
(0, 4)(5, 1)(7, 2)(6, 3)
(1, -1, 1, 1)

3

65
(0, 4)(1, 6)(2, 7)(3, 5)
(1, 1, 1, 1)

3

66
(0, 4)(1, 6)(2, 7)(3, 5)

(1, 1, 1, -1)
2

67
(0, 4)(1, 6)(2, 7)(3, 5)

(1, -1, -1, 1)
2

68
(0, 4)(1, 6)(2, 7)(3, 5)
(1, -1, -1, -1)

3

69
(0, 4)(1, 6)(2, 7)(5, 3)
(1, 1, 1, 1)

2

70
(0, 4)(1, 6)(2, 7)(5, 3)
(1, 1, 1, -1)

3

71
(0, 4)(1, 6)(2, 7)(5, 3)
(1, -1, -1, 1)

3

72
(0, 4)(1, 6)(2, 7)(5, 3)
(1, -1, -1, -1)

2

73
(0, 4)(1, 6)(7, 2)(3, 5)
(1, 1, 1, 1)

2

74
(0, 4)(1, 6)(7, 2)(3, 5)

(1, 1, 1, -1)
2

75
(0, 4)(1, 6)(7, 2)(3, 5)

(1, 1, -1, 1)
3

No virtual knot Nv

76
(0, 4)(1, 6)(7, 2)(3, 5)
(1, 1, -1, -1)

2

77
(0, 4)(1, 6)(7, 2)(3, 5)

(1, -1, 1, 1)
2

78
(0, 4)(1, 6)(7, 2)(3, 5)

(1, -1, 1, -1)
3

79
(0, 4)(1, 6)(7, 2)(3, 5)
(1, -1, -1, 1)

−

80
(0, 4)(1, 6)(7, 2)(3, 5)
(1, -1, -1, -1)

−

81
(0, 4)(6, 1)(2, 7)(3, 5)
(1, 1, 1, 1)

−

82
(0, 4)(6, 1)(2, 7)(3, 5)
(1, 1, 1, -1)

−

83
(0, 4)(6, 1)(2, 7)(3, 5)
(1, 1, -1, 1)

2

84
(0, 4)(6, 1)(2, 7)(3, 5)
(1, 1, -1, -1)

3

85
(0, 4)(6, 1)(2, 7)(3, 5)

(1, -1, 1, 1)
3

86
(0, 4)(6, 1)(2, 7)(3, 5)

(1, -1, 1, -1)
2

87
(0, 4)(6, 1)(2, 7)(3, 5)
(1, -1, -1, 1)

2

88
(0, 4)(6, 1)(2, 7)(3, 5)
(1, -1, -1, -1)

2

89
(0, 4)(2, 6)(1, 3)(5, 7)
(1, 1, 1, 1)

−

90
(0, 4)(2, 6)(1, 3)(5, 7)
(1, 1, 1, -1)

3

91
(0, 4)(2, 6)(1, 3)(5, 7)
(1, -1, 1, 1)

−

92
(0, 4)(2, 6)(1, 3)(5, 7)
(1, -1, 1, -1)

3

93
(0, 4)(2, 6)(1, 3)(7, 5)

(1, 1, 1, 1)
3

94
(0, 4)(2, 6)(1, 3)(7, 5)

(1, -1, 1, 1)
3

95
(0, 4)(2, 6)(3, 1)(5, 7)
(1, 1, 1, 1)

1

96
(0, 4)(2, 6)(3, 1)(5, 7)
(1, 1, 1, -1)

−

97
(0, 4)(2, 6)(3, 1)(5, 7)
(1, 1, -1, -1)

3

98
(0, 4)(2, 6)(3, 1)(5, 7)
(1, -1, 1, -1)

−

99
(0, 4)(2, 6)(3, 1)(5, 7)
(1, -1, -1, -1)

3
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QUANDLES WITH GOOD INVOLUTIONS, THEIR
HOMOLOGIES AND KNOT INVARIANTS
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Quandles and their homologies are used to construct invariants of oriented
links or oriented surface-links in 4-space. On the other hand the knot quandle
can still be defined in the case where the links or surface-links are not oriented,
but in this case it cannot be used to construct homological invariants. Here
we introduce the notion of a quandle with a good involution, and its homol-
ogy groups. We can use them to construct invariants of unoriented links and
unoriented, or non-orientable, surface-links in 4-space.

Keywords: Quandles; Racks; Good involutions; Homology; Knot invariants.

1. Introduction

Quandles/racks and their homologies are used to construct invariants of
oriented links or oriented surface-links in 4-space, cf. [1, 2, 3, 5, 6, 7]. For
the homological invariants, it is essential that links and surface-links are
oriented. Here we introduce the notion of a quandle/rack with a good invo-
lution and its homology groups. Then we can define homological invariants
of unoriented links and unoriented, or non-orientable, surface-links. This is
a research announcement and the details and proofs will appear elsewhere.

2. Quandles/Racks with Good Involutions

We assume that the readers are familiar with the definition of a quandle,
a rack, the associated group, and the notation xy , xy

−1
, etc., appeared in

[4]. Let X be a quandle or a rack.

Definition 2.1. A map ρ : X → X is a good involution if it is an involution
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(i.e., ρ ◦ ρ = id) such that

ρ(xy) = ρ(x)y, (1)

xρ(y) = xy−1
(2)

for any x, y ∈ X.

Example 2.1. Let X be a kei, that is a quandle such that xyy = x for any
x, y ∈ X. The identity map of X is a good involution.

Example 2.2. Let X be a copy of X, and let D(X) be the disjoint union
of X and X. (By x, we mean the corresponding element of X to an element
x of X.) We define an operation on D(X) by

xy ∈ D(X) is xy ∈ X, (3)

xy ∈ D(X) is xy−1
∈ X, (4)

xy ∈ D(X) is (xy) ∈ X, (5)

xy ∈ D(X) is (xy−1) ∈ X, (6)

for x, y ∈ X. Then D(X) is a quandle/rack if X is a quandle/rack, respec-
tively. Let ρ : D(X) → D(X) be the involution sending x to x (x ∈ X). It
is a good involution. We call (D(X), ρ) the well-involuted double cover of
X.

Example 2.3. Let L be an n-submanifold in an (n + 2)-manifold W . Let
Q̃L be the set of homotopy classes, x = [(D,α)], of all pairs (D,α), where
D is an oriented normal disk of L and α is a path in W \L starting from a
point of ∂D and terminating at a fixed base point ∗ ∈ W \L. It is a quandle
with an operation defined by

[(D1, α1)][(D2,α2)] = [(D1, α1 ∗ α−1
2 ∗ ∂D2 ∗ α2)].

An involution ρ : Q̃L → Q̃L defined by

[(D,α)] 7→ [(−D,α)],

is a good involution of Q̃L, where −D stands for the normal disk D with
the opposite orientation.

When L is transversely oriented (i.e., all normal disks of L are oriented
coherently), we have a sub-quandle QL of Q̃L consisting of the homotopy
classes of pairs (D,α) such that the orientation of D is the normal orien-
tation of L; cf. p. 359 of [4]. Then Q̃L is the well-involuted double cover of
QL.
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Example 2.4. Let G be a group, and let Gconj be the conjugation quandle,
that is G as a set and the operation is conjugation; xy = y−1xy for x, y ∈ G.
Let ρ : Gconj → Gconj be the involution sending x to x−1 for x ∈ G. It is a
good involution. We call (Gconj, ρ) the well-involuted conjugation quandle.

Let X and Y be quandles/racks with specified good involutions ρX and
ρY , respectively. We say that a homomorphism f : X → Y is good and
denote it by f : (X, ρX) → (Y, ρY ) if f ◦ ρX = ρY ◦ f .

3. Associated Groups

The associated group of X, denoted by As(X), is defined by

As(X) = 〈x ∈ X;xy = y−1xy (x, y ∈ X)〉.

Let η : X → As(X) be the natural map. The associated group with the
natural map η has a certain universal property; see [4].

In what follows, X is a quandle/rack with a good involution ρ.

Definition 3.1. The associated group, Ãs(X, ρ), is defined by

Ãs(X, ρ) = 〈x ∈ X;xy = y−1xy (x, y ∈ X), ρ(x) = x−1 (x ∈ X)〉.

The natural map, η̃ : X → Ãs(X, ρ), is the composition of the inclusion
map X → F (X) and the quotient map F (X) → Ãs(X, ρ), where F (X) is
the free group generated by the elements of X.

Proposition 3.1. Let X be a quandle/rack with a good involution ρ and
let G be a group. Let Gconj have the good involution x 7→ x−1 as in Example
2.4. For a given good homomorphism f : X → Gconj, there exists a unique
group homomorphism f̃ : Ãs(X, ρ) → G such that f = f̃ ◦ η̃.

Proposition 3.2. Let (D(X), ρ) be the well-involuted double cover of X.
The associated group Ãs(D(X), ρ) is isomorphic to As(X) by a homomor-
phism sending x 7→ x and x 7→ x−1.

Definition 3.2. An (X, ρ)-set is a set Y equipped with an action of the
associated group Ãs(X, ρ) from the right.

We denote by yg (or y.g) the image of an element y ∈ Y by the action
g ∈ Ãs(X, ρ).
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4. Homology Groups

Let Y be an (X, ρ)-set. Let Cn be the free abelian group generated by
(y, x1, . . . , xn) where y ∈ Y and x1, . . . , xn ∈ X when n is a positive integer,
and let Cn be 0 otherwise.

Define a homomorphism ∂n : Cn → Cn−1 by

∂n(y, x1, . . . , xn) =
n∑

i=1

(−1)i

{
(y, x1, . . . , xi−1, xi+1, . . . , xn)

− (yxi , xxi
1 , . . . , xxi

i−1, xi+1, . . . , xn)
}

for n > 1, and ∂n = 0 otherwise. Then {Cn(X), ∂n} is a chain complex.
Let DQ

n be a subgroup of Cn generated by

(y, x1, . . . , xn) such that xi = xi+1 for some i.

Let Dρ
n be a subgroup of Cn generated by

(y, x1, . . . , xn) + (yxj , x
xj

1 , . . . , x
xj

j−1, ρ(xj), xj+1, . . . , xn)

for j = 1, . . . , n.

Lemma 4.1. If X is a quandle, then for each n, ∂n(DQ
n ) ⊂ DQ

n−1.

Lemma 4.2. For each n, ∂n(Dρ
n) ⊂ Dρ

n−1.

Define CR
n (X)Y , CR,ρ

n (X)Y , CQ
n (X)Y , and CQ,ρ

n (X)Y by

CR
n (X)Y = Cn, (7)

CR,ρ
n (X)Y = Cn/Dρ

n, (8)

CQ
n (X)Y = Cn/DQ

n , (9)

CQ,ρ
n (X)Y = Cn/(DQ

n + Dρ
n). (10)

Then we have chain complexes CR
∗ (X)Y and CR,ρ

∗ (X)Y . When X is a quan-
dle, we also have chain complexes CQ

∗ (X)Y and CQ,ρ
∗ (X)Y .

The homology groups of these are denoted by HR
∗ (X)Y , HR,ρ

∗ (X)Y ,
HQ

∗ (X)Y , and HQ,ρ
∗ (X)Y , respectively.

5. Colorings

Let D be a diagram in R2 of an unoriented link in R3. Divide over arcs at
the crossings and we call the arcs semi-arcs of D.

An (X, ρ)-coloring of D is the equivalence class of an assignment of
normal orientations and elements of X to the semi-arcs of D. Here the
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equivalence relation is generated by basic inversions, that reverse the nor-
mal orientations of some semi-arcs and change the elements x assigned the
arcs by ρ(x).

?
6=

x ρ(x)
Fig. 1. A basic inversion

An (X, ρ)-coloring is admissible if the following condition is satisfied:

• Suppose that two adjacent semi-arcs coming from an over arc of D at
a crossing v are labeled by x1 and x2. If the normal orientations are
coherent then x1 = x2, otherwise x1 = ρ(x2).

• Suppose that two adjacent semi-arcs e1 and e2 which are under arcs
at a crossing v are labeled by x1 and x2, and suppose that one of the
semi-arcs coming from an over arc of D at v, say e3, is labeled by x3.
We assume that the normal orientation of the over semi-arc e3 is from
e1 to e2. If the normal orientations of e1 and e2 are coherent, then
xx3

1 = x2, otherwise xx3
1 = ρ(x2).

? ?

x1 x2

x1 = x2
?

6
x1 x2

x1 = ρ(x2)

?

-

-

x3
x1

x2

xx3
1 = x2

?

-

¾

x3
x1

x2

xx3
1 = ρ(x2)

Fig. 2. Admissible coloring

Let Y be an (X, ρ)-set. An (X, ρ)Y -coloring is an (X, ρ)-coloring with
an assignment of elements of Y to the complementary regions of D.

An (X, ρ)Y -coloring is admissible if the following condition is satisfied:

• The (X, ρ)-coloring is admissible.
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• Suppose that two adjacent regions f1 and f2 which are separated by
a semi-arc, say e, are labeled by y1 and y2. Suppose that the semi-arc
e is labeled by x. If the normal orientation of e is from f1 to f2, then
yx
1 = y2.

?
x

y1

y2

yx
1 = y2

Fig. 3. Admissible coloring

Theorem 5.1. Let X be a quandle. If two link diagrams represent the
same unoriented link, then there is a bijection between the sets of admissi-
ble (X, ρ)-colorings, and there is a bijection between the sets of admissible
(X, ρ)Y -colorings.

6. Homological invariants

Let (X, ρ) be a quandle with a good involution, and let Y be an (X, ρ)-set.
Let D be an unoriented link diagram. Fix an admissible (X, ρ)Y -coloring

of D, say C. For a crossing v of D, there are four complementary regions
of D around v. (Some of them may be the same.) Choose one of them, say
f , and let y be the label. Let e1 and e2 be the under semi-arc and the over
semi-arc at v, respectively, which face the region f . By basic inversions, we
may assume that the normal orientations n1 and n2 of e1 and e2 are from
f . The let x1 and x2 be the labels of them, respectively. We say that v is
a positive (or negative) crossing with respect to the region f if the pair of
normal orientations (n2, n1) does (or does not) match with the orientation
of R2.

In the above situation, the weight of v is (y, x1, x2) if v is positive, or
−(y, x1, x2) if v is negative.

6

-y

x1

x2

(y, x1, x2) 6

-y

x2

x1

−(y, x1, x2)

Fig. 4. Weights
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Lemma 6.1. As an element of CR,ρ
n (X)Y = Cn/Dρ

n, the weight of v does
not depend on the choice of f .

We define a chain cD,C by

cD,C =
∑

v

ε(y, x1, x2) ∈ C2,

where v runs over all crossings of v and ε(y, x1, x2) is the weight of v.

Theorem 6.1. The chain cD,C is a 2-cycle of CR,ρ
∗ (X)Y and CQ,ρ

∗ (X)Y .
If (D,C) changes into (D′, C ′) by a Reidemeister move of type II or III,
then [cD,C ] = [cD′,C′ ] in HR,ρ

2 (X)Y . If (D,C) changes into (D′, C ′) by a
Reidemeister move, then [cD,C ] = [cD′,C′ ] in HQ,ρ

2 (X)Y .

Let

H(D) = {[cD,C ] ∈ HQ,ρ
2 (X)Y |C : admissible colorings of D}

as multi-set. Then it is an invariant of D.
For a 2-cocycle θ of the cochain complex Cn

Q,ρ(X)Y with a coefficient
group A (where A is a right Ãs(X, ρ)-module), let

Φθ(D) = {θ(cD,C) ∈ A |C : admissible colorings of D}

as multi-set. Then it is an invariant of D.

Example 6.1. Let X be a dihedral kei of order three, and let θ be
Mochizuki’s 3-cocycle of Cn

Q(X) with coefficient Z/3Z, which is a 2-cocycle
of Cn

Q(X)X . It is also a 2-cocycle of Cn
Q,ρ(X)X . For a left-handed trefoil

knot, Φθ(D) = {0 (9 times), 1 (18 times)} as multi-set of {0, 1, 2} = Z/3Z.

7. Surface-Link Case

For a diagram in R3 of an unoriented, or non-orientable, surface-link in
R4, we can define an (X, ρ)Y -coloring and the homological invariants anal-
ogously. Here we assume that X is a quandle.

Let D be a surface-link diagram. An (X, ρ)-coloring is an assignment of
normal orientations and elements of X to semi-sheets of D, and an (X, ρ)Y -
coloring is an (X, ρ)-coloring with an assignment of elements of Y to the
complementary regions. Admissibility is defined as classical case.

Theorem 7.1. If two surface-link diagrams represent the same unoriented
surface-link, then there is a bijection between the sets of admissible (X, ρ)-
colorings, and a bijection between the sets of admissible (X, ρ)Y -colorings.
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Let D be an unoriented surface-link diagram. Fix an admissible (X, ρ)Y -
coloring of D, say C. For a triple point v of D, there are 8 complementary
regions of D around v. (Some of them may be the same.) Choose one of
the region, say r, and let y be the label. Let f1, f2 and f3 be the lower,
middle and upper semi-sheets at v, respectively, which face the region r.
By basic inversions, we may assume that the normal orientations n1, n2

and n3 of f1, f2 and f2 are from r. The let x1, x2 and x3 be the labels
of them, respectively. We say that v is a positive (or negative) triple point
with respect to the region r if the triple of normal orientations (n3, n2, n1)
does (or does not) match with the orientation of R3. The weight of v is
defined to be ε(y, x1, x2, x3), where ε is the sign of v. We define a chain
cD,C by

cD,C =
∑

v

ε(y, x1, x2, x3)

where v runs all triple points of v.

Theorem 7.2. The chain cD,C is a 3-cycle of CQ,ρ
∗ (X)Y . If (D,C) changes

into (D′, C ′) by a Roseman move, then [cD,C ] = [cD′,C′ ] in HQ,ρ
3 (X)Y .
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component links of order ≤ 4 in terms of the linking number, the Conway
and HOMFLYPT polynomials.
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1. Introduction

The set of all finite type knot invariants of restricted order forms a finite di-
mensional vector space. Several authors have studied these spaces.1–6 Gen-
eralizing the knot case, we may define a finite type invariant of a link.7

H. Murakami8 has studied the space of order 2 finite type invariants for an
oriented link; he has given a formula expressing any finite type invariant
for an oriented link of order ≤ 2 in terms of the linking number and the
z2-coefficient of the Conway polynomial of a knot. Then Miyazawa, Tani,
and the author9 have studied the space of order ≤ 3 finite type invariants
for an oriented link; they have given a formula expressing any finite type
invariant for an oriented link of order ≤ 3 in terms of the linking numbers,
the Conway and HOMFLYPT polynomials. In this note, we give a similar
formula for a finite type invariant of order ≤ 4 for an ordered as well as
unordered oriented 2-component link.

The proofs of these results and some applications will be given in a
forthcoming paper. For more details of finite type link invariants see Sect. 1
of Ref. 9.
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2. Preliminaries

It is known2,3,7 that the polynomial invariants such as Conway, Jones,
HOMFLYPT, and Kauffman polynomials are interpreted as an infinite se-
quence of finite type invariants. In this section, we shall explain an explicit
way for this for the Conway and HOMFLYPT polynomials. We also de-
fine the product of finite type invariants, and the finite type link invariants
deduced from a finite type knot invariant.

The HOMFLYPT polynomial10,11 P (L; t, z) ∈ Z[t±1, z±1] is an invari-
ant for an unordered oriented link L, which is defined by the following
formulas:12

P (U ; t, z) = 1; (1)

t−1P (L+; t, z) − tP (L−; t, z) = zP (L0; t, z), (2)

where U is the unknot and L+, L−, L0 are three links that are identical
except near one point where they are as in Fig. 1.

L+ L− L0

Fig. 1. Positive crossing, negative crossing, nugatory crossing.

By Proposition 22 of Ref. 13, the HOMFLYPT polynomial of an oriented
r-component link L is of the form

P (L; t, z) =
N∑

i=0

P2i+1−r(L; t)z2i−1−r, (3)

where P2i+1−r(L; t) ∈ Z[t±1] is called the (2i+1−r)th coefficient polynomial
of P (L; t, z) and the powers of t which appear in it are either all even or
odd, depending on whether r is odd or even. Let P

(m)
n (L; 1) be the mth

derivative of Pn(L; t) at t = 1. Then

P
(n+r−2i−1)
2i−r+1 (L; 1), i = 0, 1, . . . , s, (4)

are finite type (unordered oriented) link invariants of order n, where s =
min{n, [(n + r − 1)/2]}.4
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The Conway polynomial14 ∇L(z) ∈ Z[z] of an oriented r-component
link L is given from the HOMFLYPT polynomial by

∇L(z) = P (L; 1, z), (5)

and is of the form

∇L(z) =
n∑

i=0

a2i+r−1(L)zr+2i−1, (6)

where a2i+r−1(L) = P2i+r−1(L; 1) ∈ Z. Thus an(L), n = r − 1, r + 1, r +
3, . . . , is a finite type (unordered oriented) link invariant of order n. In
particular, for a 2-component link L = K1 ∪ K2, the linking number of K1

and K2, which is equal to a1(L), is a finite type invariant of order 1.
Let u and v be finite type link invariants of order ≤ p and ≤ q, respec-

tively. Then the product u · v defined by (u · v)(L) = u(L)v(L) for a non-
singular link L is a finite type invariant of order ≤ p+ q; see Ref. 2, Propo-
sition 9 of Ref. 4, Proposition 1 of Ref. 9. For example, for a 2-component
link, λn, where λ is the linking number between the components, is a finite
type invariant of order n.

For a finite type knot invariant v of order ≤ n, we may obtain a finite
type invariant v[i] of order ≤ n for an ordered, oriented 2-component link
L = K1 ∪ K2 by v[i](L) = v(Ki); see Sect. 3 in Ref. 9, Ref. 15.

3. Invariants of Order 4 for an Ordered Oriented
2-Component Link

We give a formula expressing any finite type invariant for an ordered ori-
ented 2-component link of order ≤ 4 in terms of the linking number, the
Conway and HOMFLYPT polynomials. In Theorem 3.1 below we use the
singular links of order ≤ 3 as shown in Fig. 2 and the chord diagrams of
order 4 as shown in Fig. 3, where the circles are oriented clockwise.

Theorem 3.1. Let v be a finite type invariant of order less than or equal
to 4 for a 2-component oriented ordered link, and L = K1 ∪ K2 be a 2-
component oriented ordered link. Then

v(L) = v(U2) + Aλ +
∑

i=1,2

B1[i]a2(Ki) + B2λ
2

+
∑

i=1,2

C1[i]
P

(3)
0 (Ki)

24
+ C2λ

3 + C3a3(L) +
∑

i=1,2

C4[i]λa2(Ki)
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+
∑

i=1,2

D1[i]a4(Ki) +
∑

i=1,2

D2[i]
P

(4)
0 (Ki)

24
+

∑
i=1,2

D3[i]a2(Ki)2

+
∑

i=1,2

D4[i]λ
P

(3)
0 (Ki)

24
+

∑
i=1,2

D5[i]λ2a2(Ki)

+ D6λ
4 + D′

7λa3(L) + D8a2(K1)a2(K2) + D9P
(1)
3 (L), (7)

where

A = v(M1) − 1
2
v(M2

2 ) − 1
6
v(M3

2,1) +
1
12

v(δ4,3); (8)

B1[i] = v(M2
1 [i]) − 1

2
v(M3

1,1[i]) −
3
16

v(δ1[i]); (9)

B2 =
1
2
v(M2

2 ) − 1
24

v(δ4,3); (10)

C1[i] = −1
2
v(M3

1,1[i]) −
3
8
v(δ1[i]) +

1
4
v(δ2[i]); (11)

C2 =
1
6
v(M3

2,1) −
1
12

v(δ4,3); (12)

C3 = v(M3
2,2) +

1
2
v(δ4,2); (13)

C4[i] = −v(M3
2,2) + v(M3

2,3[i]) −
1
2
v(δ1,1[i]) −

1
2
v(δ2,1[i]) − v(δ4,2); (14)

D1[i] =
1
2
v(δ1[i]) −

1
2
v(δ2[i]) + v(δ3[i]) + v(δ4,2); (15)

D2[i] = − 1
16

v(δ1[i]); (16)

D3[i] = −1
4
v(δ1[i]) +

1
4
v(δ2[i]); (17)

D4[i] = −1
2
v(δ1,1[i]) +

1
2
v(δ4,2); (18)

D5[i] =
1
2
v(δ2,1[i]) −

1
2
v(δ3,1[1]); (19)

D6 =
1
24

v(δ4,3); (20)

D′
7 =

1
2
v(δ3,1[1]) − 1

2
v(δ4,2); (21)

D8 = v(δ4,1) + v(δ4,2); (22)

D9 =
1
2
v(δ4,2). (23)
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1               2 1               2
i

i i

2

1

M1 M2
1 [i] M2

2

M3
1,1[i] M3

2,1 M3
2,2 M3

2,3[i]

Fig. 2. Singular links of order ≤ 3.

i                             i                             i

i                             i                             i

δ1[i] δ2[i] δ3[i]

δ1,1[i] δ2,1[i] δ3,1[i]

δ4,1 δ4,2 δ4,3

Fig. 3. Chord diagrams of order 4.
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4. Invariants of Order 4 for Unordered Oriented
2-Component Links

In Theorem 6.1 of Ref. 9 we have given a formula expressing any finite type
invariant for an unordered oriented link of order ≤ 3 in terms of the linking
number, the Conway and HOMFLYPT polynomials. In this section we give
a similar formula for a finite type invariant of order ≤ 4 for the oriented
2-component links.

Let M2
1 , M3

1,1, M3
2,3 be the singular links M2

1 [i], M3
1,1[i], M3

2,3[i], respec-
tively, with their orders unknown, and δk (k = 1, 2, 3), δs,1 (s = 1, 2, 3) be
the 4-configurations δk[i], δs,1[i], respectively, with their orders unknown.
Then the following is immediate from Theorem 3.1.

Theorem 4.1. Let v be a finite type invariant of order less than or equal
to 4 for a 2-component oriented unordered link, and L = K1 ∪ K2 be a
2-component oriented link. Then

v(L) = aI, (24)

where

a =



v(U2)
A

B1

B2

C1

C2

C3

C4

D1

D2

D3

D4

D5

D6

D7

D8

D9



T

, I =



1
λ∑

i=1,2 a2(Ki)
λ2∑

i=1,2 P
(3)
0 (Ki)/24
λ3

a3(L)
λ

∑
i=1,2 a2(Ki)∑

i=1,2 a4(Ki)∑
i=1,2 P

(4)
0 (Ki)/24∑

i=1,2 a2(Ki)2

λ
∑

i=1,2 P
(3)
0 (Ki)/24

λ2
∑

i=1,2 a2(Ki)
λ4

λa3(L)
a2(K1)a2(K2)

P
(1)
3 (L)



, (25)

with A, B2, C2, C3, D6, D8, D9 are as in Theorem 3.1 and

B1 = v(M2
1 ) − 1

2
v(M3

1,1) −
3
16

v(δ1); (26)
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C1 = −1
2
v(M3

1,1) −
3
8
v(δ1) +

1
4
v(δ2); (27)

C4 = −v(M3
2,2) + v(M3

2,3) −
1
2
v(δ1,1) −

1
2
v(δ2,1) − v(δ4,2); (28)

D1 =
1
2
v(δ1) −

1
2
v(δ2) + v(δ3) + v(δ4,2); (29)

D2 = − 1
16

v(δ1); (30)

D3 = −1
4
v(δ1) +

1
4
v(δ2); (31)

D4 = −1
2
v(δ1,1) +

1
2
v(δ4,2); (32)

D5 =
1
2
v(δ2,1) −

1
2
v(δ3,1); (33)

D7 =
1
2
v(δ3,1) −

1
2
v(δ4,2). (34)
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THE JONES REPRESENTATION OF GENUS 1

Yasushi KASAHARA

Department of Mathematics,
Kochi University of Technology,

Tosayamada, Kochi, 782-8502 Japan
E-mail: kasahara.yasushi@kochi-tech.ac.jp

We consider the linear representation of the mapping class group of the 4–
punctured sphere which arises from the Iwahori–Hecke algebra representation
corresponding to the Young diagram [2, 2]. We determine its kernel and show
that the representation could be considered as the Jones representation of genus
1, which turns out to be a faithful representation of PSL(2, Z).

Keywords: Jones representation, Iwahori–Hecke algebra

1. Introduction

In the seminal paper [8], V. Jones constructed a family of linear representa-
tions of the mapping class group Mn

0 of the n–punctured 2–sphere. These
representations are obtained from the Iwahori–Hecke algebra representa-
tions of Bn, the Artin braid group of n–strands, which correspond to the
rectangular Young diagrams. Jones combined these representations with the
relationship betweenM2g+2

0 and the hyperelliptic mapping class group Hg
of genus g ≥ 2 due to Birman–Hilden [5] to obtain a linear representation of
Hg, once a rectangular Young diagram of 2g + 2 boxes given. The faithful-
ness problem for these representations remains open except for trivial cases
(c.f. [9]), and is related to the problem whether or not the Jones polynomial
can detect the unknot, via the description of the Jones polynomial of knots
presented as plat closure of braids with even number of strands.

As for the case of g = 1, the result of Birman–Hilden fails to hold,
and so one can not obtain a representation of H1 in exactly the same way.
However, Jones’ construction works until to obtain a representation ofM4

0.
Also, the non–trivial representation so obtained is unique. In this note,
we consider this representation of M4

0, denoted by ρ[2,2], to determine its
kernel. As a result, ρ[2,2] induces a faithful representation of PSL(2,Z),
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which is isomorphic to H1/Center (note that H1 coincides with the full
mapping class group of genus 1, which is isomorphic to SL(2, Z).) The
decision of the kernel will be reduced to the well known fact that the reduced
Burau representation of degree 3 is faithful [11]. Unfortunately, in view of
the relation with the Jones polynomial mentioned above, any fake unknot
seems not to appear, which will be discussed in the end of this note.

2. The representation ρ[2,2]

We recall the definition of ρ[2,2] following Jones [8]. Let S be the oriented
2–sphere, and P = {p1, p2, p3, p4} be a subset of four points in S. We define
M4

0 as the mapping class group of S r P . For i = 1, 2, 3, we choose an
embedded arc wi with endpoints pi and pi+1 so that their union form an
embedded single arc with endpoints p1 and p4. For each i, let δi be the
right–handed half twist about wi. Then M4

0 is generated by δ1, δ2, and δ3.
Let Bn be the Artin braid group of n–strands with the standard generators
σ1, σ2, . . . , σn−1. The correspondence σi 7→ δi (i = 1, 2, 3) defines a
surjective homomorphism k : B4 → M4

0.
Let Y denote the Young diagram [2, 2]. We denote

πY : B4 → GL(VY )

the Iwahori–Hecke algebra representation of B4 corresponding to Y . Here,
VY is a free Z[q, q−1]–module of rank 2 where q denotes the usual parameter
for the Iwahori–Hecke algebra, which we consider as an indeterminate. Let
t be a formal power q1/2. There exists a unique scalar representation

α : B4 → GL(Z[t, t−1])

such that α ⊗ πY becomes trivial on Center(B4). The fact that Y is rect-
angular implies that α ⊗ πY is in fact trivial further on ker k. Therefore,
α⊗πY descends to a representation of M4

0. This representation is the theme
of this paper, and is denoted by

ρ[2,2] : M4
0 → GL(MY )

where MY = VY ⊗ Z[t, t−1].

3. The kernel of ρ[2,2]

There exists an exact sequence due to Andersen–Masbaum–Ueno [1]:

0 −→ Z/2Z ⊕ Z/2Z −→ M4
0

h−→ PSL(2, Z) −→ 1
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Here, the image of Z/2Z ⊕ Z/2Z is the normal closure of δ1δ
−1
3 , and h is

given by taking a lift of every element of M4
0 to a homeomorphism of the

double covering torus T of S branched at P , and projecting its action on
H1(T ; Z).

Theorem 3.1. The kernel of ρ[2,2] coincides with kerh. Therefore, ρ[2,2]

descends to a faithful representation of PSL(2, Z).

The rest of this section is devoted to the proof of this theorem. We first
observe that ρ[2,2] is trivial on kerh. It suffices to show that ρ[2,2](δ1δ

−1
3 ) =

π[2,2](σ1σ
−1
3 )α(σ1σ

−1
3 ) = I. Since α factors through the abelianization, it

holds clearly that α(σ1σ
−1
3 ) = 1. We next recall that π[2,2] coincides with

the composition of π[2,1], the Iwahori–Hecke algebra representation of B3

corresponding to the Young diagram [2, 1], with the homomorphism s :
B4 → B3 defined by the correspondence

σ1 7→ σ1, σ2 7→ σ2, σ3 7→ σ1.

We then clearly have s(σ1σ
−1
3 ) = 1, which implies the required equality.

Therefore, ρ[2,2] descends to a representation of PSL(2, Z), which we denote
by ρ̄[2,2].

Now, we show that ρ̄[2,2] is a faithful representation of PSL(2, Z). We
first recall the following exact sequence (e.g., [3]):

1 −→ Center(B3) −→ B3
p−→ M4

0(p4) −→ 1

where M4
0(p4) is the subgroup of M4

0 consisting of those elements which
preserve the puncture p4. The homomorphism p is defined by σi 7→ δi for
i = 1, 2.

Now, by the branch rule for Iwahori–Hecke algebra representations, we
have

ρY ◦ p|B3 = π[2,1] ⊗ α0

where α0 is the restriction of α to B3. It is well known that π[2,1] coincides
with the reduced Burau representation of B3. Therefore, π[2,1] is faithful
by a classical result of Magnus–Peluso [11]. This fact implies that ρ[2,2] is
faithful on M4

0(p4) as follows. Suppose ρ[2,2](x) = I for x ∈ M4
0(p0). For

any lift x̃ of x in B3, we have π[2,1](x̃)α0(x̃) = I, i.e., π[2,1](x̃) = α0(x̃) · I ∈
Center(GL(MY )). Then we have x̃ ∈ Center(B3) by the faithfulness of π[2,1].
Therefore, x = p(x̃) = 1. This proves that ρ[2,2] is faithful on M4

0(p4).
On the other hand, one can easily see that ker h acts on P = {p1, . . . , p4}

effectively, and its image in S4, the symmetric group of degree 4, is the
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union of 1, and the conjugacy class which corresponds to the Young diagram
[2, 2]. Therefore, the orbit decomposition of M4

0 with respect to the action
of M4

0(p0) by the right multiplication is given by

M4
0 =

∐
x∈Z/2Z⊕Z/2Z

x ·M4
0(p4).

Hence we have PSL(2, Z) = h(M4
0) = h(M4

0(p4)). In particular, we have
M4

0(p4) ∼= PSL(2, Z). Now the faithfulness of ρ̄[2,2] follows from the next
commutative diagram:

M4
0(p4) -

ρ[2,2]|M4
0(p4)

GL(MY )

@
@

@R?

∼=

¡
¡

¡µ
ρ̄[2,2]

M4
0

-h
PSL(2, Z)

This completes the proof of Theorem 3.1.

4. Concluding remark

One of our motivations for this work was to search for a fake unknot for the
Jones polynomial, a non-trivial knot with the same Jones polynomial as the
unknot. The existence of such a knot is a major open problem while the
corresponding problem for links with any number of multiple components
was recently established by Eliahou–Kauffman–Thistlethwaite [7].

Our approach here was based on the following observation. Let σ be
a 2m-strand braid in B2m, and σ̂ denote the knot or link obtained as its
plat closure. The Jones polynomial of σ̂ can be described, with some cor-
rection factor, by the single Iwahori–Hecke algebra representation of B2m,
denoted by π[m,m], corresponding to the Young diagram [m,m]. This fact
was initially observed by Jones himself [8], and later was partially clarified
by Lawrence [10], and then by Bigelow [2]. On the other hand, it is well-
known (see, e.g., [4]) that the knot or link type of σ̂ depends only upon the
corresponding mapping class in M2m

0 , rather than the braid σ, under the
natural homomorphism defined similarly as k : B4 → M4

0 in section 2. One
can modify π[m,m] by tensoring a 1–dimensional abelian representation to
obtain a representation of M2m

0 , denoted by ρ[m,m], just in the same way
to obtain ρ[2,2] from π[2,2].

Now, given an element β ∈ M2m
0 lying in the kernel of ρ[m,m], it might

be expected, after the correction factor considered, that one could obtain
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a fake unknot for the Jones polynomial by taking the plat closure of βδ for
arbitrary δ ∈ M2m

0 with plat closure δ̂ being the unknot.
In the case m = 2, however, for every β ∈ ker ρ[2,2] and arbitrary δ ∈

M2m
0 , the plat closure β̂δ coincides precisely with δ̂. This can be seen as

follows. First, observe that ker ρ[2,2] is precisely the homeomorphism group
of the boundary of a 4–tangle which is used to define the mutation of
knots, introduced by Conway [6]. Then the multiplication of β ∈ ker ρ[2,2]

on the left corresponds, in the plat closure, to performing the mutation on
the trivial 4-tangle on the top as depicted in Figure 1, and hence does not

=
β

δ δ

Fig. 1. The plat closure of βδ and its trivial mutation

change the knot or link type. Therefore, in the case m = 2, any fake unknot
for the Jones polynomial cannot be obtained in this way. In the case m ≥ 3,
the corresponding problem remains completely open.
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1. Introduction

This paper is a summary of research of the author, much of it in collab-
oration with Sam Lomonaco, and also with Mo Lin Ge and Yong Zhang.
The main thrust of this research has been an exploration of the relationship
between quantum topology and quantum computing. This has included an
exploration of how a quantum computer could compute the Jones polyno-
mial, theorems establishing that generic 4×4 solutions to the Yang-Baxter
equation are universal quantum gates, relationships between topological
linking and quantum entanglement, new universal gates via solutions to
the Yang-Baxter equation that include the spectral parameter [20,21], new
ways to understand teleportation using the categorical formalism of quan-
tum topology and a new theory of unitary braid group representations
based on the bracket model of the Jones polynomial. These representations
include the Fibonacci model of Kitaev, and promise to yield new insights
into anyonic topological quantum computation.
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2. Quantum Entanglement and Topological Entanglement

It is natural to ask whether there are relationships between topological
entanglement and quantum entanglement. Topology studies global rela-
tionships in spaces, and how one space can be placed within another. Link
diagrams can be used as graphical devices and holders of information. In
this vein, Aravind [1] proposed that the entanglement of a link should corre-
spond to the entanglement of a quantum state. We discussed this approach
in [18]. Observation at the link level is modeled by cutting one component
of the link. A key example is the Borommean rings. See Figure 1.

Figure 1 Borommean Rings

Cutting any component of this link yields a remaining pair of unlinked rings:
The Borommean rings are entangled (viz., the link is not split), but any two
of them are unentangled. In this sense, the Borommean rings are analogous
to theGHZ state |GHZ〉 = (1/

√
2)(|000〉+|111〉). Observation of any factor

(qubit) of the GHZ yields an unentangled state. Aravind points out that
this property is basis dependent, and we further point out that there are

states whose entanglement after an observation is probabilistic. Consider,
for example, the state (1/2)(|000〉 + |001〉 + |101〉 + |110〉). Observation
in any coordinate yields an entangled or an unentangled state with equal
probability. New ways to use link diagrams must be invented to map the
properties of such states.

Our analysis of the Aravind analogy places it as an important question
to ask, for which no definitive answer has yet been given. Our work shows
that the analogy, taken literally, requires that a given quantum state would
have to be correlated with a multiplicity of topological configurations. We
are nevertheless convinced that the classification of quantum states accord-
ing to their correspondence to topological entanglement will be of practical
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importance to quantum computing and quantum information theory and
practice.

3. Entanglement, Universality and Unitary R-matrices

Another way to approach the analysis of quantum entanglement and topo-
logical entanglement is to look at solutions to the Yang-Baxter equation
(see below) and examine their capacity to entangle quantum states. A solu-
tion to the Yang-Baxter equation is a mathematical structure that lives in
two domains. It can be used to measure the complexity of braids, links and
tangles, and it can (if unitary) be used as a gate in a quantum computer.
We decided to investigate the quantum entangling properties of unitary
solutions to the Yang-Baxter equation.

We consider unitary gates R that are both universal for quantum com-
putation and are also solutions to the condition for topological braiding.
A Yang-Baxter operator or R-matrix [2] is an invertible linear operator
R : V ⊗ V −→ V ⊗ V , where V is a vector space, so that R satisfies the
Yang-Baxter equation:

(R ⊗ I)(I ⊗ R)(R ⊗ I) = (I ⊗ R)(R ⊗ I)(I ⊗ R),

where I is the identity map of V . This concept generalizes the permutation
of the factor. In quantum informaton terms it generalizes a swap gate when
V represents the domain of a single qubit.

Topological quantum link invariants are constructed by the association
of an R-matrix R to each elementary crossing in a link diagram, so that an
R-matrix R is regarded as representing an elementary bit of braiding given
by one string crossing over another and corresponds to a mapping of V ⊗V

to itself.

We worked on relating topology, quantum computing, and quantum en-
tanglement through the use of R-matrices. In order to accomplish this aim,
we studied unitary R-matrices, interpreting them as both braidings and
quantum gates. The problem of finding unitary R-matrices turns out to be
surprisingly difficult. Dye [5] has classified all such matrices of size 4 × 4,
and we are still working on a general theory for the classification and of
unitary R-matrices in other dimensions.
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A key question about unitary R-matrices is to understand their capa-
bility of entangling quantum states. We discovered families of R-matrices
that detect topological linking if and only if they can entangle quantum
states. A recent example in [18] is a unitary R-matrix that is highly entan-
gling for quantum states. It takes the standard basis for the tensor product
of two single-qubit spaces onto the Bell basis. On the topological side, R

generates a non-trivial invariant of knots and links that is a specialization
of the well-known link invariant, the Homflypt polynomial.

Entanglement and quantum computing are related in a myriad of ways,
not the least of which is the fact that one can replace the CNOT gate
by another gate R and maintain universality (as described above) just so
long as R can entangle quantum states. That is, R can be applied to some
unentangled state to produce an entangled state. It is of interest to examine
other sets of universal primitives that are obtained by replacing CNOT by
such an R.

We proved that certain solutions R to the Yang-Baxter equation to-
gether with local unitary two dimensional operators form a universal set
of quantum gates. Results of this kind follow from general results of the
Brylinskis [3] about universal quantum gates. The Brylinskis show that a
gate R is universal in this sense, if and only if it can entangle a state that
is initially unentangled. We show that generically, the 4×4 solutions to the
Yang-Baxter equation are universal quantum gates.

For example, the following solutions to the Yang-Baxter equation are
universal quantum gates (in the presence of local unitary transformations):

R =


1/

√
2 0 0 1/

√
2

0 1/
√

2 −1/
√

2 0
0 1/

√
2 1/

√
2 0

−1/
√

2 0 0 1/
√

2



R′ =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1

 , R′′ =


a 0 0 0
0 0 b 0
0 b 0 0
0 0 0 a


where a,b are unit complex numbers with a2 6= b2.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

127

R is the Bell-Basis change matrix, alluded to above. R′ is a close relative
to the swap-gate (which is not universal). R′′ is both a universal gate and a
useful matrix for topological purposes (it detects linking numbers). In this
last example, we have a solution to the Yang-Baxter equation that detects
topological linking exactly when it entangles quantum states.

These results about R-matrices are fundamental for understanding topo-
logical relationships with quantum computing, but they are only a first step
in the direction of topological quantum computing. In topological quantum
computing one wants to have all gates and compositions of gates intepreted
as part of a single representation of the Artin Braid Group. By taking only
a topological operator as a replacement for CNOT , we leave open the ques-
tion of the topological interpretation of local unitary operators.

One must go on and examine braiding at the level of local unitary
transformations and the problem of making fully topological models. The
first step [16]) is to classify representations of the three-strand braid group
into SU(2). To go further involves finding brading representations into U(2)
that extend to dense representations in U(N) for larger values of N. This
is where topological quantum field theory comes into play.

In the next section we outline our appproach to full topological quantum
computation.

4. Topological Quantum Field Theory and Topological
Quantum Computation

As described above, one comes to a barrier if one only attempts to construct
individual topological gates for quantum computing. In order to go further,
one must find ways to make global unitary representations of the Artin
Braid Group. One way to accomplish this aim is via topological quantum
field theory. Topological quantum field theory originated in the work of
Witten with important input from Atiyah. This work opened up quantum
field theoretic intepretations of the Jones polynomial and gave rise to new
representations of the braid groups. The basic ideas of topological quan-
tum field theory generalize concepts of angular momentum recombination
in classical quantum physics. In [15,16] we use generalizations (so-called
q-deformations) of the Penrose formalism of spin networks to make models
of topological quantum field theories that are finite dimensional, unitary
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and that produce dense representations of the braid group into the unitary
group. These representations can be used to do quantum computing. In this
way, we recover a version of the results of Freedman [6] and his collaborators
and, by making very concrete representations, open the way for many ap-
plications of these ideas. Our methods are part of the approach to Witten’s
invariants that is constructed in the book of Kauffman and Lins [15]. This
work is directly based on the combinatorial knot theory associated with
the Jones polynomial. Thus our work provides a direct and fundamental
relationship between quantum computing and the Jones polynomial.

Here is a very condensed presentation of how unitary representations
of the braid group are constructed via topological quantum field theoretic
methods. The structure described here is sometimes called the Fibonacci
model [7,16,19]. One has a mathematical particle with label P that can
interact with itself to produce either itself labeled P or itself with the null
label ∗. When ∗ interacts with P the result is always P. When ∗ inter-
acts with ∗ the result is always ∗. One considers process spaces where a
row of particles labeled P can successively interact subject to the restric-
tion that the end result is P. For example the space V [(ab)c] denotes the
space of interactions of three particles labeled P. The particles are placed
in the positions a, b, c. Thus we begin with (PP )P. In a typical sequence of
interactions, the first two P∗ interacts with P to produce P.

(PP )P −→ (∗)P −→ P.

In another possibility, the first two P ’s interact to produce a P, and the P

interacts with P to produce P.

(PP )P −→ (P )P −→ P.

It follows from this analysis that the space of linear combinations of pro-
cesses V [(ab)c] is two dimensional. The two processes we have just described
can be taken to be the the qubit basis for this space. One obtains a rep-
resentation of the three strand Artin braid group on V [(ab)c] by assigning
appropriate phase changes to each of the generating processes. One can
think of these phases as corresponding to the interchange of the particles
labeled a and b in the association (ab)c. The other operator for this rep-
resentation corresponds to the interchange of b and c. This interchange is
accomplished by a unitary change of basis mapping

F : V [(ab)c] −→ V [a(bc)].
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If

A : V [(ab)c] −→ V [(ba)c]

is the first braiding operator (corresponding to an interchange of the first
two particles in the association) then the second operator

B : V [(ab)c] −→ V [(ac)b]

is accomplished via the formula B = F−1AF where the A in this formula
acts in the second vector space V [a(bc)] to apply the phases for the inter-
change of b and c.

In this scheme, vector spaces corresponding to associated strings of par-
ticle interactions are interrelated by recoupling transformations that gen-
eralize the mapping F indicated above. A full representation of the Artin
braid group on each space is defined in terms of the local intechange phase
gates and the recoupling transfomations. These gates and transformations
have to satisfy a number of identities in order to produce a well-defined
representation of the braid group. These identities were discovered origi-
nally in relation to topological quantum field theory. In our approach [16]
the structure of phase gates and recoupling transformations arise naturally
from the structure of the bracket model for the Jones polynomial. Thus we
obtain a knot-theoretic basis for topological quantum computing.

Many questions arise from this approach to quantum computing. The
deepest question is whether there are physical realizations for the mathe-
matical particle interactions that constitute such models. It is possible that
such realizations may come about by way of the fractional quantum Hall
effect or by other means. We are working on the physical basis for such mod-
els by addressing the problem of finding a global Hamiltonian for them, in
analogy to the local Hamiltonians that can be constructed for solutions to
the Yang-Baxter equation. We are also investigating specific ways to create
and approximate gates in these models, and we are working on the form of
quantum computers based on recoupling and braiding transformations.

These models are based on the structure of the Jones polynomial
[8,10–12,14]. They lead naturally to the question of whether or not there
exists a polynomial time quantum algorithm for computing the the Jones
polynomial. The problem of computing the Jones polynomial is known to
be classically P#-hard, and hence, classically computationally harder than
NP-complete problems. Should such a polynomial time quantum algorithm
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exist, then it would be possible to create polynomial time quantum algo-
rithms for any NP-complete problem, such as for example, the traveling
salesman problem. This would indeed be a major breakthrough of greater
magnitude than that arising from Shor’s and Simon’s quantum algorithms.
The problem of determining the quantum computational hardness of the
Jones polynomial would indeed shed some light on the very fundamental
limits of quantum computation.

A polynomial time quantum algorithm (called the AJL algorithm) for
approximating the value of the Jones polynomial L(t) at primitive roots of
unity can be found in [9]. It may be that this algorithm can not sucessfully
be extended by polynomial interpolation to a polynomial time quantum
algorithm for computing the Jones polynomial itself. We are investigating
why this is or is not the case. In [16] we give similar quantum algorithms
for computing the colored Jones polynomials and the Witten-Reshetikhin-
Turaev invariants at roots of unity, and in [14] we gave a quantum algorithm
for computing the Jones polynomial for three-strand braids at a continuum
of special values. Our objective is to come to a better understanding of the
exact divide between classical and quantum algorithms.
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1. Introduction

In this paper we sketch our proof [7] of a Markov Theorem for the virtual
braid group. This theorem gives a result for virtual knot theory that is
analogous to the result of the Markov Theorem in classical knot theory.
We have that every virtual link is isotopic to the closure of a virtual braid,
and that two virtual links, seen as the closures of two virtual braids, are
isotopic if and only if the braids are related by a set of moves. These moves
are described in the paper.

In this paper we shall follow the “L–Move” approach to the Markov
Theorem (see [2,3] for a different approach). An L–move is a very simple
uniform move that can be applied anywhere in a braid to produce a braid
with the isotopic closure. It consists in cutting a strand of the braid and
taking the top of the cut to the bottom of the braid (entirely above or
entirely below the braid) and taking the bottom of the cut to the top of the
braid (uniformly above or below in correspondence with the choice for the
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other end of the cut). One then proves that two virtual braids have isotopic
closures if and only if they are related by a series of L–moves. Once this
L–Move Theorem is established, we can reformulate the result in various
ways, including a more algebraic Markov Theorem that uses conjugation
and stabilization moves to relate braids with isotopic closures. This same
approach can be applied to other categories such as welded braids and flat
virtual braids (see [7]).

We first give a quick sketch of virtual knot theory, and then state our
Markov Theorem and the definitions that support it. The reader interested
in seeing the details of this approach should consult [6] and [7].

2. Virtual Knot Theory

Virtual knot theory is an extension of classical diagrammatic knot theory.
In this extension one adds a virtual crossing (see Figures 1 and 4) that is
neither an over-crossing nor an under-crossing. A virtual crossing is repre-
sented by two crossing arcs with a small circle placed around the crossing
point.

Virtual diagrams can be regarded as representatives for oriented Gauss
codes (Gauss diagrams) [1,4]. Some Gauss codes have planar realizations,
and these correspond to classical knot diagrams. Some codes do not have
planar realizations. An attempt to embed such a code in the plane leads to
the production of the virtual crossings.

Virtual knot theory can be interpreted as embeddings of links in thick-
ened surfaces, taken up to addition and subtraction of empty handles. In
this way, we see that this theory is a natural chapter in three-dimensional
topology.

Isotopy moves on virtual diagrams generalize the ordinary Reidemeister
moves for classical knot and link diagrams. See Figure 1, where all variants
of the moves should be considered.

Equivalently, virtual isotopy is generated by classical Reidemeister
moves and the detour move shown in Figure 2.

The moves shown in Figure 3 are forbidden in virtual knot theory (al-
though not in some of its variants such as welded links). The forbidden
moves are not consequences of the notion of virtual equivalence. In working
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Fig. 1. Reidemeister Moves for Virtuals

Fig. 2. The Detour Move

F
1 F

2

Fig. 3. The Forbidden Moves

with the Markov Theorem for virtual knots and links, we have to respect
these constraints.

We know [1,4] that classical knot theory embeds faithfully in virtual
knot theory. That is, if two classical knots are isotopic through moves us-
ing virtual crossings, then they are isotopic as classical knots via standard
Reidemeister moves. With this approach, one can generalize many struc-
tures in classical knot theory to the virtual domain, and use the virtual
knots to test the limits of classical problems, such as the question whether
the Jones polynomial detects knots. Counterexamples to this conjecture
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exist in the virtual domain. It is an open problem whether some of these
counterexamples are isotopic to classical knots and links.

3. The L-equivalence for Virtual Braids

Just as classical knots and links can be represented by the closures of braids,
so can virtual knots and links be represented by the closures of virtual braids
[2,5,6]. A virtual braid on n strands is a braid on n strands in the classical
sense, which may also contain virtual crossings. The closure of a virtual
braid is formed by joining by simple arcs the corresponding endpoints of
the braid on its plane. It is easily seen that the classical Alexander Theorem
generalizes to virtuals [2,6].

Theorem 3.1. Every (oriented) virtual link can be represented by a vir-
tual braid, whose closure is isotopic to the original link.

braid

Fig. 4. An Example of Braiding

As in classical knot theory, the next consideration after the braiding is
to characterize virtual braids that induce, via closure, isotopic virtual links.
In this section we define L–equivalence of virtual braids. For this purpose
we need to recall and generalize to the virtual setting the L–move between
braids. The L–move was introduced in [8,9], where it was used for proving
the “one–move Markov theorem” for classical oriented links (cf.Theorem 2.3
in [9)], where it replaces the two well-known moves of the Markov equiva-
lence: the stabilization that introduces a crossing at the bottom right of a
braid and conjugation that conjugates a braid by a crossing.

Definition 3.1. A basic virtual L–move on a virtual braid, denoted Lv–
move, consists in cutting an arc of the braid open and pulling the upper
cutpoint downward and the lower upward, so as to create a new pair of braid
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strands with corresponding endpoints (on the vertical line of the cutpoint),
and such that both strands cross entirely virtually with the rest of the braid.
(In abstract illustrations this is indicated by placing virtual crossings on the
border of the braid box.)

By a small braid isotopy that does not change the relative positions
of endpoints, an Lv–move can be equivalently seen as introducing an in–
box virtual crossing to a virtual braid, which faces either the right or the
left side of the braid. If we want to emphasize the existence of the virtual
crossing, we shall say virtual Lv-move, denoted vLv–move. In Figure 5 we
give abstract illustrations. See also Figure 10 for a concrete example.

L v braid

isotopy

vL v

or

vLvleftright

~ ~

Fig. 5. A Basic Virtual L–move Without and With a Virtual Crossing

Note that in the closure of a vLv–move the detoured loop contracts to a
kink. This kink could also be created by a real crossing, positive or negative.
So we have:

Definition 3.2. A real Lv–move, abbreviated to +Lv–move or −Lv–move,
is a virtual L–move that introduces a real in–box crossing on a virtual braid,
and it can face either the right or the left side of the braid. See Figure 6 for
an illustration.

If the crossing of the kink is virtual, then, in the presence of the forbid-
den moves, there is another possibility for a move on the braid level, which
uses another arc of the braid, the ‘thread’.

Definition 3.3. A threaded virtual L–move on a virtual braid is a virtual
L–move with a virtual crossing in which, before pulling open the little up–
arc of the kink, we perform a Reidemeister II move with real crossings, using
another arc of the braid, the thread. There are two possibilities: A threaded
over Lv–move and a threaded under Lv–move, depending on whether we
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L vleft right L v

Fig. 6. Left and Right Real Lv–moves

pull the kink over or under the thread, both with the variants right and
left. See Figure 7 for abstract illustrations.

Fig. 7. Left and Right Threaded Under Lv–moves

Note that a threaded virtual L–move cannot be simplified in the braid.
If the crossing of the kink were real then, using a braid RIII move with the
thread, the move would reduce to a virtual L–move with a real crossing.
Similarly, if the forbidden moves were allowed, a threaded virtual L–move
would reduce to a vLv–move.

Remark 3.1. As with a braiding move, the effect of a virtual L–move,
basic, real or threaded, is to stretch an arc of the braid around the braid
axis using the detour move after twisting it and possibly after threading it.
On the other hand, such a move between virtual braids gives rise to isotopic
closures, since the virtual L–moves shrink locally to kinks (grey diagrams
in Figures 6 and 7).

Conceivably, the threading of a virtual L–move could involve a sequence
of threads and Reidemeister II moves with over, under or virtual crossings,
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as Figure 8 suggests. The presence of the forbidden moves does not allow
for simplifications on the braid level. We show in [7] that the multi–threaded
Lv–moves follow from the simple threaded moves.

Fig. 8. A Right Multi-Threaded Virtual L–move

We finally introduce the notion of a classical L–move, adapted to our
set–up.

Definition 3.4. A classical Lover–move resp. Lunder–move on a virtual
braid consists in cutting an arc of the virtual braid open and pulling the two
ends, so as to create a new pair of braid strands, which run both entirely
over resp. entirely under the rest of the braid, and such that the closures
of the virtual braids before and after the move are isotopic. See Figure 9
for abstract illustrations. A classical L–move may also introduce an in–box
crossing, which may be positive, negative or virtual, or it may even involve
a thread.

In order that a classical L–move between virtual braids is allowed, in the
sense that it gives rise to isotopic virtual links upon closure, it is required
that the virtual braid has no virtual crossings on the entire vertical zone
either to the left or to the right of the new strands of the L–move. We
then place the axis of the braid perpendicularly to the plane, on the side
with no virtual crossings. We show in [7] that the allowed L–moves can
be expressed in terms of virtual L–moves and real conjugation. It was the
classical L–moves that were introduced in [9], and they replaced the two
equivalence moves of the classical Markov theorem. Clearly, in the classical
set–up these moves are always allowed, while the presence of forbidden
moves can preclude them in the virtual setting.

In Figure 10 we illustrate an example of various types of L–moves taking
place at the same point of a virtual braid.
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Lover

allowedallowed

Lunder

Fig. 9. The Allowed Classical L–moves

breakpoint

or

overLvL allowedL vleft threaded under

Fig. 10. A Concrete Example of Introducing L–moves

4. The L–move Markov Theorem for Virtual Braids

It is clear that different choices when applying the braiding algorithm as
well as local isotopy changes on the diagram level may result in different
virtual braids. In the proof of the following theorem we show that real
conjugation (that is, conjugation by a real crossing) and the Lv–moves
with all variations (recall Definitions 3.1, 3.2 and 3.3) capture and reflect
on the braid level all instances of isotopy between virtual links.

Theorem 4.1 (L–move Markov Theorem for virtuals). Two ori-
ented virtual links are isotopic if and only if any two corresponding virtual
braids differ by virtual braid isotopy and a finite sequence of the following
moves or their inverses:

(i) Real conjugation
(ii) Right virtual Lv–moves
(iii) Right real Lv–moves
(iv) Right and left threaded Lv–moves.
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Moves (ii), (iii), (iv) together with their inverses shall be called collectively
virtual L–moves. Virtual L–moves together with virtual braid isotopy gen-
erate an equivalence relation in the set of virtual braids, the L–equivalence.

5. Algebraic Markov Equivalence for Virtual Braids

In this section we reformulate and sharpen the statement of Theorem 4.1 by
giving an equivalent list of local algebraic moves in the virtual braid groups.
More precisely, let V Bn denote the virtual braid group on n strands and
let σi, vi be its generating classical and virtual crossings. The σi’s satisfy
the relations of the classical braid group and the vi’s satisfy the relations
of the permutation group. The characteristic relation in V Bn is the mixed
relation relating both: viσi+1vi = vi+1σivi+1.

~~

Algebraic left over/under threadings

α α α

~~

+-
Right stabilizations

αα α

~~

Algebraic right over/under threadings

αα α

Fig. 11. The Moves (ii), (iii) and (iv) of Theorem 5.1

The group V Bn embedds naturally into V Bn+1 by adding one identity
strand at the right of the braid. So, it makes sense to define V B∞ :=⋃∞

n=1 V Bn, the disjoint union of all virtual braid groups. We can now state
our result.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

142

Theorem 5.1 (Algebraic Markov Theorem for virtuals). Two ori-
ented virtual links are isotopic if and only if any two corresponding vir-
tual braids differ by braid relations in V B∞ and a finite sequence of the
following moves or their inverses:

(i) Virtual and real conjugation: viαvi ∼ α ∼ σi
−1ασi

(ii) Right virtual and real stabilization: αvn ∼ α ∼ ασ±1
n

(iii) Algebraic right over/under threading: α ∼ ασ±1
n vn−1σ

∓1
n

(iv) Algebraic left over/under threading:

α ∼ αvnvn−1σ
∓1
n−1vnσ±1

n−1vn−1vn

where α, vi, σi ∈ V Bn and vn, σn ∈ V Bn+1 (see Figure 11).
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We examine the volume conjecture for the HOMFLY polynomial instead of the
Jones polynomial. For the figure-eight knot, we explicitly obtain the limits of
the colored HOMFLY polynomial.
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1. Introduction

After Kashaev’s experimental confirmations, it seems that there is a connec-
tion between the colored Jones polynomial and certain geometric invariants
of K. See [6]. That it, let JN (L; q) be the colored Jones polynomial asso-
ciated with the N -dimensional irreducible representation of the quantum
group Uq(sl(2,C)), and normalized such that JN (O; q) = 1 for a trivial
knot O. We set JN (L) = JN (L; exp

√
−1
N

π). Then, the following conjecture
is suggested.

Conjecture 1.1 (Volume conjecture). For any hyperbolic knot K,

lim
N→∞

log |JN (K)|
N

=
1
2π

vol(S3 \K).

This conjecture is confirmed by some examples in [3, 4, 7].
In this article, for the figure-eight knot, we study the volume conjecture

by the HOMFLY polynomial ([1, 2]) instead of the Jones polynomial. It
is well-known that JN (L; q) is equal to the Jones polynomial of (N − 1)-
parallel of L with q-symmetrizers (or the Jones-Wenzl idempotents). In this
way, we consider the HOMFLY polynomial of (N − 1)-parallel of L with
corresponding q-symmetrizers and denote it by HN (L; a, q). When we put
a = qM (M ∈ Z≥2) and evaluate q as exp

√
−1
N

π, we denote it by HN (L).
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Theorem 1.1. Let K be the figure-eight knot, then,

0 ≤ lim
N→∞

log |HN (K)|
N

≤ 2
π

∫ 5
6 π

1
6 π

log 2 sin x dx,

if the limit exists. Especially, the limit using the HOMFLY polynomial de-
rived from the quantum group Uq(sl(M, C)) exists and coincides with the
volume of the complement of K.

2. Definitions and preliminaries

To calculate invariants, we need some symbols and definitions. For non-
negative integers n and r, we define

(q)n = (1 − q) . . . (1 − qn)[
n

r

]
q

=
(1 − qn)(1 − qn−1) . . . (1 − qn−r+1)

(1 − q)(1 − q2) . . . (1 − qr)
=

(q)n

(q)r(q)n−r

[n] =
(qn − q−n)
(q − q−1)

= q−n+1 (q2)n

(q2)n−1(q2)1
= q−n+1

[
n

r

]
q2

[n; a] =
aqn − a−1q−n

q − q−1
.

A linear skein is a vector space spanned by a formal linear sum of links and
satisfies the following relations.

• regular isotopy invariant
• Rµ − Rµ = (q − q−1) s3
• 1 = a -, 1 = a−1 -

• ∅ = 1, where ∅ means an empty diagram.

The HOMFLY polynomial comes from this linear skein after a suitable
normalization by the writhe.

We inductively define an element q-symmetrizer and denote it by a white
rectangle. The letter n beside the string indicates n-parallel lines.

1
=

n
=

q−n+1

[n]

n − 1
+

[n − 1]
[n]

n − 1

n − 2

n − 1

=
qn−1

[n]

n − 1
+

[n − 1]
[n]

n − 1

n − 2

n − 2
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The q-symmetrizer has following well-known properties.

= = q

= =

n − 1

1
=

[n − 1; a]
[n]

n − 1

The first means that a positive crossing acts on the q-symmetrizer by the
scalar product q and the second means that the q-symmetrizer vanishes by
the larger one.

Let m,n be integers satisfying m ≥ n. We define Ak,l by

Ak,l =

m

m

n

n

k

l

l

m − l

n − k − l

Then we can easily check a recursive formula.

Ak,l = Ak+1,l − a−1(q − q−1)
[

m − l

1

]
q−2

Ak,l+1.

Lemma 2.1.

A0,0 =
∑

n=k+l

αk,lAk,l =
n∑

i=0

αn−i,iAn−i,i,

where

αk,l = (−1)la−l(q − q−1)l

[
m

1

]
q−2

. . .

[
m − l + 1

1

]
q−2

[
k + l

l

]
q−2

.

Proof. From the above recursive formula, we can see that the coefficient
of Ak,l comes from those of Ak−1,l and Ak,l−1, which is

1 × αk−1,l − a−1(q − q−1)
[

m − l + 1
1

]
q−2

q−2(n−k−l) × αk,l−1.

This agrees with αk,l.
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An−i,i in the sum has no crossings except q-symmetrizer. This fact enables
us to compute the HOMFLY polynomial of the (N − 1)-parallel of K.

3. Proof of the theorem

In this section, we calculate invariants of (1, 1)-tangle of K. Let a = qM and
q = exp( π

√
−1

M+N−2 ). Notice that properties of q-symmetrizer and [N −2; a] =
0. We replace a string of K by (N − 1)-parallel and insert associated q-
symmetrizers. In the case of the figure-eight knot, we do not need the term
of writhe normalization. Since A0,0 and its mirror image appear in the two
dotted regions. we reduce A0,0 to AN−i−1,i (i = 0, · · · , N − 1).

−→

N − 1

=
N−1∑
i,j=0

ai(q − q−1)i

[
N − 1

1

]
q2

· · ·
[

N − i

1

]
q2

[
N − 1

i

]
q2

×

(−1)ja−j(q − q−1)i

[
N − 1

1

]
q−2

· · ·
[

N − j

1

]
q−2

[
N − 1

j

]
q−2

N−1

N−1

N−1N−1

N−1

ii

j

j

N−i−1

N−i−1

N−j−1N−j−1

.
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Next we calculate the remaining diagram.

N−1

N−1

N−1N−1

N−1

ii

j

j

N−i−1

N−i−1

N−j−1N−j−1

=

N−1

N−1

N−1

i i

j

j

N−i−1

N−i−1

N−j−1 N−j−1

=
[i]

[N − 1]
. . .

[i − j + 1]
[N − j]

N−1

N−1

N−1

i

j

j

N−i−1

N−i−1

N−j−1N−j−1

i−j

(i ≥ j)

=
[i]

[N − 1]
. . .

[i − j + 1]
[N − j]

N−1

N−1

i

j

j

N−i−1

N−i−1

N−j−1
i−j

=
[i]

[N − 1]
. . .

[1]
[N − i]

N−1

N−1

i

j

j

N−i−1

N−i−1

N−j−1

(i = j)
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=
{ [i]

[N − 1]
. . .

[1]
[N − i]

}2

N−1

N−1

i

i

N−i−1

=
{ [i]

[N − 1]
. . .

[1]
[N − i]

}2 N−1

.
Then HN = HN (K) is calculated by collecting these coefficients.

N−1∑
i=0

ai(q − q−1)i

[
N − 1

1

]
q2

· · ·
[

N − i

1

]
q2

qi(i−1)

[
N − 1

i

]
q2

(−a)−i(q − q−1)i

[
N − 1

1

]
q−2

· · ·
[

N − i

1

]
q−2

q−i(i−1)

[
N − 1

i

]
q−2{ [i]

[N − 1]
· · · [1]

[N − i]
}2

=
N−1∑
i=0

(−1)i(q − q−1)i[N − 1] · · · [N − i]
[N − 1] · · · [N − i]

[1] · · · [i]

(q − q−1)i[N − 1] · · · [N − i]
[N − 1] · · · [N − i]

[1] · · · [i]
{ [i]

[N − 1]
· · · [1]

[N − i]
}2

=
N−1∑
i=0

(−1)i
{
(qM−1 − q−M+1) · · · (qM+i−2 − q−M−i+2)

}2
.

Finally we obtain

HN =
N−1∑
k=0

{
2 sin(

M − 1
M + N − 2

π)2 sin(
M

M + N − 2
π) · · · 2 sin(

M + k − 2
M + N − 2

π)
}2

=
N−1∑
k=0

g2
k,

where g0 = 1 and gk =
∏k

j=1 2 sin( M+j−2
M+N−2π) (k = 1, . . . , N − 1). This

coincides with the formula in [5] for M = 2. Following [5], We consider the
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behavior of gk. Each gk contains a parameter M , we consider the two case
that M is fixed or not.

Case 1 (M is fixed).

We set k0 = b 5
6 (M + N − 2) − (M − 2)c = b 5

6N − 1
6 (M − 2)c. Then, for

sufficiently large N , the following inequalities hold.

1 = g0 > g1 > · · · < gk0 > · · · ,

because

2 sin(
M + j − 2
M + N − 2

π) > 1 if
1
6

<
M + j − 2
M + N − 2

<
5
6
.

So we need to check which is bigger, g0 or gk0 . When N goes to infinity,
M−1

M+N−2 → 0 and M+k0−2
M+N−2 → 5

6 . Then

lim
N→∞

log gk0

N
= lim

N→∞

k0∑
j=1

log 2 sin( M+j−2
M+N−2π)
N

=
1
π

∫ 5
6 π

0

log 2 sin x dx

= 0.161532 . . . > 0.

On the other hand, log g0
N = 0. Therefore gk0 > g0 and g2

k0
≤ HN ≤ Ng2

k0
.

These inequalities lead

2 log gk0

N
≤ log HN

N
≤ 2 log gk0

N
+

log N

N
.

Here, we replace the term of the right and left side by

2 log gk0

N
= 2

k0∑
j=1

log 2 sin( M+j−2
M+N−2π)
N

,

and we take the limit N → ∞, then M−1
M+N−2 → 0, M+k0−2

M+N−2 → 5
6 , log N

N → 0.
Therefore we obtain

lim
N→∞

log HN

N
=

2
π

∫ 5
6 π

0

log 2 sin x dx.

This leads the volume of the complement of K.

Remark 3.1. The HOMFLY polynomial derived from the quantum group
Uq(sl(M, C)) has a parameter a = qM in [8]. Therefore, its limit coincides
with the volume of the complement of K.

Case 2 (M is not fixed).
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We assume that L = lim
N→∞

M/N exists. Then

lim
N→∞

M − 1
M + N − 2

π =
L

L + 1
π = θ (0 ≤ θ ≤ π).

When θ ≤ 5
6π, the integral interval changes from the previous argument.

See the following figure.

exp( M−1
M+N−2

π
√
−1)

θ
5
6
π

0

Therefore we have

lim
N→∞

HN

N
=

2
π

∫ 5
6 π

θ

log 2 sin x dx.

It take the maximum value at θ = 1
6π. Otherwise, i.e., when 5

6π ≤ θ,
inequalities g0 > g1 > · · · holds , and consequently we have

lim
N→∞

HN

N
= 0.

This completes the proof of the theorem.
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to approach the conjectures.

Keywords: Braid index; Algebraic crossing number; Morton Franks Williams
inequality

1.

It has been conjectured (see [3] p.357) that the exponent sum in a minimal
braid representation is a knot invariant.

To state a stronger form of this conjecture, we need fix some notations:
Let K be an oriented topological knot type. Let BK be the set of braid

representatives of K. For a braid representative K ∈ BK let bK denote the
number of braid strands of K and let bK := min{bK |K ∈ BK} the braid in-
dex ofK. Let cK := ♯{positive crossings of K}−♯{negative crossings of K}.
Then the Jones’ conjecture is stated as follows:

Conjecture 1.1. Let K be an oriented knot of braid index bK. If braid

representatives K1 and K2 ∈ BK have bK1 = bK2 = bK then their algebraic

crossing numbers satisfy cK1 = cK2 .

Here is a stronger version of the above conjecture:

Conjecture 1.2. [4] (Stronger Conjecture): Let Φ : BK → N× Z be a

map with Φ(K) := (bK , cK) for K ∈ BK. Then there exists a unique cK ∈ Z

with

Φ(BK) = {(bK + x+ y, cK + x− y) | x, y ∈ N} , (1)
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a subset of the infinite quadrant region in Figure 1.

x

y

β

γ

b

c

alg cross #

braid index

min

max

K

K

Fig. 1. The region of braid representatives of K

Obviously, the truth of Conjecture 1.2 implies the truth of Conjecture
1.1.

Thanks to the Markov theorem, we know that any K1, K2 ∈ BK
are related by a sequence of braid isotopy, (±)-stabilizations and (±)-
destabilizations. Starting from a minimal braid representative, say K? with
Φ(K?) = (bK, cK), for any x, y ∈ N we can obtain a braid representative
K ∈ BK with Φ(K) = (bK +x+y, cK +x−y) by applying (+)-stabilization
x-times and (−)-stabilization y-times to K?.

Both conjectures are naturally motivated by the following inequalities.

Theorem 1.1. [5], [2], The Morton-Franks-Williams inequality. Let
d+ and d− be the maximal and minimal degrees of the variable v of PK(v, z),
the HOMFLYPT polynomial of K. If K ∈ BK, then

cK − bK + 1 ≤ d− ≤ d+ ≤ cK + bK − 1. (2)

As a corollary,

1
2
(d+ − d−) + 1 ≤ bK , (3)

thus, (d+ − d−)/2 + 1 ≤ bK, giving a lower bound for the braid index of K.

From (2) we obtain that

Φ(BK) ⊂ {(x, y) | bK ≤ x, −x + (d+ + 1) ≤ y ≤ x + (d− − 1)} . (4)

We say the MFW inequality is sharp if there exists K ∈ BK such that
cK − bK + 1 = d− and d+ = cK + bK − 1. Then we have
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Theorem 1.2. Sharpness of the MFW inequality for K implies the truth
of Conjectures 1.1 and 1.2. In particular;

bK =
d+ − d−

2
− 1, cK =

d+ + d−

2
.

Sharpness of the MFW inequality is proved for the following classes
of knots and links; the unlinks, any knots with ≤ 10 crossings but
942, 949, 10132, 10150, 10156 in the standard knot table [3], closed positive
braids with a full positive twist (i.e., torus links, Lorenz links) [2], 2-bridge
links and alternating fibered links [7].

By a completely different reason, it is proved that (only) Conjecture
1.1 is true for all knots and links with braid index ≤ 3, by using the braid
foliation technique [1].

Regardless of the non-sharpness of the MFW inequality, we can prove
that:

Theorem 1.3. Conjectures 1.1 and 1.2 are true for all 942, 949, 10132,

10150 and 10156.

To prove this theorem, let us fix some notations:
Let Kp,q be the (p, q)-cable of K. For a closed braid representative K ∈

BK let Kp,q denote the p-parallel copies of K with a k/p-twist where k :=
q − p · cK (see Figure 2).

k

Fig. 2. (4, q)-cable (q = 4 · 3 + k) of the right hand trefoil

Let DK := bK − 1
2 (d+ − d−)− 1 be the difference of the numbers in (3),

i.e., of the actual braid index and the lower bound for braid index. Call DK
the deficit of the MFW inequality for K.

Proof. Let K = 942, 949, 10132, 10150 or 10156.

Suppose K1 and K2 are braid representatives of K with bK1 = bK2 =
bK + n ≥ bK and with distinct algebraic crossing numbers cK1 − cK2 ≥
2(n + 1), (i.e., Conjectures 1.1 and 1.2 do not apply to K).
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For fixed (p, q), let ki (i = 1, 2) be an integer such that q = p · cKi + ki.

Then we have

cKi
p,q

= p2cKi + ki(p − 1)

and cK1
p,q

−cK2
p,q

= p2(cK1 −cK2)+(k1−k2)(p−1) = p(cK1 −cK2). Thanks
to the MFW inequality, we have

cK1
p,q

− (bKp,q
+ pn) + 1 ≤ d− ≤ d+ ≤ cK2

p,q
+ (bKp,q

+ pn) − 1.

Therefore,

DKp,q = bKp,q − (d+ − d−)/2 − 1

≥ (cK1
p,q

− cK2
p,q

)/2 − pn

= p(cK1 − cK2)/2 − pn ≥ p.

However, when p = 2 for each K = 942, · · · , 10156, we have that DK2,q =
1 < 2 = p for some q, which is a contradiction.

Here is another property of cabling:

Theorem 1.4. Let K be a non-trivial knot type. If Conjecture 1.1 (resp.
1.2) is true for K then Conjecture 1.1 (resp. 1.2) is also true for Kp,q when
p ≥ 2.

In particular, if cK and cKp,q denote the unique algebraic crossing num-
bers of K and Kp,q respectively in their minimal braid representatives then
we have

cKp,q
= (p − 1)q + p · cK.

Similar results on links also hold, see [4].
As corollary to Theorem 1.4 we have:

Corollary 1.1. Conjectures 1.1 and 1.2 apply to iterated torus knots.

We can apply this corollary to the (2, 7)-cable of the right hand trefoil.
Although the MFW inequality is sharp on the trefoil knot, it is not sharp
on the (2, 7)-cable [6]. However, Corollary 1.1 applies.

Finally, the following theorem reduces the problem into prime knots.

Theorem 1.5. [4] If Conjecture 1.1 (res. 1.2) is true for K1,K2 then Con-
jecture 1.1 (res. 1.2) is also true for the connect sum K1]K2.
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The set of the fundamental groups of n-dimensional manifold-links in Sn+2 for
n > 2 is equal to the set of the fundamental groups of surface-links in S4. We
consider the subset Gr

g(H) of this set consisting of the fundamental groups of
r-component, total genus g surface-links with H2(G) ∼= H. We show that the
set Gr

g(H) is a non-empty proper subset of Gr
g+1(H) for every integer g ≥ 0

and every abelian group H generated by 2g elements. We also determine the
set Gr

g(H) to which the fundamental group of every classical link belongs, and
investigate the set Gr

g(H) to which the fundamental group of every virtual link
belongs.

Keywords: Manifold-link group; Surface-link group; Classical link group; Vir-
tual link group.

1. Manifold-link groups

LetM be a closed oriented n-manifold with r components. AnM -link (or an
M -knot if r = 1) is the image of a locally-flat PL embeddingM → Sn+2. We
are interested in the (fundamental) group of L: G = G(L) = π1(Sn+2 \L).
Let m = m(L) = {m1,m2, · · · ,mr} be the meridian basis of L in H1(G) =
H1(Sn+2 \ L) = Zr. We consider the set

G
r[n] = {G(L) |L is anM -link, ∀M},

where we consider G(L) = G(L′) if there is an isomorphism G(L)→ G(L′)
sending m(L) to m(L′). Let n = 2. A ribbon M -link is an M -link obtained
from a trivial 2-sphere link by surgeries along mutually disjoint embedded
1-handles in S4 (see [11,p.52]). Let

RG
r[2] = {G(L) |L is a ribbonM -link, ∀M}.

Then we have the following theorem:
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Theorem 1.1. RG
r[2] = G

r[2] = G
r[3] = G

r[4] = · · · .

Proof. The inclusion G
r[n] ⊂ G

r[n + 1] for every n = 2 is proved by a
spinning construction. In fact, given the group G(L) ∈ Gr[n] of an M -link
L, then we choose an (n+2)-ball Bn+2 ⊂ Sn+2 containing L and construct
an M × S1-link

L+ = L × S1 ⊂ Bn+2 × S1 ∪ ∂Bn+2 × B2 = Sn+3.

Then we have G(L) = G(L+) in Gr[n + 1]. In [16], T. Yajima shows that
if a group G has a Wirtinger presenation 〈x1, x2, · · · , xk | r1, r2, · · · , rk′〉 of
deficiency s = k − k′ such that rj = wjxu(j)w

−1
j x−1

v(j) for some generators
xu(j), xv(j) and a word wj on xi (i = 1, 2, . . . , k), and a basis m for H1(G) ∼=
Zr is given in xi (i = 1, 2, . . . , k), then there is a ribbon F r

g -link L with
g = r − s such that G(L) = G and m(L) = m. Since S. Kamada shows in
[3] that every G(L) ∈ G

r[n] has a Wirtinger presentation with m(L) in the
Wirtinger generators, we have Gr[n] ⊂ RGr[2].

2. Grading the surface-link groups

Let M = F r
g = F r

g1,g2,··· ,gr
be a closed oriented 2-manifold with r compo-

nents Fi of genus g(Fi) = gi (i = 1, 2, · · · , r), where g = g1 + g2 + · · · + gr

is the total genus of M . This M -link is called an F r
g (= F r

g1,g2,··· ,gr
)-link.

Let G
r
g (or G

r
g1,g2,··· ,gr

) be the set of G(L) such that L is an F r
g -link (or

F r
g1,g2,··· ,gr

-link). For a finitely generated abelian group H, let G
r
g(H) be the

set of G ∈ G
r
g with H2(G) ∼= H. Then the following sequence of inclusions

is obtained for every H by adding a trivial handle to a surface-link in S4:

G
r
0(H) ⊂ G

r
1(H) ⊂ G

r
2(H) ⊂ · · · ⊂

+∞⋃
g=0

G
r
g(H) =: G

r(H).

Similarly, letting RG
r
g be the set of G(L) such that L is a ribbon F r

g -link,
and RGr

g(H) the set of G ∈ RGr
g with H2(G) ∼= H, we obtain the following

sequence:

RG
r
0(H) ⊂ RG

r
1(H) ⊂ RG

r
2(H) ⊂ · · · ⊂

+∞⋃
g=0

RG
r
g(H) =: RG

r(H).

Using RGr(H) = Gr(H) by Theorem 1.1, we obtain the following corollary.

Corollary 2.1. RG
r
g(H) ⊂ G

r
g(H), and for every G ∈ G

r
g(H), there is an

integer h = 0 such that G ∈ RG
r
g+h(H).
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Let Λ be the Laurent polynomial ring Z[Z] = Z[t, t−1]. For a surface-link
group G = G(L), the homology H1(Kerχ) for the epimorphism χ : G → Z

sending every meridian to 1 forms a finitely generated Λ-module, which we
call the Alexander module of G or L and denote by A(G) or A(L). The
second part of the following theorem is a consequence of studies on the
Alexander modules of surface-link groups in [10].

Theorem 2.1. Let µ(H) be the minimal number of generators of H. For
2g < µ(H), we have G

r
g(H) = ∅. For every 2g = µ(H) and every h > 0,

we have

G
r
g(H) \ (Gr

g−1(H) ∪ RG
r
g+h(H)) 6= ∅.

Since G1
0(0) is the set of S2-knot groups and G1(0) = ∪+∞

g=0G1
g(0) is the

set of Sn-knot groups for every given n = 3 (see M. A. Kervaire [12]), a
weaker result of this theorem for r = 1 and H = 0 is found in [8,p.192].

Proof. The first claim is direct by Hopf’s theorem saying that there is an
epimorphism H2(S4 \ L) = Z2g → H2(G) for every G = G(L) ∈ Gr

g, so
that µ(H2(G)) 5 2g. For the second claim, we first observe by a result of
R. Litherland [13] that G

r
g(H) 6= ∅. For G ∈ G

r
g(H), we take the minimal

g∗ 5 g such that G ∈ G
r
g∗

(H). Let L be an F r
g∗

-link with G = G(L). Let L′

be a non-ribbon S2-knot with the Alexander module A(L′) = Λ/(t + 1, 3)
(e.g., the 2-twist-spun trefoil), and a ribbon T 2-knot L′′ with H2(G(L′′)) =
0 and the Alexander module A(L′′) = Λ/(2t−1, 5) (see [2]). Let Lm′,m′′ be
any connected sum of L, m′(= 0) copies of L′, and m′′(= 0) copies of L′′.
Then

H2(G(Lm′,m′′)) ∼= H2(G)
⊕

H2(G(L′))m′ ⊕
H2(G(L′′))m′′ ∼= H2(G) ∼= H.

By [10,Theorems 3.2, 5.1], we have constants c′, c′′ such that G(Lm′,m′′) 6∈
RGr

g+h(H) for every m′ = c′ and m′′ = 0 and G(Lm′,m′′) 6∈ Gr
g−1(H) for

every m′ = 0 and m′′ = c′′. Noting that G(Lm′,m′′) ∈ Gr
g′(H)\Gr

g′−1(H)
implies

G(Lm′,m′′+1) ∈ (Gr
g′+1(H)\Gr

g′(H)) ∪ (Gr
g′(H)\Gr

g′−1(H)),

we can find (0 5)m′′ 5 c′′ such that G(Lm′,m′′) ∈ Gr
g(H)\Gr

g−1(H). Thus,
we can find m′ = c′ and (0 5)m′′ 5 c′′ such that G(Lm′,m′′) ∈ G

r
g(H) \

(Gr
g−1(H) ∪ RG

r
g+h(H)).
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3. Classical link groups

Let Gr,s[1] be the set of G(L1) ∈ Gr[1] such that L1 is a split union of s non-
split links. For G = G(L1) ∈ Gr,s[1], let L1

j (j = 1, 2, . . . , s) be the non-split
sublinks of L1. The group G is the free product G(L1

1) ∗G(L1
2) ∗ · · · ∗G(L1

s)
and we have

H2(G) =
s⊕

j=1

H2(G(L1
j)) =

s⊕
j=1

H2(E(L1
j)) ∼= Zr−s,

where E(L1
j) denotes the exterior of L1

j . Let G
r,s
g (H) be the set of G ∈

G
r
g(H) which is realized by a split union of s non-split surface-links, which

we call an F r,s
g -link, and RG

r,s
g (H) the set of G ∈ RG

r
g(H) realized by a

ribbon F r,s
g -link. We show the following theorem:

Theorem 3.1. G
r,s[1] $ RG

r,s
r−s(Z

r−s) \ G
r,s
r−s−1(Z

r−s)

To prove this theorem, we need some preliminaries.

Lemma 3.1. Let M be a closed oriented 2n-manifold, and X a compact
polyhedron. Let f̃ : M̃ → X̃ be a lift of a map f : M → X to an infinite
cyclic covering. If H2n

c (X̃) = 0, then the Λ-rank rankΛ(f̃) of the image of
f̃∗ : Hn(M̃) → Hn(X̃) has

rankΛ(f̃) 5
1
2
(rankΛHn(M̃) − |σ(M)|)

where σ(M) denotes the signature of M (taking 0 when n is odd).

Proof. Let Nc be the image of the homomorphism f̃∗ : Hn
c (X̃) → Hn

c (M̃)
on the cohomology with compact support, and N the image of Nc under
the Poincaré duality Hn

c (M̃) ∼= Hn(M̃). Since H2n
c (X̃) = 0, we have the

trivial cup product u ∪ v = 0 and hence f̃∗(u) ∪ f̃∗(v) = f̃∗(u ∪ v) = 0 for
all u, v ∈ Hn

c (X̃). This means that the Λ-intersection form

IntΛ : Hn(M̃) × Hn(M̃) −→ Λ

has IntΛ(N,N) = 0. Since f̃∗ : Hn
c (X̃) → Hn

c (M̃) is equivalent to f̃∗ :
Hn

Λ(X̃) → Hn
Λ(M̃) on the cohomology with Λ coefficients (see [6]), we see

from the universal coefficient theorem over Λ in [6] that rankΛNc = rankΛN

is equal to the Λ-rank of the image of the dual Λ-homomorphism

(f̃∗)# : homΛ(Hn(X̃),Λ) −→ homΛ(Hn(M̃),Λ)
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of f̃∗ : Hn(M̃) → Hn(X̃), which is equal to rankΛ(f̃). Considering the
Λ-intersection form IntΛ over the quotient field Q(Λ) of Λ to obtain a non-
singular Q(Λ)-intersection form, we can see from [5] that

2rankΛN + |σ(M)| 5 rankΛHn(M̃).

Let ∆T
G(t) be the torsion Alexander polynomial of a surface-link group

G, that is a generator of the smallest principal ideal of the first elementary
ideal of the Λ-torsion part TorΛA(G) of the Alexander module A(G) of G.
Then the following lemma is known (cf. [9]).

Lemma 3.2. ∆T
G(t) is symmetric for every G ∈ G

r,s[1].

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Since every G ∈ G
r,s[1] has a Wirtinger pre-

sentation with deficiency s, we have G ∈ RG
r,s
r−s(Z

r−s) and G
r,s[1] ⊂

RG
r,s
r−s(Z

r−s)．We first show that G
r,s[1] ∩ G

r,s
r−s−1(Z

r−s) = ∅. Let L be
an F r

g -link such that G(L) = G(L1) = G ∈ Gr,s[1]. Let E = E(L), and
E1 the bouquet of the link exteriors E(L1

j) (j = 1, 2, . . . , s). Since E1 is a
K(G, 1)-space, there is a PL map fE : E → E1 inducing an isomorphism
(fE)# : G(L) = π1(E) ∼= π1(E1) = G(L1) sending the meridian basis
of H1(E) to the meridian basis of L1 in H1(E1). For the components Fi

(i = 1, 2, . . . , r) of F r
g and handlebodies Vi with Fi = ∂Vi (i = 1, 2, . . . , r),

we construct a closed connected oriented 4-manifold M = E∪r
i=1 Vi×S1 by

attaching, for every i, the boundary component Fi ×S1 of E to the bound-
ary of Vi × S1. Construct a compact polyhedron X = E1 ∪r

i=1 Vi × S1 by
attaching Vi×S1 (i = 1, 2, . . . , r) to E1 along the map fE |∂E : ∂E → E1, so
that fE extends to a PL map f : M → X. Let f̃E : Ẽ → Ẽ1 be the infinite
cyclic covering of fE : E → E1 associated with the epimorphism χ : G → Z

sending every meridian to 1, which extends to an infinite cyclic covering
f̃ : M̃ → X̃ of f : M → X. Noting that Vi×S1 lifts to Vi×R1 in M̃ and X̃,
we see that rankΛH2(X̃) = rankΛH2(Ẽ) and rankΛH2(X̃) = rankΛH2(Ẽ).
By Hopf’s theorem, (f̃E)∗ : H2(Ẽ) → H2(Ẽ1) = H2(Kerχ) is onto, so that
rankΛH2(Ẽ1) = rankΛH2(X̃) = rankΛ(f̃). Let βj = rankΛH1(Ẽ1

j ). Then
rankΛ(f̃) = rankΛH2(Ẽ1) =

∑s
j=1 βj by [7]. By the compact support coho-

mology exact sequence for (X̃, X̃V ) with X̃V = ∪r
i=1Vi × R1, we have the

following exact sequence:

H4
c (X̃, X̃V ) → H4

c (X̃) −→ H4
c (X̃V ).



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

162

For the image X̃0 of f̃E |∂Ẽ : ∂Ẽ → Ẽ1, we have an excision isomorphism

H4
c (X̃, X̃V ) ∼= H4

c (Ẽ1, X̃0) = 0,

since (Ẽ1, X̃0) is a 3-dimensional complex pair. Also, by Poincaré duality
we have

H4
c (X̃V ) ∼= H0(X̃V , ∂X̃V ) = 0.

Hence H4
c (X̃) = 0. Since rankΛH2(Ẽ) = 2(g + s − r +

∑s
j=1 βj) by [10]

and σ(M) = 0, it follows from Lemma 3.1 that 2(g + s − r +
∑s

j=1 βj) =

2(
∑s

j=1 βj) and g = r − s. Thus, Gr,s[1] ∩ G
r,s
r−s−1(Z

r−s) 6= ∅. Next, by a
result of T. Yajima [16], the group G0 = 〈x1, x2 |x2 = (x2x

−1
1 )−1x1(x2x

−1
1 )〉

with ∆T
G0

(t) = 2 − t is represented by a ribbon S2-knot L0. For G =
G(L1) ∈ G

r,s[1], let L be an F r,s
r−s-link with G(L) = G, and L′ = L#L0

a connected sum of L and L0. Then G′ = G(L′) ∈ RG
r,s
r−s(Z

r−s). Since
∆T

G′(t) = ∆T
G(t)∆T

G0
(t) is not symmetric, we have G′ 6∈ Gr,s[1] by Lemma

3.2. Let L′′ be an F r,s
g′′ -link with G(L′′) = G′, and E′′ the exterior L′′.

For the K(G, 1)-space E1 constructed from L1 as above, we realize an
epimorphism G′ → G preserving the meridians by a PL map fE′′ : E′′ →
E1, which is used to construct a PL map f ′′ : M ′′ → X from a closed
4-manifold M ′′ = E′′ ∪r

i=1 Vi ×S1 to X = E1 ∪r
i=1 Vi ×S1 in a similar way

of the argument above. By a similar calculation using Lemma 3.1, we can
conclude that g′′ = r − s and G′ 6∈ Gr,s[1]∪G

r,s
r−s−1(Z

r−s). This completes
the proof of Theorem 3.1. ¤

4. Virtual link groups

An r-component, s-split virtual link is a virtual link with r components
which is represented by a split union of s diagrams of s non-split virtual
links. The group of a virtual link diagram which is calculated in a similar
way to a classical link diagram except that we do not count the virtual
crossing points is an invariant of the virtual link (see L. H. Kauffman [4]).
Let V Gr,s(H) be the set of the groups G of r-component, s-split virtual
links with H2(G) ∼= H. Then we have the following theorem.

Theorem 4.1. V G
r,s(H) = RG

r,s
1,1,...,1(H) for every H and we have

G
r,s[1] $ V G

r,s(Zr−s) = RG
r,s
1,1,...,1(Z

r−s) ⊂ RG
r,s
r (Zr−s).

Proof. The first claim is observed in [10], coming essentially from a result
of S. Satoh [15]. The inclusions of the second claim is obvious. For G =
G(L1) ∈ G

r,s[1], let L be an F r,s
1,1,...,1-link with G(L) = G, and L′ = L#L0 a
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connected sum of L and a ribbon S2-knot L0 as in the proof of Theorem 3.1.
Then G′ = G(L′) ∈ RG

r,s
1,1,...,1(Z

r−s) = V G
r,s(Zr−s). Since ∆T

G′(t) is not
symmetric as it is shown in the proof of Theorem 3.1, we have G′ 6∈ G

r,s[1]
by Lemma 3.2. Thus, Gr,s[1] $ V Gr,s(Zr−s).

Corollary 4.1. If µ(H) > r, then we have V Gr,s(H) = ∅. For H =
Zu ⊕ Zv

2 with 0 5 u + v 5 r, we have V G
r,s(H) 6= ∅.

Proof. For G ∈ RGr
g, let L be a ribbon F r

g -link, and E the exterior of L.
By Hopf’s theorem, there is an exact sequence

π2(E, x) −→ H2(E) −→ H2(G) → 0.

Since L has a Seifert hypersurface homeomorphic to a connected sum of a
handlebody and some copies of S1 × S2, we can represent a half basis of
H2(E) ∼= Z2g by 2-spheres. Hence µH2(G) 5 g, showing the first claim.
For the second claim, we first note that for every r > 1, there is a rib-
bon F r

0 -link L such that G(L) is an indecomposable group by considering
the spinning construction of an r-string tangle in the 3-ball with an in-
decomposable group (see [8,p.204]). Second, we note that any connected
sum of this ribbon F r

0 -link L and any surface-knots L′
i (i = 1, 2, . . . , s)

is a non-split surface-link. Then we take a ribbon F r,s
0 -link L whose non-

split surface-sublinks have indecomposable groups, and a ribbon T 2-knot
L0 with H2(G(L0)) ∼= Z constructed by C. McA. Gordon [1] and a rib-
bon T 2-knot L2 with H2(G(L2)) ∼= Z2 constructed by T. Maeda [14]. Let
L′ be a ribbon F r,s

1,1,...,1-link obtained by a connected sum of L, u copies
of L0, v copies of L2, and r − u − v copies of a trivial T 2-knot. Then
G(L′) ∈ RG

r,s
1,1,...,1(H) = V G

r,s(H) for H = Zu ⊕ Zv
2 .

It is unknown whether V Gr,s(H) 6= ∅ for every H with µ(H) 5 r.
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ENUMERATING 3-MANIFOLDS BY A CANONICAL
ORDER

Akio KAWAUCHI and Ikuo TAYAMA

Department of Mathematics,
Osaka City University,

Sugimoto, Sumiyoshi-ku, Osaka 558-8585,Japan

E-mail:kawauchi@sci.osaka-cu.ac.jp, CQX05126@nifty.com

A well-order was introduced on the set of links by A. Kawauchi [3]. This well-
order also naturally induces a well-order on the set of prime link exteriors
and eventually induces a well-order on the set of closed connected orientable
3-manifolds. With respect to this order, we enumerated the prime links with
lengths up to 10 and the prime link exteriors with lengths up to 9. Our present
plan is to enumerate the 3−manifolds by using the enumeration of the prime
link exteriors. In this paper, we show our latest result in this plan and as an
application, give a new proof of the identification of Perko’s pair.

Keywords: Lattice point, Length, Link, Exterior, 3-manifold, Table.

1. Introduction

In [3] we suggested a method of enumerating the links, link exteriors and
closed connected orientable 3-manifolds. The idea is to introduce a well-
order on the set of links by embedding it into a well-ordered set of lattice
points. This well-order also naturally induces a well-order on the set of
prime link exteriors and eventually induces a well-order on the set of closed
connected orientable 3-manifolds. By using this method, the first 28, 26 and
26 lattice points of lengths up to 7 corresponding to the prime links, prime
link exteriors and closed connected orientable 3-manifolds are respectively
tabulated without any computer aid in [3]. We enlarged the table of the
first 28 lattice points of length up to 7 corresponding to the prime links into
that of the first 443 lattice points of length up to 10 in [5] and enlarged the
table of the first 26 lattice points of length up to 7 corresponding to the
prime link exteriors into that of the first 142 lattice points of lengths up
to 9. A tentative goal of this project is to enumerate the lattice points of
lengths up to 10 corresponding to the 3-manifolds. In this paper, we show
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our latest result on making a table of 3-manifolds and as an application,
give a new proof of the identification of Perko’s pair by using elementary
transformations on the lattice points.

2. Definition of a well-order on the set of links

Let Z be the set of integers, and Zn the product of n copies of Z. We put

X =
∞∐

n=1

Zn = {(x1, x2, . . . , xn) |xi ∈ Z, n = 1, 2, . . . }.

We call elements of X lattice points. For a lattice point x =
(x1, x2, . . . , xn) ∈ X, we put `(x) = n and call it the length of x. Let |x|
and |x|N be the lattice points determined from x by the following formulas:
|x| = (|x1|, |x2|, . . . , |xn|) and |x|N = (|xj1 |, |xj2 |, . . . , |xjn

|) where |xj1 | 5

|xj2 | 5 · · · 5 |xjn | and {j1, j2, . . . , jn} = {1, 2, . . . , n}.
We define a well-order (called a canonical order [3]) on X as follows :

Definition 2.1. We define a well-order on Z by 0 < 1 < −1 < 2 < −2 <

3 < −3 · · · , and for x,y ∈ X we define x < y if we have one of the following
conditions (1)-(4):

(1) `(x) < `(y).
(2) `(x) = `(y) and |x|N < |y|N by the lexicographic order.
(3) |x|N = |y|N and |x| < |y| by the lexicographic order.
(4) |x| = |y| and x < y by the lexicographic order on the well-order of Z
defined above.

For x = (x1, x2, . . . , xn) ∈ X, we put

min|x| = min15i5n|xi| and max|x| = max15i5n|xi|.

Let β(x) be the (max|x|+1)-string braid determined from x by the identity

β(x) = σ
sign(x1)
|x1| σ

sign(x2)
|x2| · · ·σsign(xn)

|xn| ,

where we define σ
sign(0)
|0| = 1. Let clβ(x) be the closure of the braid β(x). Let

L be the set of all links modulo equivalence, where two links are equivalent
if there is a (possibly orientation-reversing) homeomorphism sending one
to the other. Then we have a map

clβ : X → L

sending x to clβ(x). By Alexander’s braiding theorem, the map clβ is sur-
jective. For L ∈ L, we define a map

σ : L → X
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by σ(L) = min{x ∈ X | clβ(x) = L}. Then σ is a right inverse of clβ and
hence is injective. Now we have a well-order on L by the following definition:

Definition 2.2. For L,L′ ∈ L, we define L < L′ if σ(L) < σ(L′).

For a link L ∈ L, we call `(σ(L)) the length of L.

3. A method of a tabulation of prime links

Let Lp be the subset of L consisting of the prime links. For k ∈ Z, let kn

and −kn be the lattice points determined by

kn = (k, k, . . . , k︸ ︷︷ ︸
n

) and − kn = (−k)n,

respectively.
For x = (x1, x2, . . . , xn), y = (y1, y2, . . . , ym) ∈ X, let xT , −x, (x, y)

and δ(x) be the lattice points determined by the following formulas:

xT = (xn, . . . , x2, x1),

−x = (−x1,−x2, . . . ,−xn),

(x, y) = (x1, . . . , xn, y1, . . . , ym),

δ(x) = (x′
1, x

′
2, . . . , x

′
n),

where x′
i =

{
sign(xi)(max|x| + 1 − |xi|) (xi 6= 0)

0 (xi = 0).

Definition 3.1. Let x, y, z, w ∈ X, k, l, n ∈ Z with n > 0 and ε =
±1. An elementary transformation on lattice points is one of the following
operations (1)-(12) and their inverses (1)−-(12)−.

(1) (x, k, −k, y) → (x, y)
(2) (x, k, y) → (x, y), where |k| > max|x|, max|y|.
(3) (x, k, l, y) → (x, l, k, y), where |k| > |l| + 1 or |l| > |k| + 1.
(4) (x, εkn, k+1, k, y) → (x, k+1, k, ε(k+1)n, y), where k(k+1) 6= 0.
(5) (x, k, ε(k + 1)n, −k, y) → (x, −(k + 1), εkn, k + 1, y), where
k(k + 1) 6= 0.
(6) (x, y) → (y, x)
(7) x → xT

(8) x → −x
(9) x → δ(x)
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(10) (1n, x, ε, y) → (1n, y, ε, x), where min|x| = 2 and min|y| = 2.
(11) (k2, x, y, −k2, z, w) → (−k2, x, wT , k2, z, yT ), where max|x| <

k < min|y|, max|z| < k < min|w| and x,y, z or w may be empty.
(12) (x, k, (k+1)2, k, y) → (x, −k, −(k+1)2, −k, yT ), where max|x| <

k < min|y| and x or y may be empty.

A meaning of Definition 3.1 is given by the following lemma (See [3,5]):

Lemma 3.2. If a lattice point x is transformed into a lattice point y by an
elementary transformation, then we have clβ(x) = clβ(y) (modulo a split
union of a trivial link for (9)).

The outline of a tabulation of prime links is the following (See [3,5]
for the details): Let ∆ be the subset of X consisting of 0, 1m for m = 2
and (x1, x2, . . . , xn), where n = 4, x1 = 1, 1 5 |xi| 5 n

2 , |xn| = 2 and
{|x1|, |x2|, . . . , |xn|} = {1, 2, . . . , max|x|}. Then we have ]{y ∈ ∆|y < x} <

∞ for every x ∈ ∆ and have σ(Lp) ⊂ ∆. First, we enumerate the lattice
points of ∆ under the canonical order and then we omit x ∈ ∆ from the
sequence if clβ(x) is a non-prime link or a link which has already appeared
in the table of prime links. By using Lemma 3.2, we can remove most of
the links which have already appeared. We show a table of prime links with
length up to 9 below:

O < 22
1 < 31 < 42

1 < 41 < 51 < 52
1 < 62

1 < 52 < 62 < 63
3 < 63

1 < 63 <

63
2 < 62

3 < 71 < 62
2 < 72

1 < 72
7 < 72

8 < 72
4 < 72

2 < 72
5 < 72

6 < 61 < 76 < 77 <

73
1 < 82

1 < 73 < 82 < 83
7 < 83

8 < 83
1 < 819 < 820 < 85 < 75 < 87 < 821 <

810 < 83
9 < 83

5 < 816 < 89 < 83
2 < 817 < 83

6 < 83
10 < 83

4 < 818 < 72
3 < 82

5 <

82
16 < 82

15 < 82
9 < 82

8 < 82
12 < 82

13 < 82
7 < 82

10 < 82
11 < 84

3 < 84
2 < 84

1 < 82
14 <

812 < 91 < 82
2 < 92

1 < 92
43 < 92

44 < 92
13 < 92

49 < 92
51 < 92

19 < 92
50 < 82

3 <

92
2 < 92

52 < 92
20 < 92

55 < 92
31 < 92

53 < 92
54 < 82

4 < 92
23 < 92

57 < 92
35 < 92

40 <

92
5 < 92

14 < 92
21 < 92

34 < 92
37 < 92

59 < 92
29 < 92

39 < 92
61 < 92

41 < 92
42 < 86 <

911 < 943 < 944 < 936 < 942 < 72 < 814 < 926 < 84 < 83
3 < 93

6 < 93
13 <

93
14 < 93

2 < 93
19 < 93

18 < 93
8 < 945 < 932 < 93

11 < 88 < 920 < 93
1 < 74 <

811 < 927 < 813 < 815 < 924 < 930 < 93
17 < 93

16 < 93
15 < 93

4 < 93
10 < 93

20 <

93
12 < 93

21 < 933 < 946 < 934 < 947 < 931 < 928 < 940 < 92
11 < 917 < 922 <

93
5 < 93

9 < 929 < 92
12 < 82

6 < 92
25

Table 1
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As an application, we show that the knots of Perko’s pair are
equivalent to each other, by using Lemma 3.2. We describe each
knot as a closed braid, which induces a lattice point. For ex-
ample 10161 and 10162 are corresponding to (13, 22, 1,−2, 1, 22) and
(4,−32,−4,−3, 2,−1,−2,−3,−2,−3, 4,−3,−4,−1,−2), respectively. By
applying Lemma 3.3 to each of them, as indicated in the following, we
see that they are transformed into the same smallest lattice points. Thus
we have 10161 = 10162.

(13, 22, 1,−2, 1, 22) → (13, 2,−1, 2, 12, 22) by (4)

(4,−32,−4,−3, 2,−1,−2,−3,−2,−3, 4,−3,−4,−1,−2)

→ (−32,−4,−3, 2,−1,−2,−3,−2,−3, 4,−3,−4,−1,−2, 4) by (6)

→ (−32,−4,−3, 2,−1,−2,−3,−2,−3, 4,−3,−4, 4,−1,−2) by (3)

→ (−32,−4,−3, 2,−1,−2,−3,−2,−3, 4,−3,−1,−2) by (1)

→ (−3,−1,−2,−32,−4,−3, 2,−1,−2,−3,−2,−3, 4) by (6)

→ (−1,−3,−2,−32,−4,−3, 2,−1,−2,−3,−2,−3, 4) by (3)

→ (−1,−22,−3,−2,−4,−3, 2,−1,−2,−3,−2,−3, 4) by (4)

→ (4 − 1,−22,−3,−2,−4,−3, 2,−1,−2,−3,−2,−3) by (6)

→ (−1,−22, 4,−3,−4,−2,−3, 2,−1,−2,−3,−2,−3) by (3)

→ (−1,−22,−3,−4, 3,−2,−3, 2,−1,−2,−3,−2,−3) by (4)

→ (−1,−22,−3, 3,−2,−3, 2,−1,−2,−3,−2,−3) by (2)

→ (−1,−23,−3, 2,−1,−2,−3,−2,−3) by (1)

→ (−1,−23,−3,−1,−2, 1,−2,−3,−2) by (4)

→ (−2,−1,−23,−3,−1,−2, 1,−2,−3) by (6)

→ (−13,−2,−1,−3,−1,−2, 1,−2,−3) by (4)

→ (−3,−13,−2,−1,−3,−1,−2, 1,−2) by (6)

→ (−13,−3 − 2,−3,−12,−2, 1,−2) by (3)

→ (−13,−2 − 3,−2,−12,−2, 1,−2) by (4)

→ (−13,−22,−12,−2, 1,−2) by (2)

→ (−22,−12,−2, 1,−2,−13) by (6)

→ (13, 2,−1, 2, 12, 22) by (8), (9)
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4. A method of a tabulation of prime link exteriors

Since a knot is determined by its exterior by the Gordon-Luecke Theorem[2],
we classify the exteriors of two or more component links.

We obtain a table of prime link exteriors, by omitting 72
7, 7

2
8, 8

3
7, 8

3
8,

82
16, 8

2
15, 9

2
43, 92

44, 9
2
49, 9

3
13, 9

3
14, 9

3
19, 9

3
18, 9

3
17 from Table 1 and replacing the

rest of the links with their exteriors because the exteriors of the above 14
links have already appeared (See [6]). So we have the following table of link
exteriors:

E(O) < E(22
1) < E(31) < E(42

1) < E(41) < E(51) < E(52
1) < E(62

1) <

E(52) < E(62) < E(63
3) < E(63

1) < E(63) < E(63
2) < E(62

3) < E(71) <

E(62
2) < E(72

1) < E(72
4) < E(72

2) < E(72
5) < E(72

6) < E(61) < E(76) <

E(77) < E(73
1) < E(82

1) < E(73) < E(82) < E(83
1) < E(819) < E(820) <

E(85) < E(75) < E(87) < E(821) < E(810) < E(83
9) < E(83

5) < E(816) <

E(89) < E(83
2) < E(817) < E(83

6) < E(83
10) < E(83

4) < E(818) < E(72
3) <

E(82
5) < E(82

9) < E(82
8) < E(82

12) < E(82
13) < E(82

7) < E(82
10) < E(82

11) <

E(84
3) < E(84

2) < E(84
1) < E(82

14) < E(812) < E(91) < E(82
2) < E(92

1) <

E(92
13) < E(92

51) < E(92
19) < E(92

50) < E(82
3) < E(92

2) < E(92
52) <

E(92
20) < E(92

55) < E(92
31) < E(92

53) < E(92
54) < E(82

4) < E(92
23) <

E(92
57) < E(92

35) < E(92
40) < E(92

5) < E(92
14) < E(92

21) < E(92
34) <

E(92
37) < E(92

59) < E(92
29) < E(92

39) < E(92
61) < E(92

41) < E(92
42) <

E(86) < E(911) < E(943) < E(944) < E(936) < E(942) < E(72) <

E(814) < E(926) < E(84) < E(83
3) < E(93

6) < E(93
2) < E(93

8) < E(945) <

E(932) < E(93
11) < E(88) < E(920) < E(93

1) < E(74) < E(811) <

E(927) < E(813) < E(815) < E(924) < E(930) < E(93
16) < E(93

15) <

E(93
4) < E(93

10) < E(93
20) < E(93

12) < E(93
21) < E(933) < E(946) <

E(934) < E(947) < E(931) < E(928) < E(940) < E(92
11) < E(917) <

E(922) < E(93
5) < E(93

9) < E(929) < E(92
12) < E(82

6) < E(92
25).

Table 2

5. A method of a tabulation of 3-manifolds

We make a list of closed connected orientable 3-manifolds by constructing
a sequence of 3-manifolds obtained from 0 surgery along the links in Table
2 and removing the manifolds which have already appeared (See [3]). Let
χ(L, 0) denote the manifold obtained from 0 surgery along a link L. We
classify χ(L, 0) for L in Table 2 according to the first homology group
H1(χ(L, 0)). There are 10 types of groups 0, Z, Z ⊕ Z, Z ⊕ Z ⊕ Z, Z ⊕
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Z2 ⊕ Z2, Z2, Z2 ⊕ Z2, Z3 ⊕ Z3, Z4, Z4 ⊕ Z4 and we have respectively
16, 62, 16, 4, 5, 7, 15, 7, 5, 5 links with these types of groups. In this
paper we enumerate the manifolds with H1(χ(L, 0)) ∼= Z. The links with
this condition are the following:

O < 31 < 41 < 51 < 52 < 62 < 63 < 71 < 61 < 76 < 77 < 73 < 82 <

819 < 820 < 85 < 75 < 87 < 821 < 810 < 83
5 < 816 < 89 < 817 < 83

6 < 818 <

812 < 91 < 86 < 911 < 943 < 944 < 936 < 942 < 72 < 814 < 926 < 84 <

93
2 < 945 < 932 < 88 < 920 < 93

1 < 74 < 811 < 927 < 813 < 815 < 924 <

930 < 93
10 < 933 < 946 < 934 < 947 < 931 < 928 < 940 < 917 < 922 < 929.

We see that χ(93
2, 0) ∼= χ(63, 0), χ(93

1, 0) ∼= χ(62, 0) and χ(946, 0) ∼=
χ(83

5, 0). So we omit χ(93
2, 0), χ(93

1, 0) and χ(946, 0) from the sequence. For
the rest of the links, we can see, by calculating the Alexander polynomials
or Alexander modules, that the manifolds are different from each other
except the following two cases:

∆(χ(O, 0)) = ∆(χ(93
10, 0)), ∆(χ(928, 0)) = ∆(χ(929, 0)).

However, we have

χ(O, 0) 6∼= χ(93
10, 0), χ(928, 0) 6∼= χ(929, 0)

by the following discussion. For the first case, we transform the framed link
93
10 with coefficient 0 into a framed knot K with coefficient 0 by the Kirby

calculus on handle slides. We see that K is a non-trivial knot by computing
the p0(`)-polynomial of the HOMFLY polynomial P (K; `,m) and we have
χ(93

10, 0) ∼= χ(K, 0) 6∼= χ(O, 0) by Gabai’s positive answer to the Property
R conjecture[1]. For the second case, we substitute the fifth roots of unity
for the Jones polynomials of 928 and 929 and we have

J928(ω) = −5 − 10ω + 3ω2 − 12ω3

J929(ω) = −3 + 9ω − 6ω2 + 6ω3,

where ω is any one of the fifth roots of unity. We see that J928(ω) 6= J929(ω
′)

for any of the fifth roots of unity ω, ω′ and we have χ(928, 0) 6∼= χ(929, 0) by
Kirby and Melvin’s theorem [7,p.530].

Therefore we have:

χ(O, 0) < χ(31, 0) < χ(41, 0) < χ(51, 0) < χ(52, 0) < χ(62, 0) <

χ(63, 0) < χ(71, 0) < χ(61, 0) < χ(76, 0) < χ(77, 0) < χ(73, 0) < χ(82, 0) <

χ(819, 0) < χ(820, 0) < χ(85, 0) < χ(75, 0) < χ(87, 0) < χ(821, 0) <
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χ(810, 0) < χ(83
5, 0) < χ(816, 0) < χ(89, 0) < χ(817, 0) < χ(83

6, 0) <

χ(818, 0) < χ(812, 0) < χ(91, 0) < χ(86, 0) < χ(911, 0) < χ(943, 0) <

χ(944, 0) < χ(936, 0) < χ(942, 0) < χ(72, 0) < χ(814, 0) < χ(926, 0) <

χ(84, 0) < χ(945, 0) < χ(932, 0) < χ(88, 0) < χ(920, 0) < χ(74, 0) <

χ(811, 0) < χ(927, 0) < χ(813, 0) < χ(815, 0) < χ(924, 0) < χ(930, 0) <

χ(93
10, 0) < χ(933, 0) < χ(934, 0) < χ(947, 0) < χ(931, 0) < χ(928, 0) <

χ(940, 0) < χ(917, 0) < χ(922, 0) < χ(929, 0).

Table 3
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A partial order on the set of the prime knots can be defined by existence of
a surjective homomorphism between knot groups. We determined the partial
order for all knots of Rolfsen’s knot table in the previous paper [3]. In this
paper, we show a sketch of the proof and consider further problems which are
caused by the above result.

Keywords: knot groups, surjective homomorphisms, periodic knots, degree one
map

1. Introduction

Let K be a prime knot in S3 and G(K) its knot group. We deal with only
prime knots in this paper. If there exists a surjective homomorphism from
G(K1) onto G(K2), then we write K1 ≥ K2. It is well known that this
relation gives a partial order on the set of the prime knots. This partial
order “≥” on the set of knots in Rolfsen’s knot table are determined in [3].
Here the numbering of knots follows that of Rolfsen’s book [11].

Theorem 1.1. The above partial order in Rolfsen’s knot table is given as

below:

85, 810, 815, 818, 819, 820, 821, 91, 96, 916, 923, 924, 928, 940,

105, 109, 1032, 1040, 1061, 1062, 1063, 1064, 1065, 1066, 1076, 1077,

1078, 1082, 1084, 1085, 1087, 1098, 1099, 10103, 10106, 10112, 10114,

10139, 10140, 10141, 10142, 10143, 10144, 10159, 10164

≥ 31,
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818, 937, 940, 1058, 1059, 1060, 10122, 10136, 10137, 10138 ≥ 41,

1074, 10120, 10122 ≥ 52.

Three knots 31, 41 and 52 do not admit surjective homomorphisms to
any knot in Theorem 1.1. In general, the following is a problem.
• Are three knots 31, 41 and 52 minimal elements for all prime knots?

Surjective homomorphisms are induced by some geometric reasons. If a
knot has a period, then there exists a surjective homomorphism from the
knot group to that of its factor knot.
• Which surjective homomorphism a pair of a periodic knot and its quotient
knot can realize?

Moreover, if there exists a degree one map between the exteriors of
knots, then this induces a surjective homomorphism between the knot
groups.
• Which surjective homomorphism a degree one map between knot exteriors
can realize?

In Section 2, we show a sketch of the proof of Theorem 1.1, namely, we
express how to prove the existence and non-existence of surjective homo-
morphisms between knot groups. In Section 3, we give partial answers for
these three problems, which are caused by Theorem 1.1. In Section 4, we
present some open problems.

2. A sketch of the proof of Theorem 1.1

In this section, we show a sketch of the proof of Theorem 1.1.
First, we can construct a surjective homomorphism between the groups

of each pair of knots which appears in Theorem 1.1. We search for their
surjective homomorphisms by using a computer. Once one finds surjective
homomorphisms, we can check easily that they are genuine surjective ho-
momorphisms, without a computer. In this way, we prove the existence of
surjective homomorphisms.

If the Alexander polynomial of G(K ′) can not divide that of G(K), then
there exists no surjective homomorphism from G(K) onto G(K ′). See [1]
for details. Among the pairs which do not appear in Theorem 1.1, we can
prove the non-existence of surjective homomorphisms by using the Alexan-
der polynomial, for almost all pairs. In the case that the Alexander polyno-
mial is not useful to prove the non-existence of surjective homomorphisms,
we make use of twisted Alexander invariants in order to prove it. The theory
of twisted Alexander polynomials for a knot was introduced by Lin [8] and
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Wada [13]. The twisted Alexander polynomial ∆K,ρ, which is an invariant
of a knot K associated to a representation ρ of G(K), has a rational expres-
sion of one variable. Let ∆N

K,ρ,∆
D
K,ρ be the numerator and the denominator

of the twisted Alexander invariant ∆K,ρ. The following is a consequence of
the previous paper [5].

Theorem 2.1. If there exists a representation ρ′ : G(K ′) → SL(2; Z/pZ)
such that for any representation ρ : G(K) → SL(2; Z/pZ), ∆N

K,ρ is not
divisible by ∆N

K′,ρ′ or ∆D
K,ρ = ∆D

K′,ρ′ , then there exists no surjective homo-
morphism from G(K) to G(K ′).

By applying this criterion with the aid of a computer, we can prove the
non-existence of surjective homomorphisms for the rest cases by considering
prime numbers up to 17.

3. Minimality, period and degree one map

In this section, we give partial answers for three problems which are enu-
merated in Section 1. First, we obtain the minimality of 31 and 41.

Theorem 3.1. 31 and 41 are minimal elements under this partial ordering.

We remark that Silver and Whitten obtained the same result in [12].
The key fact to show Thoerem 3.1 is that 31 and 41 are fibered knots of
genus 1. However, 52 is not a fibered knot. It is still open whether 52 is
minimal or not.

Secondly, we consider periods of knots. The periods of knots in Rolfsen’s
table are determined in [7]. As the result, we have the following.

Theorem 3.2. The following relations are realized by a pair of a periodic
knot and its quotient knot:

85, 815, 819, 821, 91, 916, 928, 940,

1061, 1063, 1064, 1066, 1076, 1078, 1098, 10139, 10141, 10142, 10144
≥ 31,

818, 1058, 1060, 10122, 10136, 10138 ≥ 41,

10120 ≥ 52.

Next, we consider degree one maps between the exteriors of two knots.
To prove Theorem 1.1, we constructed explicitly surjective homomorphisms
between knot groups for all pairs in the list. For these surjections, we study
which surjection induces a degree one map. It can be done by observing the
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peripheral structures of knot groups. Then we obtain the following as the
result.

Theorem 3.3. The following relations are realized by degree one maps:

818, 105, 109, 1032, 1040, 10103, 10106, 10112, 10114, 10159, 10164 ≥ 31,

937, 940 ≥ 41,

1074, 10122 ≥ 52.

Here we remark that some surjections in our list are of degree zero.
Geometric interpretations of the following pairs, which do not appear in

Theorem 3.2 and Theorem 3.3, can not be determined by the two theorems:

810, 820, 96, 923, 924, 1062, 1065, 1077, 1082,

1084, 1085, 1087, 1099, 10140, 10143, 10144,
≥ 31,

1059, 10137 ≥ 41.

We remark that Ohtsuki-Riley-Sakuma [10] shows other geometric inter-
pretations for all pairs in Theorem 1.1.

4. Further problems

In this section, we present some open problems.

(1) Suppose that K ≥ K ′, is the minimal crossing number of K greater
than or equal to that of K ′?

(2) Suppose that K ≥ K ′, is the bridge number of K greater than or equal
to that of K ′?

(3) Suppose that K ≥ K ′, can we determine the mapping degree?

For the first problem, Theorem 1.1 gives us the affirmative answer in
the Rolfsen’s knot table. Moreover, we checked this property holds for all
the alternating knots with up to 11 crossings.
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properties of the volume function and describe the differential equation satisfied
by this function.
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1. Introduction

This is an expository note to illustrate how the volume of a simplex in spher-
ical or hyperbolic space can be expressed by means of iterated integrals on
the space of shapes of simplices. A main tool for relating volumes and iter-
ated integrals is Schläfli’s differential equality ([8],[6]). In [1], Aomoto stud-
ied the Schläfli function, the volume function for spherical simplices, and
showed that the volume of a simplex is described by the iterated integrals
of logarithmic forms. This approach leads us to the analytic continuation
of the the Schläfli function on the space of complexified Gram matrices.
We shall clarify the relationship between the analytic continuation of the
Schläfli function and the volume of a hyperbolic simplex. Moreover, we give
an explicit description of the differential equation for such volume functions.
It turns out that this differential equation is derived from a nilpotent con-
nection. A motivation for the investigation of this aspect is to control the
asymptotic behavior of the volume on the boundary of the space of shapes.
This subject will be treated in a separate publication.
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2. Schläfli’s differential equality

Let Sn be the unit sphere in the Euclidean space Rn+1 equipped with the
Riemannian metric induced from the Eucllidean metric. The differential
form

ω =
1

rn+1

n+1∑
j=1

(−1)j−1xj dx1 ∧ · · · ∧ dxj−1 ∧ dxj+1 ∧ · · · ∧ dxn+1,

where r = ‖x‖ 1
2 , is invariant under the scaling transformation x 7→ λx,

λ > 0 and the restriction of ω on Sn gives the volume form for the unit
sphere.

Let Hj , 1 ≤ j ≤ m, be hyperplanes in Rn+1 defined by linear forms
fj : Rn+1 → R and we define C to be the intersection of the half spaces
fj ≥ 0, 1 ≤ j ≤ m. By means of the identity rndr ∧ ω = dx1 ∧ · · · ∧ dxn+1

it can be shown that the volume of the spherical polyhedron P = Sn ∩ C

is expressed as

V (P ) =
2

Γ
(

n+1
2

) ∫
C

e−x2
1−···−x2

n+1 dx1 · · · dxn+1 (1)

A model for the hyperbolic space with constant curvature −1 is de-
scribed in the following way. We equip Rn+1 with the Minkowski metric
defined by the bilinear form

〈x,y〉(n|1) = x1y1 + · · · + xnyn − xn+1yn+1, x,y ∈ Rn+1.

The hyperboloid Hn defined by −x2
1 − · · · − x2

n + x2
n+1 = 1, xn+1 > 0 has

a Riemannian metric induced from the Minkowski metric of Rn+1. With
respect to this metric Hn is a hyperbolic space with constant curvature
−1. As in the spherical case the volume of the hyperbolic polyhedron P =
Hn ∩ C is expressed as

V (P ) =
2

Γ
(

n+1
2

) ∫
C

e−(−x2
1−···−x2

n+x2
n+1) dx1 · · · dxn+1. (2)

Let Mn
κ be the spherical, Euclidean or hyperbolic space of constant

curvature κ and of dimension n ≥ 2. Let {P} be a family of smoothly
parametrized compact n dimensional polyhedra in Mn

κ . Let Vn(P ) the n-
dimensional volume of P and we regard it as a function on the space of
parameters for the family {P}. For each (n − 2)-dimensional face F of P

let Vn−2(F ) be the (n − 2)-dimensional volume of F and θF the dihedral
angle of the two (n− 1)-dimensional faces meeting at F . In the case n = 2,
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V0(F ) stands for the number of points in the finite set F . Then the formula

κ dVn(P ) =
1

n − 1

∑
F

Vn−2(F ) dθF (3)

holds, where the sum is taken over all (n − 2)-dimensional faces F . The
above formula was first shown in the spherical case by Schläfli and is called
Schläfli’s differential equality. We refer the readers to [5] and [6] for the
complete proof.

In the following we consider ∆, an n-dimensional simplex Mn
κ . Let

E1, · · · , En−1 be (n − 1)-dimensional faces of ∆ and θij the dihedral angle
between Ei and Ej . The Gram matrix A = (aij) of the simplex ∆ is the
(n+1)× (n+1) matrix defined by aij = − cos θij . Here all diagonal entries
aii are equal to 1. A matrix with this property is called unidiagonal. We
denote by Xn(R) the set of all symmetric unidiagonal (n + 1) × (n + 1)
matirices, which is an affine space of dimension n(n + 1)/2. The shape of a
simplex is determined by its Gram matrix. The Gram matrix A for a sim-
plex ∆ lies in spherical, Euclidean or hyperbolic space according as det A

is positive, zero or negative. We denote by C+
n , C0

n or C−
n the set of all

possible Gram matrices for spherical, Euclidean or hyperbolic simplices. It
is known that the union Cn = C+

n ∪C0
n∪C−

n is a convex open set in Xn(R)
and that the codimension one Euclidean locus C0

n is a topological cell which
cuts Cn into two open cells C+

n and C−
n (see [6]).

3. Iterated integrals

A main subject of this note is to express the volume of a spherical or a hy-
perbolic simplex in terms of iterated integrals of 1-forms. Let us first recall
the notion of iterated integrals of 1-forms. Let ω1, · · · , ωk be differential
1-forms on a smooth manifold M . For a smooth path γ : [0, 1] → M we
express the pull-back as γ∗ωi = fi(t)dt, 1 ≤ i ≤ k. Now the iterated line
integral of the 1-forms ω1, · · · , ωk is defined as∫

γ

ω1ω2 · · ·ωk =
∫

0≤t1≤···≤tk≤1

f1(t1)f2(t2) · · · fk(tk) dt1dt2 · · · dtk. (4)

For differential forms ω1, · · · , ωk on M of arbitrary degrees p1, · · · , pk,
the iterated integral is defined in the following way. Let PM be the space
of smooth paths on M . We set

∆k = {(t1, · · · , tk) ∈ Rk ; 0 ≤ t1 ≤ · · · ≤ tk ≤ 1}.
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There is an evaluation map

ϕ : ∆k × PM → M × · · · × M︸ ︷︷ ︸
k

defined by ϕ(t1, · · · , tk; γ) = (γ(t1), · · · , γ(tk)). The iterated integral of
ω1, · · · , ωk is defined as∫

ω1 · · ·ωk =
∫

∆k

ϕ∗(ω1 × · · · × ωk)

where the right hand side is the integration along fiber with respect to the
projection p : ∆k × PM → PM . The above iterated integral is considered
to be a differential form on the path space PM with degree p1+ · · ·+pk−k.
In particular, in the case ω1, · · · , ωk are 1-forms the iterated integral gives
a function on the path space.

The theory of iterated integrals was developed by K. T. Chen in relation
with the cohomology of loop spaces. We refer the reader to [2] for details
concerning this aspect. The following Proposition due to Chen plays a fun-
damental role in this note to show the integrability of the volume function.

Proposition 3.1. As a differential form on the space of paths fixing end-
points the iterated integral satisfies

d

∫
ω1 · · ·ωk

=
k∑

j=1

(−1)νj−1+1

∫
ω1 · · ·ωj−1dωj ωj+1 · · ·ωk

+
k−1∑
j=1

(−1)νj+1

∫
ω1 · · ·ωj−1(ωj ∧ ωj+1)ωj+2 · · ·ωk

where we set νj = deg ω1 + · · · + deg ωj − j, 1 ≤ j ≤ k.

4. Volumes of spherical simplices

Let ∆ be an n-dimensional spherical simplex with (n−1)-dimensional faces
E0, · · · , En. For a positive integer m with 2m ≤ n + 1 let

I0 ⊂ I1 ⊂ · · · ⊂ Ik ⊂ · · · ⊂ Im

be an increasing sequence of subsets of I = {1, 2, · · · , n + 1} such that
|Ik| = 2k. We denote by Fm[n] the set of all such sequences (I0 · · · Im). We
put

∆(Ik) =
⋂

j∈Ik

Ej , k = 1, 2, · · ·
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Then, ∆(Ik) is an (n − 2k)-dimensional face of ∆. Writing Ik as Ik =
{a1, b1, · · · , ak, bk}, k = 1, 2, · · · , we denote by θ(Ik−1, Ik) the dihedral
angle between the faces ∆(Ik−1) ∩ Eak

and ∆(Ik−1) ∩ Ebk
. We consider

θ(Ik−1, Ik) as a function on C+
n and put

ω(Ik−1, Ik) = dθ(Ik−1, Ik),

which is a 1-form on C+
n . For 1 ≤ m ≤ n+1

2 we put

cn,m =
(n − 2m)!!
(n − 1)!!

· V (Sn−2m)
2n−2m+1

where V (S−1) is formally set to be 1. The following volume formula for a
spherical simplex by iterated integrals is due to Aomoto [1].

Proposition 4.1. The volume of the spherical simplex ∆(A) ⊂ Sn with a
Gram matrix A is given by

V (∆(A))

= cn,0 +
∑

1≤m≤[n+1
2 ]

 ∑
(I0···Im)∈Fm[n]

cn,m

∫ A

E

ω(Im−1, Im) · · ·ω(I0, I1)


where the iterated integral is for a path from the unit matrix E to A in C+

n .

Proof. By Schläfli’s differential equality we have

V (∆(A)) =
V (Sn)
2n+1

+
1

n − 1

∑
I1

∫ A

E

Vn−2(∆(I1)) ω(I0, I1)

where the sum is for all I1 ⊂ I with |I1| = 2. Applying Schläfli’s differential
equality for Vn−2(∆(I1)) we have

V (∆(A)) = cn,0 +
∑
I1

cn,1

∫ A

E

ω(I0, I1)

+
1

(n − 1)(n − 3)

∑
I1⊂I2

∫ A

E

Vn−4(∆(I2)) ω(I1, I2)ω(I0, I1).

Repeating inductively this procedure we obtain our Proposition.

The formula in Proposition 4.1 can be simplified by taking a base point
on the boundary of C+

n in the following way. We take a sequence of Gram
matrices Ak in C+

n converging to a point x0 in the Euclidean locus C0
n.

Then, we have limk→∞ V (∆(Ak)) = 0, which leads us to the following
Proposition.
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Proposition 4.2. We put m =
[

n+1
2

]
. The volume of the n-dimensional

spherical simplex ∆(A) ⊂ Sn with a Gram matrix A is expressed as

V (∆(A)) =
∑

(I0···Im)∈Fm[n]

1
(n − 1)!!

∫ A

x0

ω(Im−1, Im) · · ·ω(I0, I1).

For Ik = {a1, b1, · · · , ak, bk}, k = 1, 2, · · · , we denote by D(Ik) the small
determinant of the Gram matrix A with rows and columns indexed by Ik.
We set D(Ik−1, Ik) to be the small determinant of A with rows and and
columns indexed by Ik−1 ∪ {ak} and Ik−1 ∪ {bk} respectively.

In [1] Aomoto showed that the the 1-forms ω(Ik−1, Ik) are expressed as
logarithmic forms as follows.

Proposition 4.3. The 1-form ω(Ik−1, Ik) = dθ(Ik−1, Ik) is expressed by
means of small determinants of the Gram matrix as

ω(Ik−1, Ik) =
1
2i

d log

(
−D(Ik−1, Ik) + i

√
D(Ik−1)D(Ik)

−D(Ik−1, Ik) − i
√

D(Ik−1)D(Ik)

)

=d arctan

(
−

√
D(Ik−1)D(Ik)
D(Ik−1, Ik)

)
.

Example 4.1. Let us describe the volume of a 3-dimensional spherical
simplex in terms of θij , 1 ≤ i < j ≤ 4, the dihedral angles between the
2-dimensional faces. The volume of a 3-dimensional spherical simplex for a
Gram matrix A satisfies.

dV (∆(A)) =
1
2

∑
1≤i<j≤4

arctan

(
− sin θij

√
detA

Dij

)
dθij (5)

where Dij stands for the small determinant D({i, j}, {1, 2, 3, 4}). From the
formula (5) we recover the equalities for the volume of a 3-dimensional
spherical orthosimplex obtained by Coxeter in [4]. We refer the reader to
[3] and [7] for more recent developments on the volume of a 3-dimensional
spherical or hyperbolic simplex.

5. Analytic continuation to hyperbolic volumes

In this section, we consider the volume of a spherical simplex

S(A) =
∑

(I0···Im)∈Fm[n]

1
(n − 1)!!

∫ A

x0

ω(Im−1, Im) · · ·ω(I0, I1)
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obtained in Proposition 4.2 as a function in A ∈ C+
n , which we shall call the

Schläfli function. We denote by Xn+1(C) the set of (n + 1) × (n + 1) sym-
metric unidiagonal complex matrices. For a subset J of I = {1, 2, · · · , n+1}
we define Z(J) to be the set consisting of A ∈ Xn+1(C) such that the small
determinant D(J) of A vanishes. We set

Z =
⋃

J⊂I, |J|≡1 mod 2

Z(J).

Then we have the following Lemma.

Lemma 5.1. The differential form ω(Ik−1, Ik) is holomorphic on the set
Xn+1(C) \ Z.

Proof. We set Ik = {a1, b1, · · · , ak, bk} as in the previous section. By
Proposition 4.3 the differential form ω(Ik−1, Ik) is possibly singular only
in the case the equality

D(Ik−1, Ik)2 + D(Ik−1)D(Ik) = 0

holds. It follow from the Jacobi determinant identity that

D(Ik−1, Ik)2 + D(Ik−1)D(Ik) = D(Ik−1 ∪ {ak})D(Ik−1 ∪ {bk}),

which implies that ω(Ik−1, Ik) is holomorphic on the set

Xn+1(C) \ {Z(Ik−1 ∪ {ak}) ∪ Z(Ik−1 ∪ {bk})}.

This completes the proof.

Lemma 5.2. For (I0, · · · , Im) ∈ Fm[n] there is a relation∑
K

ω(Ik, K) ∧ ω(K, Ik+2) = 0

where the sum is taken for any K with |K| = 2k + 2 and Ik ⊂ K ⊂ Ik+2,
k = 0, 1, · · · , m − 2.

Proof. We express Ik+2 as Ik+2 = Ik ∪{j1, · · · , j4} and put E′
jp

= ∆(Ik)∩
Ejp

, j = 1, · · · , 4. Let Pk be the polyhedron with faces E′
jp

, j = 1, · · · , 4.
It follows from Schläfli’s differential equality that

dVn−2k(Pk) =
1

n − 2k − 1

∑
K

Vn−2k−2(∆(K))dθ(Ik,K) (6)

where the sum is taken for any K with |K| = 2k + 2 and Ik ⊂ K ⊂
Ik+2. Here the volume Vn−2k−2(∆(K)) is proportional to the dihedral angle
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θ(K, Ik+2). Therefore, by taking the exterior derivative of the equation (6),
we obtain the desired relation.

Let γ : [0, 1] → Xn+1(C) be a smooth path such that γ(0) = x0,
γ(1) = A and γ(t) ∈ Xn+1(C) \Z for t > 0. We fix Ip, Iq ⊂ I with Ip ⊂ Iq,
|Ip| = 2p and |Iq| = 2q. Then we have the following Theorem.

Theorem 5.1. The iterated integral

Iγ(A) =
∑

Ip⊂Ip+1⊂···⊂Iq

∫
γ

ω(Iq−1, Iq) · · ·ω(Ip, Ip+1)

is invariant under the homotopy of a path γ fixing the endpoints x0 and A.

Proof. As a function on the space of paths connecting x0 and A we have

d

∫
γ

ω(Iq−1, Iq) · · ·ω(Ip, Ip+1)

=
m−1∑
k=2

ω(Iq−1, Iq) · · ·ω(Ik−1, Ik) ∧ ω(Ik−2, Ik−1) · · ·ω(Ip, Ip+1)

by Proposition 3.1. Then by applying of Lemma 5.2 we obtain d Iγ(A) = 0,
which shows the homotopy invariance of Iγ(A).

Combining the above Theorem with Proposition 4.2 and Lemma 5.1 we
obtain the following Theorem.

Theorem 5.2. The Schläfli function S(A) is analytically continued to a
multi-valued holomorphic function on Xn+1(C) \ Z.

In particular, the Schläfli function S(A), A ∈ C+
n , is continued to an

analytic function on the set of Gram matrices Cn = C+
n ∪ C0

n ∪ C−
n , which

is relevent to the hyperbolic volume in the following way.

Corollary 5.1. For A ∈ C−
n the volume of the hyperbolic simplex ∆(A) ⊂

Hn is related to the analytic continuation of the Schläfli function by the
formula inV (∆(A)) = S(A).

Proof. Let H1, · · · ,Hn+1 be hyperplanes in Rn+1 in general position and

fj(x1, · · · , xn+1) = uj1x1 + · · · + ujnxn + uj,n+1xn+1, 1 ≤ j ≤ n + 1
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linear forms defining Hj . We express the volume of the spherical simplex
∆ = Sn ∩ C as in formula (1). Let ξ be a positive real number close to 1
and we deform the linear forms as

fξ
j (x1, · · · , xn+1) = uj1x1 + · · · + ujnxn + ξuj,n+1xn+1, 1 ≤ j ≤ n + 1.

Let Cξ be the corresponding cone defined by the intersection of the half
spaces fξ

j ≥ 0 for 1 ≤ j ≤ n + 1. The volume of the simplex ∆ξ = Sn ∩ Cξ

is expressed as

V (∆ξ) =
2

Γ
(

n+1
2

) ∫
Cξ

e−x2
1−···−x2

n+1 dx1 · · · dxn+1

Let Aξ be the Gram matrix for the simplex ∆ξ. By the change of variables
xj = ξyj , 1 ≤ j ≤ n, xn+1 = yn+1, S(Aξ) is expressed as

S(Aξ) =
2

Γ
(

n+1
2

) ∫
C

ξne−ξ2y2
1−···−ξ2y2

n−y2
n+1 dy1 · · · dyn+1 (7)

Now we consider the analytic continuation of the Schläfli function with
respect to the path Aξ, ξ = eiθ, 0 ≤ θ ≤ π

2 . Comparing the formula (7)
with ξ = i and the formula (2) we obtained the desired relation.

The volume corrected curvature κV (∆(A))
2
n for A ∈ Cn is scaling in-

variant and is considered to be a function on Cn. Since it is expressed as
S(A)

2
n we obtain the following Corollary, which was shown in [6] by an

alternative method.

Corollary 5.2. The volume corrected curvature κV (∆(A))
2
n is an analytic

function on the set of Gram matrices Cn = C+
n ∪ C0

n ∪ C−
n .

6. Nilpotent connections

In this section we describe the differential equation satisfied by iterated
integrals appearing in the expression of the Schläfli function. We set m =[

n+1
2

]
and Ip denotes a subset of I with |Ip| = 2p. For an integer 0 ≤ k ≤ m

we define the function f(Im−k; z) by

f(Im−k; z) =
∑

Im−k⊂Im−k+1⊂···⊂Im

∫
γ

ω(Im−1, Im) · · ·ω(Im−k, Im−k+1)

where γ is a path from the base point x0 to z ∈ Xn+1(C) \ Z. Let Wk

be the vector space over C spanned by f(Im−k; z) for all Im−k ⊂ I. In
particular, W0 is set to be the one dimensional vector space consisting of
constant functions. We put W = W0 ⊕ W1 ⊕ · · · ⊕ Wm.
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Theorem 6.1. Any ϕ ∈ W satisfies the differential equation dϕ = ϕω

with

ω =
∑

Ip−1⊂Ip

A(Ip−1, Ip)ω(Ip−1, Ip)

where A(Ip−1, Ip) is a nilpotent endomorphism of V .

Proof. Let Ω1 be the vector space spanned by all ω(Ip−1, Ip) for Ip−1 ⊂
Ip ⊂ I. The operator d acts as d Wk ⊂ Wk−1 ⊗ Ω1 since we have

df(Im−k; z)

=
∑

Im−k⊂Im−k+1

 ∑
Im−k+1⊂···⊂Im−1⊂Im

f(Im−k+1; z)

 ω(Im−k, Im−k+1).

Expressing d by means of linear endomorphisms of V , we obtain the asser-
tion.
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In this article, we introduce a method to construct invariants of the stably
equivalent surface links in R4 by using invariants of classical knots and links
in R3. We give invariants derived from this construction with the Kauffman
bracket polynomial.
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1. Introduction

By a surface link (or knotted surface) of n components we mean a lo-
cally flat closed (possibly disconnected or non-orientable) surface L =
F1∪F2∪· · ·∪Fn imbedded in the oriented Euclidean space R

4, where each
component Fi is homeomorphic to a closed connected surface. Throughout
this paper, we work in the piecewise linear or smooth category. Two surface
links L and L′ in R4 are said to be equivalent if there exists an orientation
preserving homeomorphism Φ : R4 → R4 such that Φ(L) = L′. Using a
hyperbolic splitting of a surface link L in R4 [5], K. Yoshikawa [7] defined a
surface diagram of L, which is a spatial 4-regular graph diagram in R2 with
marked 4-valent vertices, and gave a set of the eight planar local moves
Ω1, . . . ,Ω8(see Fig. 2).

This article is a research announcement for a recently developed method
to construct invariants of the Yoshikawa’s moves by using invariants of
classical knots and links in R3 and some related results. The details and
proofs can be founded in [4], which will appear elsewhere.

The author would like to thank Seiichi Kamada as well as the other
organizers of this conference for providing this opportunity. He would also
like to thank Makoto Sakuma for financial support.
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2. Hyperbolic splittings of surface links in R
4

Let R
3
t = {(x1, x2, x3, x4) ∈ R

4 | x4 = t}. Given a surface link L in R
4, there

exists a surface link L̃ in R4, called a hyperbolic splitting of L, satisfying
the following conditions, cf. [1, 2, 3, 5, 7]:

• L̃ is equivalent to L and has only finitely many critical points, all of
which are elementary;

• All maximal points of L̃ are in the hyperplane R3
1;

• All minimal points of L̃ are in the hyperplane R3
−1;

• All saddle points of L̃ are in the hyperplane R
3
0.

Note that the intersection L̃ ∩ R3
0 of such a surface L̃ with the 0-level

cross-section R
3
0 is a 4-valent spatial graph in R

3
0. By a surface diagram (or

briefly, diagram) of L we mean a 4-valent spatial graph in R
3
0
∼= R

3 along
with a “marker” for each vertex, i.e, for each saddle point, indicating how
the saddle points open up above as shown in Fig. 1.

- -

t = ǫ

t = −ǫ

t = 0

Fig. 1. Marking of a vertex

Note that any surface link L in R4 can be represented by a surface
diagram and the surface L can be completely reconstructed from its surface
diagram up to equivalence. As usual we describe a surface diagram by its
regular projection on a plane with over and under crossings indicated in
the standard way and with marked vertices.

Definition 2.1. Two surface diagrams D and D′ are said to be stably
equivalent if they can be transformed each other by a finite sequence of the
moves Ωi(i = 1, 2, . . . , 8) and Ω′

6 as shown in Fig. 2 and their mirror moves.
Two surface links L and L′ are said to be stably equivalent if their diagrams
are all stably equivalent.
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1 : //oo
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5 : ???? ���� //oo
6 : ???? ���� //oo
06 : ������� ???? ���� ???? //oo ???????����????����
7 : S S09999999 99 9999������:::: :: 99 777777 ��������� ��������������� //oo ������������� 777777 ��������������:::::::::999999999999999
8 : T T 0
Fig. 2. The Yoshikawa moves

It is conjectured by K. Yoshikawa [7] that two surface links L and L′ in
R4 are equivalent if and only if they are stably equivalent. Recently, F. J.
Swenton [6] asserted that this conjecture is true.

3. Construction of the invariants

Let R be a commutative ring with the additive identity 0 and the multi-
plicative identity 1 and let R̂ = R[A1, . . . , Am],m ≥ 0, denote the ring of
polynomials in commuting variables A1, . . . , Am with coefficients in R. If
m = 0, then R̂ = R. Let [ ] be a regular or an ambient isotopy invariant
of classical knots and links in R3 with the values in R̂ and the following
properties: for an element δ = δ(A1, . . . , Am) ∈ R̂ and an invertible element
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α = α(A1, . . . , Am) ∈ R̂,[ ℄ = �[ ℄; [ ℄ = ��1[ ℄; [K
℄ = Æ[K℄;
where K© denotes any addition of a disjoint circle © to a classical

knot or link diagram K. Throughout this article, we denote by E an ex-
tension ring of the ring R[A1, . . . , Am, x, y, z, w] of polynomials in variables
A1, . . . , Am, x, y, z, w with coefficients in R, otherwise specified.

Definition 3.1. Let D be a surface diagram. Let [[D]] = [[D]](A1, . . . , Am,

x, y, z, w) be a polynomial in R̂[x, y, z, w] defined by means of the two rules:

(L1) [[D]] = [D] if D is a classical knot or link diagram,

(L2) [[ ���� ???? ℄℄ = [[ ℄℄x+ [[ ????�� �� ℄℄y + [[ ����?? ?? ℄℄z + [[ ℄℄w;
where x, y, z and w are commuting algebraic variables and the five diagrams
in [[ ]] are the small parts of five larger diagrams that are identical except
at the five local sites indicated by the small parts.

A state σ of D is an assignment of T∞, T−, T+, or T0 to each marked
vertex of D. Let S(D) denote the set of all states of D. For each state
σ ∈ S(D), let Dσ denote the classical knot or link diagram, called the state
diagram, obtained from D by replacing each marked vertex of D with four
trivial 2-tangles according to the assignment T∞, T−, T+, or T0 by the state
σ as illustrated:���� ????T1 �! ; ���� ????T� �! ????�� �� ; ���� ????T+ �! ����?? ?? ; ���� ????T0 �!

Then (L2) gives the following state-sum formula for the polynomial
[[D]]:

[[D]](A1, . . . , Am, x, y, z, w) =
∑

σ∈S(D)

[Dσ]xσ(∞)yσ(−)zσ(+)wσ(0),

where σ(∞), σ(−), σ(+) and σ(0) denote the numbers of the assignment
T∞, T−, T+ and T0 of the state σ, respectively.

Let Tn denote the set of all n-tangle diagrams with or without marked
vertices, let T c

n denote the set of all classical n-tangle diagrams, and let Bn

denote the geometric braid group on n-strings with geometric generators
σ1, σ2, . . . , σn−1. For given two tangles x, y ∈ Tn, xy and x ◦ y are the
diagrams as shown in Fig. 3. Let e1, e2, . . . , en−1 be the n-tangles shown in
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Fig. 3 and denote f0 = 1, the trivial 3-string braid, f1 = e1, f2 = e2, f3 =
e1e2, f4 = e2e1 in T c

3 and β = σ2σ1σ3σ2, β
∗ = σ−1

2 σ−1
1 σ−1

3 σ−1
2 ∈ B4. Define

∆7(A1, . . . , Am, x, y, z, w;U) = xw([f4 ◦ U ] − [f3 ◦ U ])+

zw([f2σ1 ◦ U ] − [σ1f2 ◦ U ]) + yw([f2σ
−1
1 ◦ U ] − [σ−1

1 f2 ◦ U ])+

xy([σ2f1 ◦ U ] − [f1σ2 ◦ U ]) + xz([σ−1
2 f1 ◦ U ] − [f1σ

−1
2 ◦ U ])+

y2([σ2σ
−1
1 ◦ U ] − [σ−1

1 σ2 ◦ U ]) + z2([σ−1
2 σ1 ◦ U ] − [σ1σ

−1
2 ◦ U ])+

yz([σ2σ1 ◦ U ] − [σ1σ2 ◦ U ] + [σ−1
2 σ−1

1 ◦ U ] − [σ−1
1 σ−1

2 ◦ U ])

and

∆8(A1, . . . , Am, x, y, z, w;V ) = xw([β ◦ V ] − [β∗ ◦ V ])+

yw([σ1β ◦ V ] − [σ1β
∗ ◦ V ]) + zw([σ−1

1 β ◦ V ] − [σ−1
1 β∗ ◦ V ])+

yz([σ1σ3β ◦ V ] − [σ1σ3β
∗ ◦ V ]) + [σ−1

1 σ−1
3 β ◦ V ] − [σ−1

1 σ−1
3 β∗ ◦ V ])+

y2([σ1σ
−1
3 β ◦ V ] − [σ1σ

−1
3 β∗ ◦ V ]) + z2([σ−1

1 σ3β ◦ V ] − [σ−1
1 σ3β

∗ ◦ V ])+

xz([σ3β ◦ V ] − [σ3β
∗ ◦ V ]) + xy([σ−1

3 β ◦ V ] − [σ−1
3 β∗ ◦ V ]).

Theorem 3.1. Let D be a surface diagram, let [ ] be a regular(resp. am-
bient) isotopy invariant of classical links, and let V(∆; [ ]) be the set of all
solutions (a, s) = (a1, . . . , am, s1, s2, s3, s4) ∈ E

m+4 satisfying the system:

(∆; [ ]) =
{

∆7(A1, . . . , Am, x, y, z, w;U) = 0 for all U ∈ T c
3 ;

∆8(A1, . . . , Am, x, y, z, w;V ) = 0 for all V ∈ T c
4 .

Then for any (a, s) ∈ V(∆; [ ]), [[D]](a, s) is an invariant of all Yoshikawa
moves and their mirror moves, except the moves Ω1,Ω6 and Ω′

6 (resp. Ω6

and Ω′
6).
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Given a surface diagram with a vertex set V (D) = {v1, v2, . . . , vs},
let L+(D) and L−(D) be the classical link diagrams obtained from D by
replacing each vertex vi(i = 1, 2, . . . , s) as illustrated in Fig. 4, where bi(i =
1, 2, . . . , s = |V (D)|) is a band attached to L−(D).

����������?????????? // �� ��????
�� ��????
�� ��????a vertex with a marker

L+(D)L�(D) [ fb1; : : : ; bsgbi L�(D)
Fig. 4.

Denote t−(D) = w(L−(D)) and t+(D) = w(L+(D)), the usual writhes
of L−(D) and L+(D) with arbitrary chosen orientations, respectively. We
define t(D) to be an integer given by the formula

t(D) = t+(D) + t−(D).

Next, we denote the numbers of components of the links L+(D) and L−(D)
by µ+(D) and µ−(D), respectively. We define e(D) to be an integer given
by the formula

e(D) = µ+(D) − µ−(D).

For (a, s) = (a1, . . . , am, s1, s2, s3, s4) ∈ V(∆; [ ]), define

λ1(a, s) = δ(a)s1 + α(a)s2 + α(a)−1s3 + s4,

λ2(a, s) = s1 + α(a)−1s2 + α(a)s3 + δ(a)s4,

and

¿ D À (a, s) = [[D]](a, s)[[D∗]](a, s),

where D∗ is a surface diagram obtained from D by replacing all vertex
markers as shown: ��������� ????????? // ��������� ?????????
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Theorem 3.2. Let D be a surface diagram of a surface link L in R
4 and

let [ ] be a regular or an ambient isotopy invariant of classical knots and
links in R

3. Let (a, s) ∈ V(∆; [ ]) such that α(a) is invertible.

(1) If λ(a, s) = λ1(a, s)λ2(a, s) 6= 0, then

LD(a, s) = α(a)−t(D)λ(a, s)−|V (D)| ¿ D À (a, s)

is an invariant of the stably equivalence class of L.

(2) If λ1(a, s) = λ2(a, s) 6= 0, then

J1
D(a, s) = α(a)−t+(D)λ1(a, s)−|V (D)|[[D]](a, s)

is an invariant of the stably equivalence class of L.

(3) If λ2(a, s) = λ1(a, s)−1 6= 1, then

J2
D(a, s) = α(a)−t+(D)λ1(a, s)−e(D)[[D]](a, s)

is an invariant of the stably equivalence class of L.

4. The invariants via the Kauffman bracket polynomial

From now on we mean [[D]] the polynomial [[D]](A, x, y, z, w) in Def-
inition 3.1 with [ ] = 〈 〉(A), the Kauffman bracket polynomial, and
E = C(A, x, y, z, w), the rational function field of C[A, x, y, z, w], otherwise
specified. Observe that the state-sum formula of [[D]] is given by

[[D]](A, x, y, z, w) =
∑

σ∈S∞,0(D)

(x + Ay +
z

A
)σ(∞)(

y

A
+ Az + w)σ(0)〈Dσ〉(A),

where S∞,0(D) is the set of all states of D which assign all marked vertices
with T∞ and T0.

Lemma 4.1.

(1) Let U be any classical 3-tangle diagram in T c
3 . Then

∆7(A, x, y, z, w;U) = (δ2 − 1)χ(A, x, y, z, w)φU (A),

(2) Let V be any classical 4-tangle diagram in T c
4 . Then

∆8(A, x, y, z, w;V ) = (δ2−1)χ(A, x, y, z, w)(A6−A2+A−2−A−6)ψV (A),

where χ(A, x, y, z, w) = A−2(wA+y+zA2)(yA2+xA+z) and φU (A), ψV (A)
are some Laurent polynomials in Z[A,A−1] and δ = δ(A) = −A2 − A−2.

Theorem 4.1. V(∆; 〈 〉) = {(A, x, y,−Ax − A2y, w), (A, x,−A2z −
Aw, z, w), (ζ, x, y, z, w), (ς, x, y, z, w)}, where ζ and ς are complex numbers
such that ζ4 + ζ2 + 1 = 0 and ς4 − ς2 + 1 = 0.
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Theorem 4.2. Let D be a surface diagram of a surface link L in R
4 and

let Dσ∞ and Dσ0 be the state diagrams corresponding to the states σ∞ and
σ0 which assign all marked vertices with T∞ and T0, respectively. Then

LD(ς, x, y, z, w) = (ς3)2|C(D)|−t(D)(−1)‖DA
σ∞‖+‖DA

σ0
‖−t(D)−|V (D)|,

J2
D(ς, x, y, z, x + ς3(y − z) + ε

√
−1) = (−1)‖DA

σ∞‖−1(
√
−1)ηj(D),

where ‖DA
σ∞

‖ and ‖DA
σ0
‖ denote the numbers of all loops in DA

σ∞
and DA

σ0

which are the trivial link diagrams obtained from Dσ∞ and Dσ0 by splicing
all classical crossings of Dσ∞ and Dσ0 with A-split, respectively, ε = ±1
and

η1(D) = |C(D)| + 3|V (D)| − 3t+(D) − e(D),

η2(D) = 3|C(D)| + 3|V (D)| − t+(D) − e(D),

η3(D) = |C(D)| + |V (D)| − 3t+(D) − 3e(D),

η4(D) = 3|C(D)| + |V (D)| − t+(D) − 3e(D).

Example 4.1. Let D1, D2 and D3 denote the surface diagrams of the
trivial 2-knot 01, the positive standard projective plane 2−1

1 and the stan-
dard torus 21

1 of genus one in Yoshikawa’s table[7], respectively. Denote
LD = LD(ς, x, y, z, w) and Lj(D) = (−1)‖DA

σ∞‖−1(
√
−1)ηj(D), j = 1, 2, 3, 4.

Then LD1 = 1, LD2 = −1, LD3 = 1 and

L1(D1) = 1, L2(D1) = 1, L3(D1) = 1, L4(D1) = 1,

L1(D2) = −
√
−1, L2(D2) = −

√
−1, L3(D2) =

√
−1, L4(D2) =

√
−1,

L1(D3) = −1, L2(D3) = −1, L3(D3) = −1, L4(D3) = −1.
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We use surgery along Brunnian links to relate, via a certain isomorphism, the
Goussarov-Vassiliev theory for Brunnian links and the finite type invariants of
integral homology spheres. To do so, we show that no finite type invariant of
degree < 2n− 2 can vary under surgery along an (n + 1)-component Brunnian
link in a compact connected oriented 3-manifolds, where the framing of the
components is in { 1

k
; k ∈ Z}.
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1. Introduction

The notion of finite type invariants of integral homology spheres, introduced
by Ohtsuki in [12], provides a unified point of view on the topological in-
variants of these objects. A similar notion for compact connected oriented
3-manifolds was developed (independently) by Goussarov and Habiro [3,5].
Their theory coincides with the Ohtsuki theory in the case of integral ho-
mology spheres [2], and involves a new and powerful tool called clasper,
which is a kind of embedded graph carrying some surgery instruction.

Surgery moves along claspers define a family of (finer and finer) equiv-
alence relations among 3-manifolds, called Yk-equivalence, which gives a
characterization of the topological information carried by finite type in-
variants of integral homology spheres: two integral homology spheres are
not distinguished by invariants of degree < k if and only if they are Yk-
equivalent [4,5]. In the case of compact connected oriented 3-manifolds, the
‘if’ part of the statement is still always true. Denote by Sk the set of integral
homology spheres which are Yk-equivalent to S3. We have a filtration
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ZHS = S1 ⊃ S2 ⊃ S3 ⊃ ...

where ZHS denotes the set of all integral homology spheres. For all k ≥ 1,
the quotient Sk := Sk/ ∼Yk+1 forms an abelian group under the connected
sum [5]. It is an important problem to understand the structure of Sk
[13, Sec. 10.3]. For all k ≥ 1, S2k+1 = 0, and it is well known that S2k

is isomorphic, when tensoring by Q, to the Z-module Ack(∅) of connected
trivalent diagrams with 2k vertices [14].

Recall that a link in S3 is said to be Brunnian if every proper sublink
of it is an unlink. In a recent joint work with K. Habiro, we used this
space of diagrams Ack(∅) to describe the so-called Brunnian part of the
Goussarov-Vassiliev filtration. Let ZL(n) be the free Z-module generated
by the set of isotopy classes of n-component links in S3. The definition of
Goussarov-Vassiliev invariants of links involves a descending filtration

ZL(n) = J0(n) ⊃ J1(n) ⊃ J2(n) ⊃ ...

The Brunnian part Br(J2n(n+1)) of J2n(n+1)/J2n+1(n+1) is defined as
the Z-submodule generated by elements [L−U ]J2n+1 where L is an (n+1)-
component Brunnian link and U is the (n+1)-component unlink [7]. Habiro
and the author constructed a linear map

hn : Acn−1(∅) −→ Br(J2n(n+ 1)),

and showed that hn is an isomorphism over Q for n ≥ 2.
As a consequence of this result, one observes that the abelian groups

Br(J2n(n+ 1)) and S2n−2 are isomorphic over Q, for n ≥ 2. The following
theorem states that this isomorphism is induced by (+1)-framed surgery.
For a Brunnian link L in S3, denote by S3

(L,+1) the 3-manifold obtained by
surgery along the link L with all components having framing +1 (in fact,
S3

(L,+1) is always an integral homology sphere, see Sec. 3.1).

Theorem 1.1 ([9]). For n ≥ 2, the assignment

[L− U ]J2n+1 7→ [S3
(L,+1)]Y2n−1

defines an isomorphism

κn : Br(J2n(n+ 1))⊗Q −→ S2n−2 ⊗Q.

Remark 1.1. Theorem 1.1 means that, rationally, any integral homology
sphere M can be seen as a finite connected sum ⊕1≤i≤mS

3
(Lki

,+1) where
each Lki is a Brunnian link in S3. Consequently, M can be seen as a (finite)
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connected sum of integral homology spheres, each obtained from S3 by
(+1)-surgery along a single knot.

We organize the rest of this note as follows. In Section 2 we introduce the
basic tools used in this work, namely the notions of clasper and finite type
invariant. In Section 3 we state two results on surgery along Brunnian links
in 3-manifolds, which are the main ingredients for the proof of Theorem
1.1. We conclude Section 3 with a sketch of this proof.

Note. This note is based on a talk given at the conference Intelligence of
low dimensional Topology 2006, held in Hiroshima in July 2006. All results
are taken from [9], where the reader is referred to for proofs and details.

2. Claspers and finite type invariants

In this section, we outline the main tools used for proving Theorem 1.1,
namely the notions of claspers and finite type invariants.

2.1. Clasper theory in a nutshell

Roughly speaking, a clasper is essentially a surgery link of a special type.
More precisely, a clasper G in a 3-manifold M is defined as an embedding
G : F ↪→ M of a (possible non-orientable) surface F decomposed into
disjoint discs and annuli connected by bands, such that each annulus (resp.
disk) has one (resp. three) band(s) attached. An example is given below.
(See [5] for a precise definition).

In this note, a clasper will always be supposed to be connected. The degree
of a clasper is defined as the number of disks in the underlying surface.

Given a clasper G in a 3-manifold M , there is a procedure to construct,
in a regular neighborhood of G, an associated framed link LG in M . Though
this procedure will not be explained here, it is well illustrated by the degree
1 case below.
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LGG

Surgery along G simply means surgery along the associated framed link LG.
For k ≥ 1, the Yk-equivalence is the equivalence relation on 3-manifolds

generated by surgeries along degree k claspers and orientation-preserving
diffeomorphisms. This equivalence relation is finer and finer as k increases,
i.e. if k > l, the Yk-equivalence implies the Yl-equivalence.

Matveev showed that two closed oriented 3-manifolds are Y1-equivalent
if and only if they have isomorphic homology groups and linking form [8].
In particular, any two integral homology spheres are related by a sequence
of surgeries along claspers.

2.1.1. Finite type invariants

Consider a Y1-equivalence class M0 of compact connected oriented 3-
manifolds, and let k ≥ 0 be an integer.

A finite type invariant of degree k on M0 is a map f : M0 → A,
where A is an abelian group, such that for all M ∈ M0 and all family
F = {G1, ..., Gl} of disjoint claspers in M such that

∑
i deg(Gi) ≥ k + 1,

we have

∑
F ′⊆F

(−1)|F
′|f (MF ′) = 0,

where the sum runs over all subsets F ′ of F , and |F ′| denote the number of
elements of F ′. For M0 = ZHS, this definition essentially coincides with
Ohtsuki’s notion of finite type invariant of integral homology spheres (up
to a shift of index).

One can easily check from the definition that two Yk-equivalent 3-
manifolds cannot be distinguished by any finite type invariant f of degree
< k. A fundamental result, due independently to Goussarov [3] and Habiro
[5], is that the converse is also true for M0 = ZHS.
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3. Surgery on Brunnian links in 3-manifolds

In this section, we provide two results which are the main new ingredients
for proving Theorem 1.1.

For a fixed number of components, we consider those compact connected
oriented 3-manifolds which are obtained by surgery along a Brunnian link,
and study which finite type invariants (i.e. of which degree) are preserved
under such an operation.

3.1. 1
m

-surgery along Brunnian links

Let m = (m1, ...,mn) ∈ Z
n be a collection of n integers. Given a null-

homologous ordered link L in a compact connected oriented 3-manifold
M , denote by (L, m) the link L with framing 1

mi
on the ith component,

1 ≤ i ≤ n. We denote by M(L,m) the 3-manifold obtained from M by
surgery along the framed link (L,m). We say that M(L,m) is obtained from
M by 1

m -surgery along the link L.

Theorem 3.1 ([9]). Let n ≥ 2 and m ∈ Z
n. Let L be an (n+1)-component

Brunnian link in a compact, connected, oriented 3-manifold M .
For n = 2, M(L,m) and M are Y1-equivalent.
For n ≥ 3, M(L,m) and M are Y2n−2-equivalent. Consequently, they

cannot be distinguished by any finite type invariant of degree < 2n − 2.

In particular, 1
m -surgery along a Brunnian link always preserves the ho-

mology. Note that, for any Brunnian link L in M , we have M(L,m)
∼= M if

mi = 0 for some 1 ≤ i ≤ n. In this case, the statement is thus vacuous.
Two links are link-homotopic if they are related by a sequence of iso-

topies and self-crossing changes, i.e. crossing changes involving two strands
of the same component. This equivalence relation is natural to consider
among Brunnian links because the set of link-homotopy classes of Brun-
nian links has a natural abelian group structure, induced by the band-sum.
We obtain the following.

Theorem 3.2 ([9]). Let n ≥ 2 and m ∈ Z
n. Let L and L′ be two link-

homotopic (n + 1)-component Brunnian links in a compact, connected, ori-
ented 3-manifold M . Then M(L,m) and M(L′,m) are Y2n−1-equivalent. Con-
sequently, they cannot be distinguished by any finite type invariant of degree
< 2n − 1.

The proofs of Theorems 3.1 and 3.2 are very similar. We start with
a characterization, in terms of claspers, of Brunnian links and the link-
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homotopy relation [6,11]. Then, we only use one technical result on claspers
(Theorem 3.2 of [9]). The proof of this technical result, which is in some
sense the core of [9], involves rather advanced clasper theory.

3.2. An important remark

A natural question, in view of Theorems 3.1 and 3.2, is to ask whether finite
type invariants (of appropriate degree) can indeed distinguish a manifold
obtained by surgery along a Brunnian link from the initial manifold.

The answer is (predictably) yes. Consider for example the (n + 1)-
component Milnor link Ln+1 (see [10, Fig. 7]) in S3. It follows from [5,
Sec. 7.25] and [9, Prop. 3.8] that

S3
(L,+1) ∼Y2n+1 S3

Θn
,

where Θn is the degree 2n clasper depicted on the left-hand side of Fig. 1.

(n    ) times2

. . .

(n    ) times2

;. . .

Fig. 1. Here a ª on an edge denotes a negative half-twist.

So the LMO invariant of S3
(L,+1) is of the form

ZLMO(S3
(L,+1)) = 1 ± θn + terms of higher degree,

where θn is the degree n trivalent diagram depicted on the right-hand side
of Fig. 1. (See for example [14] for the computation of the LMO invariant of
an integral homology sphere obtained from S3 by surgery along a clasper).
So the degree n part of the LMO invariant — which is a finite type invariant
of degree 2n — distinguishes S3

(L,+1) from S3.

3.3. Sketch of the proof of Theorem 1.1

We conclude this note by giving a brief (and rough) sketch of the proof of
our main result.

For k ≥ 0, let Ak(∅) denote the Z-module generated by trivalent dia-
grams (i.e. finite graphs with cyclicly ordered trivalent vertices) with 2k ver-
tices, subject to the usual AS and IHX relations (see [1]). Denote by Ac

k(∅)
the Z-submodule of Ak(∅) generated by connected trivalent diagrams.
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On one hand, there is a well-defined, surjective homomorphism of
abelian groups

φk : Ac
k(∅) −→ S2k,

and φk is an isomorphism over the rationals [14].
On the other hand, Habiro and the author showed that there is a well-

defined map

hn : Ac
n−1(∅) −→ Br(J2n(n + 1))

which also produces an isomorphism when tensoring by Q, for n ≥ 2 [7].
As said above, Theorems 3.1 and 3.2 are the main new tools for proving

Theorem 1.1. Indeed, these theorems (together with some further argu-
ments) provide a well defined map

κn : Br(J2n(n + 1)) ⊗ Q −→ S2n−2 ⊗ Q.

The result is then a consequence of the commutativity of the following
diagram over the rationals, which follows quite easily from the definitions
of the various maps

Ac
n−1(∅) -hn Br(J2n(n + 1))

@
@

@R
φn−1

¡
¡

¡ª
κn

S2n−2

Remark 3.1. To be more precise, it should be mentioned that we make
use, in the proof of Theorem 1.1, of the connected part of the 2nth graded
quotient of the Ohtsuki filtration. The latter is naturally isomorphic to
S2n−2, and plays a central role in our proof. But this is outside the scope
of this note.
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As an extension of the Yamada polynomial for spatial graphs, we construct a
polynomial invariant for virtual graphs. Since a virtual link can be regarded as
a virtual graph having no vertices, the polynomial is an invariant for virtual
links. We show that the invariant is useful for detecting non-classicality of a
virtual knot.

Keywords: virtual knot, virtual graph, Yamada polynomial

1. Introduction

Yamada defines a polynomial invariant for spatial graphs in [6]. It is called
the Yamada polynomial. As an extension of the Yamada polynomial, Flem-
ing and Mellor [1] announce the Yamada polynomial for virtual graphs, in
other words, virtual spatial graphs. The Yamada polynomial for a spa-
tial graph can be defined combinatorially using recursive formulae. They
conclude that the Yamada polynomial for virtual graphs can be defined
similarly by applying the method to the case of virtual graphs.

In this paper, we give an explicit formula to define and construct the
Yamada polynomial for virtual graphs. Since a virtual link can be regarded
as a virtual graph having no vertices, the Yamada polynomial for virtual
graphs is an invariant for virtual links. The invariant is useful for the theory
of virtual knots and links. In fact, in Section 5, we show that the invariant
detects non-classicality of a virtual knot.

In Section 2, we introduce a virtual graphs, and define a polynomial for
virtual graph diagrams in Section 3. In Section 4, we show some features of
the polynomial defined in Section 3 and construct an invariant for virtual
graphs from the polynomial.
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2. VG diagrams

A virtual link diagram is a link diagram in R2 possibly with some encircled
crossings without over/under information. Such an encircled crossing is
called a virtual crossing. A crossing with over/under information is called
a real crossing.

Let G be a spatial graph which is a graph embedded in R
3. In this paper,

we allow G to have components without vertices. Such a component is
called a circle component. A circle component may be knotted. It is neither
a vertex nor an edge of G. A diagram of G is a spatial graph diagram.

A virtual graph diagram, which is written as a VG diagram for short,
is defined to be a spatial graph diagram in R

2 possibly with some virtual
crossings. Fig. 1 shows an example of such a diagram.

Fig. 1. A VG diagram

Classical Reidemeister moves and virtual Reidemeister moves are local
moves on diagrams as in Figs. 2 and 3. Classical Reidemeister moves are
called Reidemeister moves simply. Generalized Reidemeister moves means
Reidemeister moves or virtual moves.

I

II, III

IV

V

,

Fig. 2. Reidemeister moves
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I

II

III

III’

IV

V

Fig. 3. Virtual Reidemeister moves

If two VG diagrams are related to a finite sequence of generalized Rei-
demeister moves except a virtual Reidemeister move of type V, they are
said to be equivalent. A virtual graph is defined to be an equivalence class
of VG diagrams.

3. A Polynomial for VG diagrams

A VG diagram D is pure if crossings of D are all virtual. Note that a VG
diagram without crossings can be regarded as a pure VG diagram.

Let D be a pure VG diagram. We denote by u(D) and v(D) the numbers
of circle components and vertices of D respectively. The set of edges of D

is denoted by E(D). Then, we define a polynomial ZD by

ZD(q) = (q − 1)u(D)(−q)−v(D)
∑

F⊂E(D)

qcp( bF )(−q)|F | ∈ Z[q±1],

where |F | is the number of edges of edge set F and cp(F̂ ) means the number
of components of spanning subgraph F̂ of D with edge set F .

Let D be a VG diagram and c a real crossing of D. The realization of a
vertex at c means to replace c with one of three vertices as in Fig. 4. Three
types of vertices are called a null vertex of type 0, a null vertex of type ∞
and a degree 4 vertex from the left in the figure, respectively.

, ,

Fig. 4. Vertex realization

A state of D is a VG diagram obtained from D by realizing a vertex at
each real crossing of D. Note that a state is a pure VG diagram. The set
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of states of D is denoted by s(D). If D has no real crossings, then D itself
can be regarded as a state.

Let S be a state of D. P0(D;S) (resp. P∞(D;S) and PV (D;S)) means
the number of real crossings of D replaced with null vertices of type 0 (resp.
null vertices of type ∞ and degree 4 vertices) to obtain S. The weight of
S, which is denoted by WS(A), is defined to be

AP0(D;S)−P∞(D;S)εPV (D;S) ∈ Z[A±1],

where ε means +1 or −1.
For a VG diagram D, we define

HD(A; ε) =
∑

S∈s(D)

WS(A)ZS(ε(A + A−1) + 2) ∈ Z[A±1].

4. Invariants for VG diagrams

Let e be an edge or a circle component of a VG diagram and c a real
crossing between arcs belong to e. If we orient e, then the signature of c

can be determined regardless of the orientation of e. We denote it by sg(c).
Investigating the invariance of the polynomial defined in section 3 un-

der generalized Reidemeister moves, we have the following lemmas. In this
paper, we omit the proofs of the lemmas. For details, see [4].

Lemma 4.1. Let D and D′ be VG diagrams. If D′ is obtained from D by
applying a Reidemeister move of type I, as in Fig. 2, which eliminates a
crossing c of D, then HD(A; ε) = εA2sg(c)HD′(A; ε).

Lemma 4.2. Let D and D′ be VG diagrams. If D′ is obtained from D by
applying a Reidemeister move of type II or of type III as in Fig. 2, then the
polynomials HD(A; ε) and HD′(A; ε) coincide.

Lemma 4.3. Let D and D′ be VG diagrams. If D′ is obtained from D by
applying a Reidemeister move of type IV as in Fig. 2, then HD(A; ε) =
εnHD′(A; ε), where n means the degree of the vertex of D which appears in
the figure.

Lemma 4.4. Let D, D′ and D′′ be VG diagrams which differ only in
one place as in Fig. 5. Let c and v be the crossing and the vertex of D

depicted in Fig. 5 respectively. Then, HD(A; ε) = −A−1HD′(A; ε)−A−2(ε+
A)HD′′(A; ε) and HScD(A; ε) = −AHD′(A; ε) − A2(ε + A−1)HD′′(A; ε),
where ScD means the VG diagram obtained from D by switching c.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

209

D D′ D′′

Fig. 5.

Lemma 4.5. Let D and D′ be VG diagrams. If D′ is obtained from D

by applying a virtual Reidemeister move of any type as in Fig. 3, then the
polynomials HD(A; ε) and HD′(A; ε) coincide.

Theorem 4.1. Let D and D′ be VG diagrams whose maximal degrees are
less than 4. If D is equivalent to D′, then HD(A; ε) is equal to HD′(A; ε)
up to units.

Proof. The claim is easily verified by Lemmas 4.1, 4.2, 4.3, 4.4 and 4.5.

Remark 4.1. HD(A; +1) coincides with the polynomial defined by Flem-
ing and Mellor in [1].

Corollary 4.1. If a VG diagram D has no virtual crossings, then
HD(A; +1) coincides with the Yamada polynomial for D.

For a VG diagram D, we define

RD(A) = {HD(A; +1) HD(A−1;−1)}2 ∈ Z[A±1].

By Lemmas 4.1, 4.2, 4.3, 4.4 and 4.5, we have the following theorem.

Theorem 4.2. Let D and D′ be VG diagrams whose maximal degrees are
less than 4. If D is equivalent to D′, then RD(A) = RD′(A).

Let G be a virtual graph and D a VG diagram representing G. We define
a polynomial RG(A) for G by RD(A). Theorem 4.2 implies the following.

Theorem 4.3. For a virtual graph G whose maximal degree is less than 4,
RG(A) is a virtual graph invariant.

We denote by SD(n), n ≥ 0, the set of subdiagrams of a VG diagram
D whose maximal degrees are less than or equal to n. We define

JD(A) =
∑

g∈SD(3)

Rg(A) ∈ Z[A±1].

We have the following as a corollary of Theorem 4.3.
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Corollary 4.2. Let D and D′ be VG diagrams. If D is equivalent to D′,
then JD(A) = JD′(A).

Let G be a virtual graph represented by a VG diagram D. We define a
polynomial JG(A) for G by JD(A). Corollary 4.2 implies the following.

Theorem 4.4. For a virtual graph G, JG(A) is a virtual graph invariant.

5. Non-classicality of a virtual knot

In this section, we focus on oriented virtual knots and links. After this, we
suppose that Reidemeister moves (resp. virtual Reidemeister moves) mean
three (resp. four) kinds of moves except Reidemeister moves (resp. virtual
Reidemeister moves) of type IV and of type V.

Let D be a virtual link diagram. The writhe of D, which is denoted by
w(D), is defined to be the sum of the signatures of real crossings of D. If
D has no real crossings, then w(D) is treated as 0. We define a polynomial
for D as follows.

RD(A; ε) = (εA2)−w(D)HD(A; ε) ∈ Z[A±1].

Then, we have the following theorem.

Theorem 5.1. Let D and D′ be virtual link diagrams. If D is equivalent
to D′, then RD(A; ε) = RD′(A; ε).

Proof. The writhe of a virtual link diagram is invariant under Reidemeister
moves of type II and of type III and four kinds of virtual Reidemeister
moves. By Lemmas 4.2 and 4.5, we only have to check the case where D′

is obtained from D by a Reidemeister move of type I which eliminates a
crossing c of D. Let sign(c) be the signature of c. Since w(D′) = w(D) −
sign(c), by Lemma 4.1, we have RD(A; ε) = RD′(A; ε).

Let L be a virtual link represented by a virtual link diagram D. We
define a polynomial RL(A; ε) for L by RD(A; ε). Then, Theorem 5.1 implies
the following.

Theorem 5.2. For a virtual link L, RL(A; ε) is a virtual link invariant.

Yamada shows the following theorem which gives a relationship between
the Yamada polynomial of a classical knot and the Jones polynomial [2] of
the 2-paralleled link of the knot.
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Theorem 5.3 ([5,6]). Let K(2) be the 2-paralleled link of a classical knot
K and D a diagram of K with w(D) = 0. Then, −(t1/2 + t−1/2)VK(2)(t) =
RD(t−1; +1) + 1, where VL(t) means the Jones polynomial of a link L.

Kauffman defines a polynomial invariant for virtual links in [3]. It is
called the Jones-Kauffman polynomial. The Jones-Kauffman polynomial of
a classical link coincides with the Jones polynomial of the link.

The mixed writhe of a 2-component virtual link diagram D is the sum
of the signatures of real crossings of D between different components.

A 2-paralleled move associated with a Reidemeister move of type I is
defined to be a local move illustrated in Fig. 6. A 2-paralleled move asso-
ciated with each of generalized Reidemeister moves except a Reidemeister
move of type I is defined to be a local move obtained from the Reidemeister
move by replacing each arc with 2-paralleled arcs in a stage which means
a disk where the local move is applied.

⇒

⇒

⇒

⇒

Fig. 6. 2-paralleled moves of type I

Each 2-paralleled move can be realized by some generalized Reidemeis-
ter moves. Thus, a 2-paralleled move does not change the Jones-Kauffman
polynomial and the mixed writhe of a 2-component virtual link diagram.

A link diagram is classical if the diagram has no virtual crossings.

Proposition 5.1. Let D be a diagram of a virtual knot K with w(D) =
0 and D(2) the 2-paralleled virtual link diagram of D. If −(t1/2 +
t−1/2)VD(2)(t) 6= RD(t−1; +1) + 1, then K is not classical, where VL(t)
means the Jones-Kauffman polynomial of a virtual link diagram L.

Proof. Assume that K is classical. Then, there exist a classical diagram
D′, which is equivalent to D, with w(D′) = 0 and a finite sequence of gen-
eralized Reidemeister moves which relates D to D′. Using a finite sequence
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of 2-paralleled moves associated with the above sequence and, if necessary,
Reidemeister moves of type III and virtual Reidemeister moves of type III’,
we can change D(2) into a satellite link diagram D′′ whose companion is
D′. Since the mixed writhe of D(2) is equal to zero, the mixed writhe of D′′

is also equal to zero. The writhe of D′ is equal to zero. Thus, we can change
D′′ into the 2-paralleled link diagram (D′)(2) of D′ by applying some Rei-
demeister moves of type II and of type III. Note that (D′)(2) is equivalent
to D(2). Since RD(t−1; +1) = RD′(t−1; +1), VD(2)(t) = V(D′)(2)(t) and D′ is
classical, we have −(t1/2 + t−1/2)V(D′)(2)(t) = RD′(t−1; +1)+1 by Theorem
5.3. This contradicts the hypothesis of the proposition.

Example 5.1. Let D be an untwisted diagram of a virtual trefoil knot
K as in Fig. 7. Since RD(t−1; +1) = t8 + t7 + t6 + t5 − t2 and VD(2)(t) =
−t15/2 + t13/2 + t11/2 + t9/2 − t7/2 − 2t5/2 − t1/2, Proposition 5.1 shows that
K is non-classical.

Fig. 7. An untwisted diagram of a virtual trefoil knot

References

1. T. Fleming and B. Mellor, Virtual spatial graphs, preprint.
2. V. F. R. Jones Hecke algebra representations of braid groups and link poly-

nomials, Ann. Math. 126 (1987), 335-388.
3. L. H. Kauffman, Virtual knot theory, Europ. J. Combinatorics 20 (1999)

663-690.
4. Y. Miyazawa, Construction of the Yamada polynomial for virtual graphs, in

preparation.
5. S. Yamada, An operator on regular isotopy invariant of link diagrams, Topol-

ogy 28 (1989) 369-377.
6. S. Yamada, An invariant of spatial graphs, J. Graph Theory 13 (1989) 537-

551.



March 27, 2007 11:10 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

213Intelligence of Low Dimensional Topology 2006
Eds. J. Scott Carter et al. (pp. 213–222)
c© 2007 World Scientific Publishing Co.

ARITHMETIC TOPOLOGY AFTER HIDA THEORY

Masanori MORISHITA and Yuji TERASHIMA

Graduate School of Mathematics,
Kyushu University,

6-10-1, Hakozaki, Higashi-ku, Fukuoka, 812-8581 Japan
e-mail: morisita@math.kyushu-u.ac.jp

Department of Mathematics,
Tokyo Institute of Technology,

2-12-1 Oh-okayama, Meguro-ku, Tokyo 152-8551, Japan.
e-mail: tera@math.titech.ac.jp

In this note, we would like to discuss leisurely analogies between knot theory
and number theory, focused on the variation of representations of the knot and
prime groups. More precisely, we will discuss two things: First, we recall
1. the basic analogies between knots and primes
and, based on them, secondly we will discuss some analogies between
2. the deformations of hyperbolic structures on a knot complement and of mod-
ular Galois representations.
The latter analogy was first pointed out by Kazuhiro Fujiwara ([6]. See also
[14]). We will make his observation more precise and discuss intriguing anal-
ogous features between SL2(C) Chern-Simons invariants and p-adic modular
L-functions for GL2.

Keywords: Arithmetic topology, deformations of hyperbolic structures and of
Galois representations, SL2(C) Chern-Simons invariants and p-adic modular
L-functions

1. Analogies between knots and primes

Let us recall a part of basic analogies in arithmetic topology. For a precise
account, we refer to [15].

knot
K : S1 = K(Z, 1)
→֒ S3 = R3 ∪ {∞}

link L = K1 ∪ · · · ∪Kn

↔ prime
Spec(Fp) = K(Ẑ, 1)
→֒ Spec(Z) ∪ {∞}
S = {(p1), . . . , (pn)}
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tube neighborhood VK

∂VK

DK = π1(∂VK)

↔ p-adic integers Spec(Zp)
p-adic numbers Spec(Qp)

Dp = πét
1 (Spec(Qp))

1 → 〈mk〉 → DK → 〈lK〉 → 1
lK : longitude of K

mK : meridian of K

[mK , lK ] = 1

↔ 1 → Ip → Dp → 〈σp〉 → 1
σp : Frobenius over p

Ip : inertia gr. over p, It
p = 〈τp〉

τp : monodromy over p

τp−1
p [τp, σp] = 1

Here, It
p denotes the maximal tame quotient of Ip. We call an element of a

quotient of Ip a monodromy over p. Note that which monodromy we take
as an analog of the meridian depends on the situation we are considering.

XK = S3 \ K

XL = S3 \ L

knot group GK = π1(XK)
GL = π1(XL)

↔ Xp = Spec(Z[1/p])
XS = Spec(Z[1/S])

prime group Gp = πét
1 (Xp)

GS = πét
1 (XS)

finite branch cover
M → S3,

M : oriented connected closed
3-manifold

knot in M

↔ finite branch cover
Spec(ok) → Spec(Z),

ok : ring of integers in a finite
number field k

prime ideal of ok

C2(M) → C1(M) = ⊕knotsZ

Σ 7→ ∂Σ
H1(M)
H2(M)

↔ k× → Ik = ⊕primesZ

a 7→ aok

ideal class group Hk

o×k

Based on these analogies, there are close parallels between Alexander-Fox
theory and Iwasawa theory (cf. [15]):

infinite cyclic cover
X∞

K → XK

↔ Zp-cover
X∞

p = Spec(Z[1/p, p∞√
1]) → Xp

Alexander module/polynomial
∆K(t) = det(t−α|H1(X∞

K ))
Gal(X∞

K /XK) = 〈α〉
· · ·

↔ Iwasawa module/polynomial
Ip(T ) = det(T −(γ−1)|H1(X∞

p ))
Gal(X∞

p /Xp) = 〈γ〉
· · ·

analytic torsion
= Reidemeister torsion

↔ Iwasawa main conjecture
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Now, from the variational point of view, one sees that:

“considering the infinite cyclic cover X∞
K → XK/Zp-cover X∞

p → Xp

is equivalent to considering the deformation of GL1-representations of the
knot group GK/prime group Gp”.

In number theory, there is a non-abelian generalization of the classical Iwa-
sawa theory from this variational viewpoint, due to mainly H. Hida and B.
Mazur, namely the deformation theory of GLn-representations of Gp and
the theory of attached arithmetic invariants. The motivation of this work
was to find an analogue of Hida-Mazur theory in the context of knot the-
ory, which would be a natural non-abelian generalization of the classical
Alexander-Fox theory:

Alexander-Fox theory
‖

deformation theory of
1-dim. repr’s of GK and
attached topological invariants

↔ Iwasawa theory
‖

deformation theory of
1-dim. repr’s of Gp and
attached arithmetic invariants

↓ ↓

?

↔ Hida-Mazur theory
‖

deformation theory of
n-dim. repr’s of Gp and
attached arithmetic invariants

2. Deformation of hyperbolic structures on a knot
complement and of modular Galois representations

First, let us recall the basic notions in the deformation theory of group
representations.

knot: For a knot K ⊂ S3 with GK := π1(S3 \ K) and n ≥ 1, we set

Rn
K := Homgr(GK , GLn(C))

= HomC−alg(Rn
K , C)

where Rn
K denotes the universal n-dimensional representation ring on

which GK acts by the conjugation via the universal representation GK →
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GLn(Rn
K). Consider the invariant ring (Rn

K)GK and set

Xn
K := HomC−alg((Rn

K)GK , C)
= Rn

K//GLn(C).

The set Xn
K is an affine variety over C, called the character variety of n-

dimensional representations of GK .

prime: For a prime Spec(Fp), the prime group Gp is profinite and hence the
naive analogue of the character variety does not provide a good moduli.
Thus, following Mazur ([13]), we consider “infinitesimal deformations” of a
given residual representation

ρ̄ : Gp −→ GLn(Fp).

Namely, the pair (R, ρ) is called a deformation of ρ̄ if{
• R is a complete noetherian local ring with residue field R/mR = Fp

• ρ : Gp → GLn(R) is a continuous representation with ρ mod mR = ρ̄.

In the rest of this note, we assume for simplicity that p > 2 and ρ̄ is
absolutely irreducible. A fundamental theorem by Mazur is:

Theorem 2.1 ([13]). There is a universal deformation (Rn
p , ρn

p ) of ρ̄ so
that any deformation of (R, ρ) is obtained up to a certain conjugacy via a
Zp-algebra homomorphism Rn

p → R.

We then define the universal deformation space Xn
p (ρ̄) of ρ̄ by

Xn
p (ρ̄) := HomZp−alg(Rn

p , Cp)

where Cp stands for the p-adic completion of an algebraic closure of Qp,
and Xn

p (ρ̄) is regarded as a rigid analytic space. In the following, we write
ρϕ := ϕ ◦ ρn

p : Gp → GLn(Cp) for a ϕ ∈ Xn
p (ρ̄).

We will discuss analogies between Xn
K and Xn

p (ρ̄) and some invariants de-
fined on them for the cases of n = 1 and 2.

n = 1: This case is simply a restatement of the analogy between Alexander-
Fox theory and Iwasawa theory from the variational viewpoint:
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R1
K = ΛC = C[t±1]

X1
K ' C×

χ 7→ χ(α)
(Gal(X∞

K /XK) = 〈α〉 = Z)

↔

R1
p = Λ̂ = Zp[[T ]]

X1
p(ρ̄) ' D1

p = {z ∈ Cp | |z|p < 1}
ϕ 7→ ρϕ(γ) − 1

(Gal(Q∞/Q) = 〈γ〉 = Zp)

invariants on X1
K :

twisted Alexander polynomial
(resp. analytic torsion)

for a repr. ρ : GK → GLn(C)
∆K,ρ(t) (resp. τK,ρ)

describes the variation of
H1(GK , ρ ⊗ χ), χ ∈ X1

K

↔

invariants on X1
p(ρ̄) :

twisted Iwasawa polynomial
(resp. p-adic L-function)

for a repr. ρ : Gp → GLn(Zp)
Ip,ρ(T ) (resp. Lp(ρ, s))

describes the variation of
Sel(Gp, ρ ⊗ ρϕ), ϕ ∈ X1

p(ρ̄).

Here Sel(Gp,M) denotes the Selmer group for a Gp-module M (a subgroup
of H1(Gp,M) with a local condition).

n = 2: This case is concerned with hyperbolic geometry in the knot side
and Hida theory in the prime side.

knot: We assume that K is a hyperbolic knot.
Since GK has a trivial center and any representation GK → PGL2(C) =
PSL2(C) can be lifted to GK → SL2(C), we may consider only SL2(C)-
representations without losing generality. So, we set

X2
K := Homgr(GK , SL2(C))//SL2(C).

Note that the restriction of [ρ] ∈ X2
K to DK is conjugate to an upper

triangular representation:

ρ|DK
'

(
χρ ∗
0 χ−1

ρ

)
.

Let ρo be a lift of the holonomy representation associated to the hyperbolic
structure on S3 \ K and let X2,o

K be the irreducible component of X2
K con-

taining [ρo]. The following theorem was shown by W. Thurston:

Theorem 2.2 ([18]). The map ΦK : X2,o
K → C defined by ΦK([ρ]) :=

tr(ρ(mK)) is bianalytic in a neighborhood of [ρo]. In particular, X2,o
K is a

complex algebraic curve.

prime: We assume that ρ̄ is a mod p representation associated to an ordinary
modular elliptic curve E over Q which corresponds to an ordinary Hecke
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eigenform f of weight 2: ρ̄ = ρE mod p, where ρE = ρf : Gp → GL2(Zp) is
the p-adic representation associated to E (of f).
Here a representation ρ : Gp → GL2(A) is called ordinary if the restriction
of ρ to Dp is conjugate to an upper triangular representation:

ρ|Dp
'

(
χρ,1 ∗
0 χρ,2

)
, χρ,1|Ip

= 1.

Compared with the knot case, it is natural to impose the ordinary condition
to deformations of ρ̄. We have the following fundamental:

Theorem 2.3. (1) ([9],[10]). There is a universal ordinary modular defor-
mation (R2,o.m

p , ρ2,o.m
p ) (R2,o.m

p is called the p-adic Hecke-Hida ring) of ρ̄

such that any ordinary modular deformation (R, ρ) of ρ̄ is obtained via a
Zp-algebra homomorphism R2,o.m

p → R.
(2) ([13]). There is a universal ordinary deformation (R2,o

p , ρ2,o
p ) of ρ̄ such

that any ordinary deformation (R, ρ) of ρ̄ is obtained via a Zp-algebra ho-
momorphism R2,o

p → R.

By the universality of (R2,o
p , ρ2,o

p ), we have a Zp-algebra homomorphism

R2,o
p → R2,o.m

p

which we assume in the following to be an isomorphism. In fact, this as-
sumption is satisfied under a mild condition owing to the works of A. Wiles
etc. We then define the universal ordinary deformation space of ρ̄ by

X2,o
p (ρ̄) := HomZp−alg(R2,o

p , Cp)

which may be regarded as an (infinitesimal) analog of X2,o
K . As an analogue

of Theorem 2.2, we have:

Theorem 2.4. Take an element γ ∈ Ip which is mapped to a generator
of Gal(Q∞/Q). The map Φp : X2,o

p → Cp defined by Φp(ϕ) := tr(ρϕ(γ)) is
bianalytic in a neighborhood of ϕf where ϕf ◦ ρ2,o

p = ρf .

Next, we discuss some analogies between invariants defined on X2,o
K and

X2,o
p .

prime: A typical invariant on X2,o
p (ρ̄) is a p-adic modular L-function

Lp(ρ, s), ρ ∈ X2,o
p , s ∈ Zp ([7]). Geometrically, Lp(ρ, s) is given as a section

of the rigid analytic line bundle Lp of modular symbols:
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Lp

↓ Lp(ρ, s) is a section (s fixed)
X2,o

p

We recall some basic properties of Lp(ρ, s) ([7]):
(P1) Lp(ρE , s) = Lp(E, s).
(P2) Lp(ρ, 0) = Lp(fρ, 0) = rp({φ, ψ})(ω) · c, where fρ is a modular form
corresponding to ρ and rp : K2(Cρ) → H1

DR(Cρ/Qp) (Cρ being a modular
curve) is the p-adic regulator ([1]).
(P3) Suppose that E is split multiplicative at p. Write

ρ2,o
p |Dp '

(
χ1 ∗
0 χ2

)
, χ1|Ip = 1

and set ap := χ1(σp) : X2,o
p → Cp, and let E(Cp) = C

×
p /qZ. Then we have

dap

dρ
|ρ=2 = −1

2
logp(q)
ordp(q)

(= Mazur-Tate-Teitelbaum’s L-invariant).

knot: For [ρ] ∈ X2,o
K , write

ρ|DK
'

(
χρ ∗
0 χ−1

ρ

)
.

We define the functions l and m on X2,o
K by l(ρ) = χρ(lK) and m(ρ) =

χρ(mK). Take a small affine open X ⊂ X2,o
K containing ρo if necassary, and

define a holomorphic map

T (l,m2) : X → C
× × C

×; ρ 7→ (l(ρ),m2(ρ)).

Let H be the 3 × 3 Heisenberg matrix group:

H(R) := {

1 a c

0 1 b

0 0 1

 |a, b, c ∈ R} (R : a commutative ring)

The complex manifold P := H(Z) \ H(C) is a principal C
×-bundle over

C
× × C

× by the map

P → C
× × C

×;

1 a c

0 1 b

0 0 1

 7→ (exp(2π
√
−1a), exp(2π

√
−1b))
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and 1-form θ = dc − adb gives a connection on P . We then define a holo-
morphic line bundle over X with flat connction by

LK(l,m2) := T (l,m2)∗(P, θ).

Then the SL2(C) Chern-Simons invariant

S(ρ) := −2π2CS(ρ) +
√
−1Vol(ρ)

= S(ρo) + log l(ρo)
∫ ρ

ρo

d log m2 +
∫ ρ

ρo

d log ld log m2

gives a flat section of LK(l,m2) (cf. [8], [12], [16]):

LK(l,m2)
↓ S(ρ) is a flat section
X

We find some properties of S(ρ) analogous to (P1) ∼ (P3) for Lp(ρ, s):
(K1) S(ρo) = −2π2CS(M) +

√
−1Vol(M), M = S3 \ K.

(K2) ([5]). dIm(S(ρ)) = −dVol = r∞({l,m2}) where r∞ : K2(X) →
H1(X, R) is the Beilinson regulator.
(K3) ([17]). Define aK : X → C simply by the function l, i.e, aK(ρ) := χρ(l)
and let x := log χρ(m). Let ∂VK = C

×/qZ. Then we have

daK

dx
|x=0 =

1
2

log q

2π
√
−1

.

(K4) (cf. [16]). S(ρ) gives a variation of mixed Hodge structure (V,W∗, F
∗)

on X defined by:

V = Z
3,

V = W0 ⊃ W−1 = Zv2 ⊕ Zv3 ⊃ W−2 = Zv3 wherev1

v2

v3

 :=

1 log l(ρo) S(ρo)
0 1 log m2(ρo)
0 0 1


1

∫ ρ

ρo d log l
∫ ρ

ρo d log ld log m2

0 1
∫ ρ

ρo d log m2

0 0 1


×

 e1

(2π
√
−1)e2

(2π
√
−1)2e3

 .

Here {e1, e2, e3} is a standard basis of V and W0/W−1 = Z(0), W−1/W−2 =
Z(1), W−2 = Z(2).
V = F−2 ⊃ F−1 = Ze1 ⊕ Ze2 ⊃ F 0 = Ze1 with ∇F i−1 ⊂ Ω1 ⊗ F i so that

∇v := dv − v

1 d log l 0
0 1 d log m2

0 0 1

 .
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Now, compared with the prime side, we may expect that

“there should be a 2-variable L-function LK(ρ, s), ρ ∈ X, s ∈ C such that
S(ρ) would be a dominant term (special value) of LK(ρ, s) at s = 0”.

Here is a candidate for such a L-function. Let Mρ be the hyperbolic defor-
mation of M = S3 \K with holonomy ρ. Then Mρ is a spin manifold with
Spin(3) = SU(2)-principal bundle Spin(Mρ) → Mρ. Let Dρ be the corre-
sponding Dirac operator acting on C∞(Spin(Mρ) ⊗ (C2)ρ) and we define
the spectral zeta function by

LK(ρ, s) :=
∑

λ

±(±λ)s, ± = sign(Re(λ)), Re(s) >> 0

where λ’s run over eigenvalues of Dρ. Note that Dρ may not be self-
adjoint (though its symbol is self-adjoint) and so λ may be imaginary. For a
closed hyperbolic 3-manifold M , Jones-Westbury ([11]) showed that the L-
function L(M, s) defined as above is continued as a meromorphic function to
C and gave a relation between L(M, 0) and −2π2CS(M) +

√
−1Vol(M). It

is desirable to extend this relation for a non-compact hyperbolic 3-manifold
and give a relation between S(ρ) and LK(ρ, 0).

Now, since X is defined over Z, we may consider the p-adic regulator ([1])
for the knot case as well:

rp : K2(X) → H1
DR(X/Qp).

Then we may define the p-adic hyperbolic volume for ρ by

Volp(ρ) := Vol(ρo) +
∫ ρ

ρo

rp({l,m2}) ∈ Cp (Coleman integral [4])

where Vol(ρo) is regarded as an element of Cp by an (algebraic) isomorphism
between C and Cp.
There seems a connection between Volp(ρ) and the p-adic Mahler measure
mp(A(u, v)) ([2]) of the A-polynomial A(u, v) of K, like the relation between
Vol(ρ) and m(A(u, v)) (cf. [3]).

The following questions seem also interesting:
Q1. How can we define the p-adic CSp(ρ) ?
Q2. Is there a p-adic analogue of the (generalized) volume conjecture ?
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GAP OF THE DEPTHS OF LEAVES OF FOLIATIONS
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For finite depth foliations, we define an invariant called “gap” which describes
the maximal “gap” of the depths of adjacent leaves. Then for a certain 3-
manifolds, we give an estimation of the depth of the given foliation by using
gap.

Keywords: foliation, depth, knot, gap

1. Introduction

Depth is one of the well-known invariants of codimension one foliations.
Roughly speaking, depth is a quantity which describes how far from a fiber
bundle structure the foliation is. For a finite depth foliation F , each leaf of
F is at finite depth (in fact, the depth of F is defined as the maximal value
of the depths of the leaves of F). In [4], D.Gabai shows that for any knot in
S3, there exists a transversely oriented, taut, finite depth C0-foliation on
the knot exterior. Soon later, Cantwell-Conlon [1] defined depth of knots
and studied it in a sequence of papers [1,2]. Here, we note that in their
research, they often assumed that each of the foliations under consideration
has exactly one depth 0 leaf. The author showed that this assumption is
essential ([5]), i.e., there exists a manifold M such that there is a difference
between the minimum of the depths of the foliations on M each of which
admits exactly one depth 0 leaf and the minimum of the depths of the
foliations on M each of which admits more than one depth 0 leaves. In
this article, we introduce a quantity called “gap” of the foliation to deal
with behaviors of depths of leaves (for the definition of the term gap, see
section 3). More precisely, for a depth k(≥ 1) leaf of a foliation F , we know
by the definition of depth of leaves that there exists a depth k − 1 leaf in
L\L. However, for a leaf L of F which is not at the maximal depth in F , it
is not necessary the case that there exists a leaf L′ at depth (depth(L)+1)
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such that L ⊂ L′ \ L′. In this case, there is a “gap” between the depth
of L and depths of the adjacent leaves. Roughly speaking, the gap of F is
the maximal value of the gaps between the depths of the leaves of F . As
an application, by using this invariant, we give an estimation of depth of
foliations of the manifolds which we considered in [5].

2. Preliminaries

Let M be an n-dimensional Riemannian manifold.

Definition 2.1. Let k (0 < k < n) be an integer. We say that F is a

Cr(0 ≤ r ≤ ∞) codimension k (or n − k dimensional) foliation with C∞

leaves on M if F is a partition of M into path-connected C∞-immersed
manifolds called leaves, such that the union of their tangent spaces forms
a Cr-subbundle of a tangent bundle of M of dimension n− k.

In the remainder of this section, let F be a codimension one foliation
on M .

Definition 2.2. Let (U,ψ) be a local chart of F such that ψ(U) = U1 ×

U2 ⊂ Rn−1 × R1. The sets of the form ψ−1(U1 × {c}), c ∈ U2 are called
plaques of U , or else plaques of F .

Definition 2.3. A leaf L of F is at depth 0 if it is compact. Inductively,
when leaves of at depth less than k are defined, L is at depth k ≥ 1 if L \L
consists of leaves at strictly less than k, and at least one of which is at
depth k− 1. If L is at depth k, we use the notation depth(L) = k, and call
L a depth k leaf. The foliation F is of depth k <∞ if every leaf of F is at
depth at most k and k is the least integer for which this is true. If F is of
depth k, we use the notation depth(F) = k. If there is no integer k < ∞
which satisfies the above condition, the foliation F is of infinite depth.

We say that a leaf of F is proper if its topology as a manifold coincides
with the topology induced from that of M . A subset U of M is called
saturated if U is a union of leaves of F . It is clear that closed leaves are
always proper, and it is easy to see that each proper leaf L has an open
saturated neighbourhood U in which it is relatively closed (L ∩ U = L).

By using a partition of unity argument, we can show that any codimen-
sion one foliation with C∞ leaves has one dimensional C∞ foliation which
is transverse to F . Let F⊥ be a one dimensional C∞ foliation which is
transverse to F .
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Notation 2.1. Let U be an open saturated set, and i : U −→ M be
the inclusion. There is an induced Riemannian metric on U ⊂ M . Then Û

denotes the completion of U in this induced metric, and î : Û −→ M denotes
the extended isometric immersion. Let F̂ = î−1(F), and F̂⊥ = î−1(F⊥) be
the induced foliations on Û .

Definition 2.4. Let F⊥ be as above. An (F ,F⊥)-coordinate atlas is a
locally finite collection of Cr embeddings {ϕi : Dn−1 × I −→ M} such
that the interior of the images cover M , and the restriction of ϕi to each
Dn−1 × {t} (to each {x} × I resp.) is a C∞ (Cr resp.) embedding into a
leaf of F (F⊥ resp.).

3. Gap of foliations

Let M be a compact, orientable n-dimensional manifold and F a trans-
versely oriented, finite depth Cr (0 ≤ r ≤ ∞), codimension one foliation
with C∞ leaves on M . In this section, we give the definition of gap of F .

Let F⊥ a one dimensional C∞ foliation which is transverse to F . For
the definition of gap, we define an equivalence relation on leaves of F . We
fix an (F ,F⊥)-coordinate atlas {ϕi} of m(< ∞) components.

Definition 3.1. For leaves L1 and L2 of F , we say that L1 is equivalent
to L2 if L1 = L2 or there exisits an embedding φ : L1 × I −→ M such that
the image of L1 × {0} (L1 × {1} resp.) coincides with L1 (L2 resp.), and
the image of {x} × I is contained in a leaf of F⊥ for each x ∈ L1.

Lemma 3.1. Under the above equivalence relation, the number of the
equivalence classes represented by the depth 0 leaves is at most 2m +
rank H1(M, R).

Sketch of Proof. Let {L(0)
j } be a set of depth 0 leaves such that each

pair of elements is not mutually equivalent. By using the (F ,F⊥)-coodinate
atlas, we show that for each component of M \ ∪L

(0)
j , there must exists a

component of ϕi(Dn−1 ×∂I) in it. Hence the number of the components of
M \ ∪L

(0)
j is bounded by 2m + rank H1(M, R) + 1.

The unit tangent bundle q : M̃ −→ M of F⊥ is a C∞ double covering
of M , and the leaves of q−1(F) are called sides of leaves of F . We say that
a leaf L is one-sided (two-sided resp.) if q−1(F) consists of one component
(two components resp.). Note that if F is transversely oriented, then each
leaf of F is two-sided.
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Definition 3.2. A side L̃ of q(L̃) = L is proper if there are a transverse
curve τ : I −→ M starting from L in the direction of L̃ and ε(> 0) such
that τ(t) /∈ L for 0 < t < ε. The leaf L has unbounded holonomy on the
proper side L̃ if there are a transverse curve γ : I −→ M starting from L

in the direction of L̃ and a sequence h1, h2, . . . of holonomy pseudogroup
elements with domain containing im(γ) such that

hi(im(γ)) = γ([0, εi]), εi ↘ 0.

The leaf L is semistable on the proper side L̃ if there is a sequence e1, e2, . . .

of C∞ immersions of L̃× I (with its manifold structure) into M such that
ei(x, 0) = q(x) for all x and i, ei∗

(
∂
∂t

)
points in the direction L̃ when

t = 0, ei∗
(

∂
∂t

)
is always tangent to F⊥, each ei(L̃×{1}) is a leaf of F , and⋂

i ei(L̃ × I) = L.

Remark 3.1.

(1) Any side of a proper leaf is proper.
(2) Let L be a two-sided leaf of F . Suppose that L is semistable on the

proper side L̃ and let ei : L̃× I −→ M be as above. Then for each i, L

is equivalent to ei(L̃ × {1}).

Modifying the foliation F
For an equivalence class [L] represented by a depth 0 leaf L, ∪Lα denotes
the union of the leaves of F representing [L].

Claim 3.1. Under the above notations, ∪Lα is closed.

Sketch of Proof. Take a Cauchy sequence {xi} in M such that each xi is
contained in ∪Lα and converges to x∞. By using Dippolito’s semistability
theorem [3, Theorem 3], we can show that the leaf which contains x∞, say
L∞ is semistable. This implies that L∞ is equivalent to Li. Thus x∞ is
contained in ∪Lα.

Now, we describe how to modify F near L to obtain a new finite depth
foliation F ′. The situation is divided into the following two cases.

Case 1. There exists more than one leaves of F representing [L].

Let {φβ} be the set of all the embeddings which give equivalence rela-
tions between L and the leaves representing [L]. Let U = ∪φβ(L × I). The
situation is divided into the following two subcases.

Case 1.1. U = M .
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In this case, M admits a fiber bundle structure over S1 with each fiber
homeomorphic to L and L is a fiber. In this case, F ′ is the foliation given
by this bundle structure, i.e., each leaf of F ′ is a fiber of the fibration.

Case 1.2. U 6= M .

In this case, we first show the following claims (Claims 3.2, 3.3, 3.4).

Claim 3.2. U is closed.

Most of the proof of Claim 3.2 is done by similar arguments as in the
proof of Claim 3.1.

Let τ be a leaf of F⊥|U which meets a component of ∂U , say L0.

Claim 3.3. The leaf τ is an arc properly embedded in U .

The proof is done by considering embeddings which give equivalence
relations between leaves and using the fact that U is closed (Claim 3.2).

Claim 3.4. The boudary of U consists of two components.

Sketch of Proof. Since F is transversely oriented, we see by Claim 3.3
that ∂U consists of at least two components. By considering embeddings
which give equivalence relations between leaves, we can show that each
region between the components of ∂U is the form φ(L × I), this implies
that ∂U consists of exactly two components.

Let ∂U = L∞ ∪ L−∞. Obviously, L∞ is equivalent to L−∞, i.e., there
exists φ∗ : L∞ × I → M such that φ∗(L∞ × I) = U . Now, we modify F by
replacing F|U with the image of the product foliation on L∞ × I.

Case 2. There exists exactly one leaf of F representing [L].

Let U = M \ L. Then ∂Û = L+ ∪ L−, where L+ (L− resp.) is home-
omoprhic to L. The situation is divided into the following two subcases.

Case 2.1. Û is homeomorphic to L × I where each x ∈ I is a leaf of F̂⊥.

In this case M admits a fiber bundle structure over S1 with each fiber
homeomorphic to L and L is a fiber. Then, F ′ is the foliation given by this
bundle structure, i.e., each leaf of F ′ is a fiber of the fibration.

Case 2.2. There does not exist a homeomorphism from Û to L × I as in
Case 2.1.

In this case F is unchanged by the modification.
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In Cases 1.2 and 2.2, we further modify the foliation for another equiv-
alence class of a depth 0 leaf. Then the desired foliation F ′ is obtained by
repeating the procedure for all equivalence classes of the depth 0 leaves.

Further modification

Recall that F ′ is the modified foliation.

Lemma 3.2. For the modified foliation F ′, the number of the equivalence
classes represented by the depth 1 leaves is finite.

Sketch of Proof. Let {L(1)
k } be a set of finite number of depth 1 leaves

of F ′ such that each pair of elements is not mutually equivalent. Let {L(0)
j }

be the set of the depth 0 leaves contained in ∪(L(1)
k \ L

(1)
k ). By using the

(F ,F⊥)-coodinate atlas, we show that for each component of M \((∪L
(0)
j )∪

(∪L
(1)
k )), there must exists a component of φi(Dn−1 × ∂I) in it. Hence the

number of the component of M \ ((∪L
(0)
j ) ∪ (∪L

(1)
k )) is bounded.

Now, we modify the foliation F ′. Since the number of the equiva-
lence classes represented by the depth 0 leaves is finite (Lemma 3.1),
M \ ∪(depth 0 leaves) consists of finite number of components, say U1 ∪
U2 ∪ · · · ∪ Uk. Note that there is a depth 1 leaf in each Ui. Let L(⊂ U1) be
a depth 1 leaf. The situation is divided into the following two cases.

Case 1. There exist more than one leaves of F ′ representing [L].

In this case, Claim 3.5 below holds. Let {φβ} be the set of all the embed-
dings which give equivalence relations between L and the leaves representing
[L]. Let U (1) = ∪φβ(L × I).

Claim 3.5. U (1) ∪ (depth 0 leaves) is closed.

The situation is divided into the following two subcases.

Case 1.1. ∂U (1) consists of depth 0 leaves.

In this case, we modify F ′ by replacing F ′|U(1) with the product foliation
such that each leaf is homeomorphic to L. Note that in this case, U (1) = U1,
and the modification on U1 is completed.

Case 1.2. ∂U (1) contains a depth 1 leaf.

In this case, we modify F ′ by replacing F ′|U(1) with the product foliation
such that each leaf is homeomorphic to the depth 1 leaf.

Case 2. There exists exactly one leaf of F ′ representing [L].

In this case, the situation is divided into the following two subcases.
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Case 2.1. There exists an immersion h : L × I → U1 \ L where each x ∈ I

is a leaf of F̂⊥.

In this case, we replace F ′|U1\L by the image of the product foliation
on L × I. Note that in this case, the modification on U1 is completed.

Case 2.2. There does not exist an immersion h as in Case 2.1.

In this case F ′ is unchanged by the modification.

In Cases 1.2 and 2.2, we further modify the foliation for another equiv-
alence class of a depth 1 leaf in U1, and repeat the procedure to modify the
foliation in U1. Then the desired foliation F ′′ is obtained by repeating the
procedure for all Ui’s.

Then we can further apply the similar modifications for higher depth
leaves to btain a modified foliation F̃ that cannot be modified any more.
Note that the modification for depth d leaves does not affect the depth< d

leaves. Hence we see that for a given foliation F , F̃ is unique. And by the
construction, it is easy to show that depth(F̃) ≤ depth(F). Moreover:

Proposition 3.1. The number of the equivalence classes of F̃ is finite.

Let {[Li]}i=1,2,...,n be the equivalence classes of the leaves of F̃ .

Definition 3.3. Let G(F) = {V,E} be a directed graph with vertex set
V = {vi} and edge set E = {ejk} such that each vi corresponds to the
equivalence class [Li] of the leaves of F̃ and there is an edge ejk from vj

to vk if Lk ⊂ Lj \ Lj , and there does not exist a leaf L(6= Lj) such that
L ⊂ Lj \ Lj and Lk ⊂ L \ L.

Definition 3.4. For each edge ejk of the graph G(F), we define the length
of ejk as follows:

length(ejk) = depth(Lj) − depth(Lk).

Then, we define the gap of the foliation F as follws:

gap(F) = max{length(ejk)} − 1.

4. Main result

In this section, we consider codimension one foliations on 3-manifolds. We
say that a codimension one foliation F on M is taut if for any leaf L of
F , there is a properly embedded (possibly, closed) transverse curve which
meets L.
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Let K ′ be a non-cable knot, and K the 0-twisted double of K ′. Let
S3(K, 0) be the manifold obtained from S3 by performing 0-surgery along
K. Let Σ(n)(K, 0) be the n-fold cyclic covering space of S3(K, 0). Let F be
a codimension one, transversely oriented, taut, C0-foliation on Σ(n)(K, 0)
with exactly one depth 0 leaf representing [α], where α is corresponding to
a generator of H1(S3(K, 0)) ∼= Z. In [5], we prove:

Theorem 4.1. Let Σ(n)(K, 0) be as above. Then for each n, we have:

depth0
1,α(Σ(n)(K, 0)) ≥ 1 +

[
n

2

]
,

where depth0
1,α denotes the minimal depth of codimension one, transversely

oriented, taut, and proper C0-foliations on Σ(n)(K, 0) each of which admits
exactly one depth 0 leaf representing the homology class α and [x] denotes
the greatest integer among the integers which are not greater than x.

By using gap, we can give a similar estimation of the depth of F .

Theorem 4.2. Suppose G(F) is a tree. Then for each n, we have:

depth(F) ≥ 1 +
[
n

2

]
+

gap(F)
2

.

Furtheremore, if K ′ is a figure-eight knot, for each n ≥ 5, we can give
a finite depth foliation F on Σ(n)(K, 0) with G(F) a two-valent connected
graph such that gap(F) = 2(n − 4). We note that in this example, the
modification does not change the foliation, i.e., F = F̃ .

References

1. J. Cantwell and L. Conlon, Depth of knots, Topology Appl. 42 (1991) 277–289.
2. J. Cantwell and L. Conlon, Foliations of E(52) and related knot complements,

Proc. Amer. Math. Soc. 118 (1993) 953–962.
3. P. Dippolito, Codimension one foliations of closed manifolds, Ann. of Math.

107 (1978) 403–453.
4. D. Gabai, Foliations and the topology of 3-manifolds. III, J. Differential Geom.

26 (1987) 479-536.
5. H. Murai, Depths of the Foliations on 3-Manifolds Each of Which Admits

Exactly One Depth 0 Leaf, J. Knot Theory Ramifications, to appear.



March 27, 2007 11:10 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

231Intelligence of Low Dimensional Topology 2006
Eds. J. Scott Carter et al. (pp. 231–238)
c© 2007 World Scientific Publishing Co.

COMPLEX ANALYTIC REALIZATION OF LINKS

Walter D. NEUMANN

Department of Mathematics, Barnard College, Columbia University,
New-York, NY 10027, USA

E-mail: neumann@math.columbia.edu

Anne PICHON
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We present the complex analytic and principal complex analytic realizability
of a link in a 3-manifold M as a tool for understanding the complex structures
on the cone C(M).

1. Introduction

Let (Z, p) be a normal complex surface singularity, and MZ its link, i.e.,
the 3-manifold obtained as the boundary of a small regular neighbourhood
of p in Z. Then, Z is locally homeomorphic to the cone C(MZ) on MZ .

Given a surface singularity link M , there may exists many different ana-
lytical structures on the cone C(M), i.e., normal surfaces singularities (Z, p)
whose MZ is homeomorphic to M . A natural problem is to understand
these analytic structures on C(M). In this paper we present an approach
by studying the principal analytic link-theory on M . Our aim is to present
this point of view to encourage people to pursue this area.

If C is an analytic curve on Z through p, set LC = C ∩MZ ; the pair
(MZ , LC), defined up to diffeomorphism, is the link of C. Notice that LC
is a link in MZ in the usual topological sense: a disjoint union of circles
embedded in a 3 manifold. In this situation we say (M,L) = (MZ , LC)
is analytically realized by (Z,C) or simply analytic. We say that (M,L)
is principal analytic if it is analytically realized by a pair (Z,C) such that
C = f−1(0), where f : (Z, p) → (C, 0) is a germ of holomorphic function.
In other words, the ideal of OZ,p defining C is principal.
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Given a 3-manifold M , we then want to

• describe the links L ⊂ M which are analytic (resp. principal analytic),
• describe how these links distribute among the different analytic struc-

tures on C(M).

When M is the 3 sphere, then Z is smooth [8], and one deals with
plane curves. The two notions, analytic link and principal analytic link,
then coincide under the classical name “algebraic link.” Their classification
is one of the main results of the classical theory of plane curves singularities:
such a link is built by repeated cabling operations, and a link L ⊂ S3 is
algebraic iff it is obtained by successive cabling operations which satisfy the
so-called Puiseux inequalities. For details see [3].

For general M the analytic link theory is still well understood, as a
consequence of Grauert [4]. The main fact is that analytic realizability is a
topological property, so analytic link-theory is no help to understand the
analytic structures on C(M):

Theorem 1.1. If L ⊂ M is analytic, it can be realized by a curve C on any
normal surface singularity whose link is M . Moreover, (M,L) is analytic
iff it can be given by a plumbing graph (see section 2) whose intersection
matrix is negative definite.

In section 2 we show that the existence of some analytic structure on
C(M) for which a link is principal analytic in M is still an easily described
topological property (see Thm. 2.1, which treats the more general context of
multilinks since the zero-set of a holomorphic function may have multiplic-
ity). But, in contrast to analytic realizability, principal analytic realizability
depends on the analytic structure. Here is an explicit example ([9], exer-
cise 2.15): the two equations x2 + y3 + z18 = 0 and z2 + y(x4 + y6) = 0
define two germs (Z, 0) and (Z ′, 0) in C

3 with homeomorphic links (the
plumbing graph ∆ is a string o—o—o of 3 vertices with (genus, Euler num-
ber) weights (1,−1), (0,−2) and (0,−2)). But the link of the holomorphic
function f = z : (Z, 0) → (C, 0) does not have a principal realization in
(Z ′, 0). Indeed, let π : X → Z and π′ : X ′ → Z ′ be two resolutions of Z

and Z ′ with dual graph ∆; the compact part of the total transform (f ◦ π)
is E1 + E2 + E3 whereas the maximal cycle on Z ′, realized by the generic
hyperplane section, is 2E′

1 + 2E′
2 + 2E′

3, which is greater.
In section 3 we give some results and conjectures about the division

of principal analytic links in M among the different analytic structures of
C(M). In section 4 we describe the implications for splice singularities, a
class of singularities characterized by their principal analytic link theory.
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2. A principal analytic realization theorem

We first recall the plumbing representation of the pair (MZ , LC).
Let π : X → Z be a resolution of the normal surface germ (Z, p)

such that π−1(p) is a normal crossing divisor with irreducible components
E1, . . . , En. Denote by ∆ the dual graph associated with π−1(p), with ver-
tex vi weighted (gi, ei) by genus gi and self-intersection ei = E2

i < 0 of
the corresponding Ei in X. Then MZ is homeomorphic to the boundary M

of the 4-dimensional manifold obtained from ∆ by the classical plumbing
process described in [5]. We call M a plumbing manifold.

By Grauert [4], a plumbing manifold M is the link of a normal com-
plex surface singularity iff it can be given by a plumbing graph ∆ whose
associated intersection matrix I(∆) = (Ei.Ej)1≤i,j≤n is negative definite.

If C is a curve on Z, and π : X → Z a resolution of X such that
π−1(C) is a normal crossing divisor, let ∆ be the dual graph of the divisor
π−1(p) decorated with arrows corresponding to the components of the strict
transform of C by π. Then the plumbing graph ∆ completely describes the
homeomorphism class of the so-called plumbing link (MZ , LC).

Suppose now that the curve C is the zero locus of a holomorphic function
f : (Z, p) → (C, 0). Let C1, . . . Cr be the irreducible components of C and
let LC = K1 ∪ . . . ∪ Kr be its link. Recall that a multilink is a link whose
components are weighted by integers. One defines the multilink of f by
Lf = m1K1∪. . .∪mrKr , where mj is the multiplicity of f along the branch
Cj . The plumbing graph ∆ of (MZ , LC) is then completed by weighting each
arrow by the corresponding multiplicity mj .

Let (M,L) be a plumbing multilink with graph ∆. For each vertex vi of
∆, let bi be the sum of the multiplicities carried by the arrows stemming
from vertex vi, and set b(∆) = (b1, . . . , bn) ∈ N

n. The monodromical system
of ∆ is the linear system I(∆)t(l1, . . . , ln) + tb(∆) = 0 with unknowns
(l1, . . . , ln), where t means the transposition

Theorem 2.1. Let L = m1K1 ∪ . . .∪mrKr be a multilink in a 3-manifold
M with positive multiplicities mi. The following are equivalent:

(i) The multilink (M,L) is principal analytically realized from some ana-
lytic structure (Z, p) on C(M).

(ii) (M,L) is a plumbing multilink admitting a plumbing graph ∆ whose
monodromical system admits a solution (l1, . . . , ln) ∈ (N>0)n.

(iii) (M,L) is analytic and [m1K1 ∪ . . . ∪ mrKr] = 0 in H1(M, Z)
(iv) (M,L) is a fibered multilink and some power of the monodromy

Φ: F → F of the fibration is a product of Dehn twists on a collection
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of disjoint closed curves which includes all boundary curves.

Proof. The equivalence between (ii), (iii) and (iv) appears in [3] when M

is a Z-homology sphere and in [16] (5.4) when L is a link. The methods
generalize.

If f : (Z, p) → (C, 0) is a holomorphic function, then a monodromical
system is nothing but the well known system in complex geometry ([6],
2.6):

(
∀i = 1, . . . , n, (f).Ei = 0

)
, where (f) is the total transform of f in a

resolution of Z and f with exceptional divisor E =
∑n

i=1 Ei. Then (i)⇒(ii)
is done.

(ii)⇒(i) is proved in [16] when L is a link (5.5). Let generalize the proof
to multilinks. The idea is to perform a surgery along the multilink L in order
to realize the new 3-manifold as the boundary of a degenerating families of
curves, using a realization theorem of Winters ([18]).

Let us consider the plumbing graph ∆′ obtained from ∆ by replacing
each arrow vi o−→ vj by a string of vertices vi o—o—o—· · ·—o—o as
follows: vi is the vertex carrying the arrow vj ; set p1 = li, d1 = mj , and
consider the integers q1 ≥ 1 and r1 such that p1 = q1d1 − r1, with 0 ≤ r1 <

d1. Set p2 = d1 and d2 = r1, and repeat the process on p2 and d2 by taking
q2 ≥ 1 and r2 such that p2 = q2d2 − r2, with 0 ≤ r2 < d1. Then iterate the
process until rm = 0. The string has m vertices weighted from vi by the
Euler classes −q1,−q2, . . . ,−qm and by genus zero.

The monodromical system of ∆′ (which has b(∆′) = 0) has the following
(l′k) as a solution: l′k = lk when vk is a vertex of the subgraph ∆, and l′k = dk

for the vertex vk of the string carrying −qk. According to [18], there then
exists a degenerating family of curves (i.e., a proper holomorphic family
which has no critical value except 0) g : Σ → {z ∈ C/|z| < 1}, whose
special fiber f−1(0) has ∆′ as dual graph [18].

By Zariski’s lemma (e.g., [8]), condition (ii) implies that the intersection
matrix I(∆) is negative definite. One then obtains from Σ a normal surface
Z by shrinking to a single point p all the irreducible components of f−1(0)
corresponding to vertices of ∆. Then g induces a holomorphic function
Z \ {p} → C, which extends by p 7→ 0 to a holomorphic function f : Z → C

as (Z, p) is normal. This f realizes (M,L).

3. Dependence on analytic structure

There exist some 3-manifolds M whose principal analytic knot-theory does
not depends on the analytic structure. For example, when M is the link
of a rational singularity, then any principal analytic realizable multilink
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(M,L) is so realizable in any analytic structure (Z, p) on C(M) [1]. The
same conclusion holds when M is the link of a minimally elliptic singularity
and L is a knot, possibly with multiplicity ([17], lemma p. 102). It seems
likely that in most, if not all, other cases the principle analytic knot theory
is sensitive to analytic structure. We are willing to dare a conjecture in the
Z–homology sphere case. In this case there is no homological obstruction
to the principal analytic realizability (Theorem 2.1 (iii)).

Denote the Brieskorn singularity {(x1, x2, x3) ∈ C
3 | xp

1 + xq
2 + xr

3 = 0}
by V (p, q, r) and its link by M(p, q, r). If p, q, r are pairwise coprime then
M = M(p, q, r) is a Z–homology sphere. The only Z–homology sphere links
of rational and minimally elliptic singularities are M(2, 3, 5) (rational) and
M(2, 3, 7) and M(2, 3, 11) (minimally elliptic). So the principal knot theory
of these is completely understood (even the principal analytic link theory
for M(2, 3, 5)).

Conjecture 3.1. Let M be a Z-homology sphere link other than
M(2, 3, 5),M(2, 3, 7),M(2, 3, 11). Then for any analytic structure (Z, p) on
C(M) there exists an analytic knot in M which is not realized by a holo-
morphic germ (Z, p) → (C, 0).

We can prove the conjecture in many cases. Two examples will illustrate
the arguments. M(p, q, r) is Seifert fibred with singular fibers L1, L2, L3

realized as principal analytic knots in V (p, q, r) by Li = M ∩ {xi = 0}.
1) In M(2, 3, 13) let L be the (2, 1)–cable on L3. As L satisfies condition

(iii) of Theorem 2.1, it is principal analytic in some analytic structure.
2) In M(3, 4, 19) let L be the (2, 3)–cable on L3. As L satisfies condition

(iii) of Theorem 2.1, it is principal analytic in some analytic structure.

Proposition 3.1. (1) Let (Z, p) be an analytic structure on C(M(2, 3, 13))
such that L3 is realized by a holomorphic function f3 : (Z, p) → (C, 0). Then
L is not realized by any f : (Z, p) → (C, 0) on (Z, p).

(2) Let (Z, p) be an analytic structure on C(M(3, 4, 19)) such that both
L2 and L3 are realized on (Z, p) by f2, f3 : (Z, p) → (C, 0) respectively.
Then, L is not realized by any f : (Z, p) → (C, 0).

Proof. (1) Assume the contrary. Let Ei, i = 1, . . . , 5 be the irreducible
components of the exceptional divisor of the minimal resolution π : Σ → Z

of (Z, p) as in the figure below.
The total transform of f3 is (f3 ◦π) = 3E1 +2E2 +6E3 +E4 +E5 + l3, so

its multiplicity on E4 is 1, which means that f3 is a local coordinate on the
transverse curve f−1(0) to E4, so f−1(0) is smooth. Therefore, the Milnor



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

236

fibre Ft of f , t 6= 0, is a disk, as it is a smoothing of f−1(0). But the total
transform of f is (f ◦ π) = 6E1 + 4E2 + 12E3 + 2E4 + E5 + l, which leads
to χ(Ft) = 6 + 4 − 12 − 2 + 1 = −3. Contradiction.

−2
(6)
◦

OOOOOOO −2
(3)
◦

OOOOOOO

◦
(12)

−1 −7

(2)
◦

L
ÂÂ>

>>
>> −2

(1)
◦ ◦

(6)

−1 −7

(1)
◦ −2

(1)
◦

L3ÂÂ>
>>

>>

−3
(4)
◦

ooooooo
(1)

−3
(2)
◦

ooooooo
(1)

2) Assume the contrary to the proposition. Let f : (Z, p) → (C, 0) be
such that L is the link of f−1(0). The splice diagram is as follows:

◦
3NNNNNNNNN

◦ 19 2

4
L2 wwnnnnnnnnn ◦ 3 L3//

1
LÃÃ@

@@
@@

@

The semi-group of values Γ(C) of the curve C = f−1(0) contains the two
values 2 and 9 associated with the functions f2 and f3 (these are computed
as the product of splice diagram weights adjacent to the path between
the corresponding arrowheads). So Γ(C) contains the semi-group 〈2, 9〉 =
{2, 4, 6, 8, 8+Z

+ . . .} which has 4 missing numbers (1, 3, 5 and 7). Therefore,
the δ-invariant δ(C) of C, which counts the number of gaps in Γ(C), is at
most 4, so µ(C) = 2δ ≤ 8. But the multiplicities of C leads to χ(Ft) =
12 + 9 − 36 − 6 + 2 = −19. Then µ = 20. Contradiction.

In view of the above discussion, the following question is natural.

Question 3.1. Let M be a surface singularity link. Do there exist analytic
links in M that have the ubiquity property, i.e., that are principal analytic
in any analytic structure (Z, p) with link M?

A positive answer is given by:

Theorem 3.1. ([2], 4.1.) Let (Z, 0) be any analytic structure on C(M),
and let π : (Σ, E) → (Z, 0) be a good resolution with E =

∑n
i=1 Ei. For any

purely exceptional divisor D =
∑

miEi such that

∀i ∈ {1, . . . , n}, (D + E + KZ).Ei ≤ 0,

there exists a holomorphic germ f : (Z, p) → (C, 0) whose total transform
by π is a normal crossing divisor (f ◦ π) = D + Strict(f ◦ π).

The configuration of E and the numerical data D =
∑

miEi do not depend
on the analytic structure (Z, p), so the link Lf has the ubiquity property.
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This link has very many components (at least one for each i). It seems
unlikely that this can be reduced much in general, although in the rational
and minimally elliptic cases 1 component suffices.

4. Singularities of splice type

In [12,13] the first author and J. Wahl introduce an important class of singu-
larities with Q–homology sphere links called “splice-quotient singularities,”
or briefly “splice singularities.” This class includes all rational singularities
and all minimal elliptic singularities with Q–homology sphere links. This
was first proved by Okuma [15], see also the appendix to [12]. It now follows
from the following characterization of splice singularities by their principal
analytic knot theory. We assume M is a Q–homology sphere. The dual
resolution graph is then a tree.

Theorem 4.1 (End Curve Theorem ([14]). To each leaf of the dual
resolution graph there is associated a knot in M , namely the link of a
transverse curve to the corresponding exceptional curve of the resolution;
the singularity is splice if and only if each of these knots, taken with some
multiplicity, has a principal analytic realization.

The property of being rational or minimally elliptic is topologically de-
termined, so any singularity with one of these topologies is splice. But in
general the same topology may support both splice and non-splice singu-
larities. For example, Proposition 3.1 implies for either of the examples it
addresses, that if one takes an analytic structure for which the knot L is
principal, then that singularity is not splice.

Associated to any plumbed Q–homology sphere is a simplified version of
the resolution graph, called the splice diagram. A fundamental property of
the splice diagrams of links of splice singularities is the so-called “semigroup
condition” (loc. cit.). The following question is of fundamental importance,
since a Z–sphere counterexample would give a complete intersection sin-
gularity with Z-homology sphere link that is not splice (conjectured not
to exist), and would give a likely candidate also to contradict the Casson
Invariant Conjecture of [11].

Question 4.1. Is the principal knot theory of a splice singularity topolog-
ically determined? Specifically, is a knot L ⊂ M with multiplicity principal
analytic if and only if it represents zero in homology of M and the splice
diagram for (M,L) satisfies the semigroup condition?
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In this short article we report that for any odd integer m there exist an achiral
spatial complete graph on 5 vertices and an achiral spatial complete bipartite
graph on 3 + 3 vertices whose Simon invariants are equal to m.
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1. Introduction

Throughout this paper we work in the piecewise linear category. Let S3 be
the unit 3-sphere in R4 centered at the origin. An embedding f of a finite
graph G into S3 is called a spatial embedding of G or simply a spatial graph.
If G is homeomorphic to a disjoint union of n cycles then spatial embeddings
of G are none other than n-component links. Two spatial embeddings f
and g of G are said to be ambient isotopic if there exists an orientation-
preserving homeomorphism Φ : S3 → S3 such that Φ ◦ f = g.

Let us consider an orientation-reversing homeomorphism ϕ : S3 → S3

defined by ϕ(x1, x2, x3, x4) = (x1, x2, x3,−x4). For a spatial embedding f
of G, we call f ! = ϕ ◦ f the mirror image embedding of f . In this article we
say that a spatial embedding f of G is achiral if there exists an orientation-
preserving homeomorphism Φ : S3 → S3 such that Φ(f(G)) = f !(G). Note
that there is no necessity for f and f ! to be ambient isotopic, namely we
may forget the labels of vertices and edges of G. Achirality of spatial graphs
is not only an interesting theme in geometric topology as a generalization
of amphicheirality of knots and links but also an important research ob-
ject from a standpoint of application to macromolecular chemistry, what is
called molecular topology. We refer the reader to5 for a pioneer work.

For the case of 2-component links, it is known that achirality of a 2-
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component oriented link depends on its homological information. Kirk and
Livingston showed that a 2-component oriented link is achiral only if its
linking number is not congruent to 2 modulo 4 [2, 6.1 Corollary] (an ele-
mentary proof was also given in,3 and also see Kidwell1 for recent progress).
On the other hand, let K5 and K3,3 be a complete graph on five vertices
and a complete bipartite graph on 3+3 vertices respectively that are known
as two obstruction graphs for Kuratowski’s planarity criterion. For spatial
embeddings of K5 and K3,3, the Simon invariant is defined [6, §4], that is
an odd integer valued homological invariant calculated from their regular
diagrams, like the linking number. Moreover it is known that a non-trivial
homological invariant for spatial embeddings of G exists if and only if G is
non-planar or contains a pair of disjoint cycles [6, Theorem C], and the
Simon invariant is essentially unique as a homological invariant.7 Therefore
it is natural to ask whether achirality of a spatial embedding of K5 or K3,3

depends on its Simon invariant or not. In the conference in Hiroshima, the
author claimed in his talk that a spatial embedding of K5 or K3,3 is achiral
only if its Simon invariant is not congruent to −3 and 3 modulo 8. But he
found a gap for his proof after the conference. What he claimed turned out
to be wrong in the end, namely we have the following.

Theorem 1.1. Let G be K5 or K3,3. For any odd integer m, there exists
an achiral spatial embedding of G whose Simon invariant is equal to m.

Actually Taniyama informed me that such a spatial embedding can be
constructed. The author is grateful to him and sorry for the mistake. In the
next section we recall the definition of the Simon invariant and demonstrate
Taniyama’s construction of an achiral spatial embedding of K5 or K3,3

which realizes an arbitrary value of the Simon invariant.

2. Achiral spatial embedding of K5 and K3,3 with any
value of the Simon invariant

First we recall the definition of the Simon invariant. For K5 and K3,3,
we give a label to each of the vertices and edges (note that the vertices
of K3,3 are divided into the black vertices {1, 2, 3} and the white vertices
{1, 2, 3}), and an orientation to each of the edges as illustrated in Fig. 1.
For a pair of disjoint edges (x, y) of K5, we define the sign ε(x, y) = ε(y, x)
by ε(ei, ej) = 1, ε(dk, dl) = −1 and ε(ei, dk) = −1. For a pair of disjoint
edges (x, y) of K3,3, we also define the sign ε(x, y) = ε(y, x) by ε(ci, cj) = 1,
ε(bk, bl) = 1 and ε(ci, bk) = 1 if ci and bk are parallel in Fig. 1 and −1 if ci

and bk are not parallel in Fig. 1.
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Fig. 1.

For a spatial embedding f of K5 or K3,3, we fix a regular diagram of
f and denote the sum of the signs of the crossing points between f(x) and
f(y) by l(f(x), f(y)), where (x, y) is a pair of disjoint edges. Then an integer

L(f) =
∑

x∩y=∅

ε(x, y)l(f(x), f(y))

is called the Simon invariant of f . Actually we can see that L(f) is an
odd integer valued ambient isotopy invariant by observing the variation
of L(f) by each of the (generelized) Reidemeister moves. We also have
L(f !) = −L(f) immediately by the definition. Hence any spatial embedding
of K5 or K3,3 is not ambient isotopic to its mirror image embedding. But
the embedding can be achiral, see Fig. 2.
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f f!

Fig. 2.
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Now let us consider a spatial embedding fm,q (m ∈ Z, q = ±1) of K5 or
K3,3 as illustrated in Fig. 3, where m denotes m full twists and q denotes
a positive (resp. negative) crossing point if q = 1 (resp. −1) in Fig. 3. By
applying a counter clockwise π/4-rotation of the diagram, it can be easily
seen that fm,q is achiral. On the other hand, by a direct calculation we have
that L(fm,q) = 4m + q. Thus Simon invariants of fm,q can cover all odd
integers. This completes the proof of Theorem 1.2.

m

1

2 3

4

5 m

m

1

1 2

3

q

q
3

2

m
Fig. 3.

Let Aut(G) be the automorphism group of a graph G. Note that Aut(K5)
is isomorphic to S5 and Aut(K3,3) is isomorphic to the wreath product
S2[S3], where Sn denotes the symmetric group of degree n. Achirality
of fm,q of K5 as above means that there exists an orientation-reversing
homeomorphism Φ : S3 → S3 such that Φ ◦ fm,q = fm,q ◦ (1 2 3 4), where
(1 2 3 4) ∈ S5

∼= Aut(K5). In the same way, the achirality of fm,q of K3,3

as above means that there exists an orientation-reversing homeomorphism
Φ : S

3 → S
3 such that Φ ◦ fm,q = fm,q ◦ ((1 2); (1 3 2), (2 3)), where

((1 2); (1 3 2), (2 3)) ∈ S2[S3] ∼= Aut(K3,3). Then it is natural to generalize
our main theme as follows: For any σ ∈ Aut(K5) (resp. Aut(K3,3)) and any
odd integer m, do there exist a spatial embedding f of K5 (resp. K3,3) and
a homeomorphism Φ : S3 → S3 such that L(f) = m and Φ◦f = f ◦σ? This
work is now in progress by the author and Taniyama,4 and the details will
appear elsewhere.
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A spider is a robot with n arms such that each arm is of length 1 + 1 and has
a rotational joint in the middle, and that the endpoint of the kth arm is fixed

to Re
2(k−1)π

n
i. We assume that it can move only in a plane. The configuration

space of such planar spiders is studied. It is generically diffeomorphic to a
connected orientable closed surface.

Keywords: Configuration space, Planar linkage

1. The configuration space of the spiders with n arms of
radius r

This article is an announcement of the result in [4] with some new pictures
and problems. The reader is referred to it for the proof and the references.

A spider with n arms and radius r is a robot with a body which we
denote by C and n arms (n ≥ 2) with the following conditions (Figure ??):

(1) Each arm has

(a) length 1 + 1,
(b) a rotational joint, and
(c) a fixed endpoint. The kth arm is fixed to Bk = re

2(k−1)π
n i (0 ≤ r ≤

2).

We denote the rotational joint of the kth arm by Jk.
(2) Arms, joints, and the body can

(a) move only in a plane, and
(b) intersect each other.

LetMn(r) be the set of such spiders, and call it the configuration space
of the spiders with n arms and radius r.
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Let us give an explicit definition of Mn(r). Let (x, y) denote the coor-
dinates of the “body” C of the spider. Let

Bk = (Uk, Vk) =
(

r cos
2(k − 1)π

n
, r sin

2(k − 1)π
n

)
(1)

be the kth fixed endpoint and Jk(pk, qk) the joint of the kth arm (k =
1, · · · , n). We denote the vector

−−→
JkC by ~ak and

−−−→
BkJk by ~bk.

Definition 1.1. Let r be a constant with 0 ≤ r ≤ 2. Define

f : R
2n+2 = {X = (C,J1, · · ·,Jn) = (x, y, p1, q1, · · · , pn, qn)} → R

2n

by

f2k−1(x, y, p1, q1, · · · , pn, qn) = |JkC|2 − 1= (x − pk)2 + (y − qk)2 − 1,

f2k(x, y, p1, q1, · · · , pn, qn) = |BkJk|2 − 1= (pk − Uk)2 + (qk − Vk)2 − 1.

The configuration space of the spiders with n arms and radius r, Mn(r),
is given by

Mn(r) =
{
(C, J1, · · · , Jn) ∈ R

2n+2 : |JkC| = |BkJk| = 1 (k = 1, · · · , n)
}

=
{
~x = (x, y, p1, q1, · · · , pn, qn) ∈ R

2n+2 : fi(~x) = 0 (1 ≤ i ≤ 2n)
}

= f−1(~0). (2)

We show that Mn(r) is generically diffeomorphic to a connected ori-
entable closed surface Σg, and give the genus g in terms of n and r (Theorem
1.1). The reader is referred to [4] for the case when Mn(r) is singular.

The configuration of a spider is determined by the following data:

(1) The position of the body C(x, y) ∈ R2, and
(2) the status of the arms, which is given by one of the following:

(a) Positively (or negatively) bended, or
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(b) stretched-out, or
(c) folded (⇔ C = Bk) (only when r is small). The kth arm can rotate

around Bk.

The position of the body C is given by a point in a “curved n-gon D”
defined by

D = {C = (x, y) : |CBk| ≤ 2 (1 ≤ k ≤ n)}.

Fig. 1. Curved hexagon
when r > 1

It follows that

• If two arms are stretched-out, they are adja-
cent.
• The number of the stretched-out arms is

smaller than 3.

The status of the arms is given by the following.

Definition 1.2. Let θk (−π < θk ≤ π) be the angle from
−−−→
BkJk to

−−→
JkC.

The index of the kth arm, εk ∈ {+,−, 0,∞}, is given by the signature of
tan θk

2 , where −∞ is identified with∞ (Figure 2). We say that the kth arm
is positively (or negatively) bended if its index εk is + (or respectively, −).
We note that it is stretched-out if εk = 0, and folded if εk =∞.

Fig. 2. ε1 = +, ε2 = −. The case when n = 2.

Definition 1.3. Let rn be a number such that r = rn if and only if the
curved n-gon D contains the fixed endpoints of the arms Bk in its boudary
∂D, i.e.

rn =

{
1 if n is even,

2(2− 2 cos 2mπ
2m+1 )−1/2 if n is odd, n = 2m+ 1.
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(1) If r is big (r > rn) then D 63 Bk, and hence the spider cannot have
folded arms.

(2) If r is small (r < rn) then IntD 3 Bk.
(3) The spider can have both stretced-out arms and a folded arm if and

only if r = rn.

Theorem 1.1. If 0 < r < rn or rn < r < 2 then the configuration space
Mn(r) of the spiders with n arms and radius r is diffeomorphic to a con-
nected orientable closed surface Σg, where the genus g is given by

g =
{

1 + (5n − 4)2n−3 if 0 < r < rn,

1 + (n − 4)2n−3 if rn < r < 2.

Remark 1.1. When r 6= 0 the configuration space Mn(r) admits the
symmetry group which is the semidirect product of the dihedral group of
order n (rigidly moving the Bi’s) and (Z/2)n (interchanging ~ak =

−−→
JkC and

~bk =
−−−→
BkJk).

2. Proof for the smooth case

Lemma 2.1. If 0 < r < rn or rn < r < 2 then rank ∂f = 2n and hence
Mn(r) is a union of orientable closed surfaces.

Lemma 2.2. Mn(r) is arcwise connected.

It follows that the genus of Mn(r) can be given by its Euler number.
There are two kinds of proofs, a topological one and a Morse theoretical
one.

2.1. Topological proof

2.1.1. The case when r is big (rn < r < 2)

The configuration space Mn(r) can be obtained by gluing 2n copies of the
curved n-gon D in such a way that four faces meet at each vertex (Figures
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=⇒

Fig. 3. Change the indices of the arms one by one to all +

4 and 5). D. Eldar’s home page [1] explicitly shows the illustration of this
idea.

Fig. 4. Around a vertex
Fig. 5. M2(r) when 1 < r < 2

2.1.2. The case when r is small (0 < r < rn)

The curved n-gon D contains the fixed endpoints Bk.
If the body is not located at any of Bk, then all the arms are bended.

Therefore, the configuration space Mn(r) includes 2n copies of D \ ∪Bk,
which is homeomorphic to D minus n discs ∆k.

When the body is located at Bk the k-th arm can rotate around Bk.
Therefore, Mn(r) includes n2n−1 copies of circles.

The configuration space Mn(r) can be obtained by gluing the above
two spaces as follows.
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The 2n copies of D \ ∪∆k are glued to each other in such a way that
four faces meet at each vertex as before. Each copy of circle is glued to two
boundary circles of ∆k in a different copies of D. Figure 6 indicates that
this gluing means that the two boundary circles of ∆k are glued together
by the antipodal map (Figure 7).

Fig. 6.

Therefore, Mn(r) can be obtained from
2n

∪ D \∪∆k by attaching n2n−1

1-handles.

Fig. 7. How the boundary circles are glued
together

Fig. 8. The case when n = 2

2.2. Morse theoretical proof

Theorem 2.1. Define ψ : Mn(r) → R by

ψ(x, y, p1, q1, · · · , pn, qn) = y,

i.e. the y-coordinate of the body. Then ψ is a Morse function on Mn(r).

The critical points can be listed easily, but it need to make complicated
calculation to show that they are non-degenerate. Once one can show that
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ψ is a Morse function, the indices of the critical points can be given easily
since Mn(r) is of dimension 2. Different types of critical points appear
according to whether r is bigger than rn or not and whether n is even or
odd.

3. Problem

We end this article by proposing problems. Our “spiders” have maximum
symmetry. Consider the configuration spaces of the spiders without this
symmetry.

Fig. 9. An asymmetric spider.

When n = 2 it is equal to the moduli space of pentagons, which may
be one of S2, T 2, Σ2, Σ3, and Σ4 when it is not singular (reported in [2]),
whereas only S2 and Σ4 can occur in our most symmetric cases.

It does not seem to the author that the configuration spaces of the
spiders cover all the genera. On the other hand, Kapovich and Millson
showed

Theorem 3.1. ([3]) Any smooth manifold can be obtained as a connected
component of the configuration space of some planar linkage.

Thus we are lead to:

Problem 3.1. Find a family of planar linkages {Ln}n=0,1,2,··· such that (a
connected component of) the configuration space of Ln is homeomorphic to
Σn.

Problem 3.2. How many vertices do we need to produce Σg as configura-
tion space?
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Fig. 10. Planar linkages with 6 fixed endpoints, 13 joints, and 24 arms
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Invariants of 3-manifolds with 1-dimensional cohomology classes were intro-
duced by Turaev-Viro, and developed by Gilmer for 3-manifolds obtained by
0-surgery along knots. They formulated the invariants as an equivariant ver-
sion of quantum invariants for infinite cyclic covers of the 3-manifolds using
TQFT functors of the quantum invariants. In this article, we give a survey on
a construction of the invariants based on surgery presentations of knots.

Keywords: knot, surgery presentation, Turaev-Viro polynomial

1. Introduction

Given a TQFT functor on the category of 3-cobordisms, the Turaev-Viro
polynomial of (M,χ) is defined as follows, where M is a closed 3-manifold
with positive first Betti number and χ is a primitive cohomology class of
infinite order in H1(M). We consider the infinite cyclic cover M̃ of M
given by χ : H1(M) → Z. The Turaev-Viro polynomial is defined to be
the characteristic polynomial of the linear map given by the TQFT functor
for a fundamental domain of M̃ with respect to the action of the covering
transformation group. Further, when M is obtained from S3 by 0-surgery
along a knot, we regard the Turaev-Viro polynomial of M as an invariant
of the knot. Gilmer [6] extended this invariant to an invariant of a knot
with a color. In [6], he formulated these invariants based on TQFTs given
by invariants defined from the linear skein, where the correction of framing
anomaly is made by p1-structures. The Turaev-Viro polynomial (or the
Turaev-Viro module) is calculated for some knots in [1,6,7].

In this article, we give a survey on a construction of these invariants
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based on surgery presentations of knots. A surgery presentation of a knot
K is a framed link L in the complement of the trivial knot K0 such that
(S3,K) is homeomorphic to the pair obtained from (S3, K0) by surgery
along L. We assume that each component of L is null-homologous in the
complement of K0. Let L̃ be the preimage of L in the infinite cyclic cover
S̃3−K0. We formulate the invariant to be the characteristic polynomial of a
matrix whose entries are quantum invariants of a tangle L̂, which is obtained
from L̃ by restricting it to a fundamental domain of S̃3−K0. This invariant
dominates the quantum invariant of finite cyclic covers of S3 branched along
K, where we use total signature to make anomaly correction.

It is expected that this invariant is related to other equivariant invariants
[15,17]. See also [19] for the case where this invariant is defined from the
quantum U(1) invariant.

This article is organized as follows. In Section 1, we formulate such an
invariant of a knot based on a surgery presentation of the knot, and give a
direct proof of the invariance in Theorem 2.1. In Section 2, we show that
this invariant dominates the quantum invariant of finite cyclic covers of S3

branched along the knot in Proposition 3.1.
The author would like to thank Patrick Gilmer, Kazuo Habiro, Andrew

Kricker, and Vladimir Turaev for helpful comments on an early version of
this manuscript. He would also like to thank Seiichi Kamada for the well-
organized conference “Intelligence of Low Dimensional Topology 2006”.

2. Equivariant quantum invariants

A quantum invariant of 3-manifolds is defined from a modular category
{Vi}i∈I . In this section, we formulate an invariant TVm(K) of a knot K as
an equivariant version of the quantum invariant for the infinite cyclic cover
of the complement of K. This invariant is equivalent (modulo anomaly
correction) to an invariant given in [6]; see Remark 2.1.

We briefly review the definition of the quantum invariant [20] of closed
3-manifolds defined from a modular category; for details, see [20] and, for
example, [16]. Let M be a closed 3-manifold, and let L be a framed link in
S3 such that M is obtained from S3 by surgery along L. Let {Vi}i∈I be a
modular category, where we denote the quantum dimension of Vi by c

Vi
.

Then, a topological invariant of M is defined by

τ(M) = c
−σ+
+ c

−σ−
−

∑
i1,··· ,il ∈ I

cVi1
· · · cVil

Q(L; Vi1 , · · · , Vil
) ∈ C, (1)

where σ+ and σ− are the numbers of positive and negative eigenvalues
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of the linking matrix of L, and Q(L; Vi1 , · · · , Vil
) is the invariant of L

whose components are associated with objects Vi1 , · · · , Vil
of the modular

category, and we put

c± =
∑
i∈I

c
Vi

Q
(
(the trivial knot with ±1 framing); Vi

)
. (2)

We call τ(M) the quantum invariant for this modular category, and also
call Q(L; Vi1 , · · · , Vil

) the quantum invariant of L.
Any knot K can be obtained from some framed link K0 ∪L by surgery

along L, where K0 is the trivial knot and L is a null-homologous framed
link in the complement of K0 such that the 3-manifold obtained from S3

by surgery along L is homeomorphic to S3. We call K0 ∪ L a surgery pre-
sentation of K. Let L̂ be a tangle obtained from L by cutting along a disk
bounded by K0. For example,

K = ,

K0 ∪ L = = , L̂ = , (3)

where we depict K and K0 by thick lines, and depict L and L̂ by thin lines.
We formulate an invariant TVm(K) of a knot K for an object Vm of the

modular category, as an equivariant version of the quantum invariant τ of
the infinite cyclic cover S̃3−K of the complement of K. Roughly speaking,
TVm(K) is defined to be the characteristic polynomial of “τ(Ŝ3−K)”, where
Ŝ3−K is a 3-cobordism obtained from S3 −K by cutting it along a Seifert
surface whose boundary is associated with Vm; it is a fundamental domain
of S̃3−K with respect to the action of the covering transformation group.
To be precise, we define TVm(K), as follows; firstly we show the definition
of TVm(K) in a simple case, and secondly we explain how to extend the
definition to the general case.

Firstly, we assume that a knot K has a surgery presentation K0 ∪ L

and a tangle L̂ such that L̂ has 2 components, for example, as in (3). For
a modular category {Vi}i∈I , we put

Bi,j = c
−σ+
+ c

−σ−
− c

Vi
QVm(L̂; Vi, Vj),

where σ+ and σ− are the numbers of positive and negative eigenvalues of the
linking matrix of L in S3, and QVm(L̂; Vi, Vj) is the Vm part of the quantum
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invariant of L̂ whose components are associated with Vi, Vj . That is, the
quantum invariant of L̂ is defined to be a linear map Vj⊗V ∗

j → Vi⊗V ∗
i (see

[20] and, for example, [16]), and these tensor products have decompositions
Vj ⊗ V ∗

j =
∑

m Wm ⊗ Vm and Vi ⊗ V ∗
i =

∑
m W ′

m ⊗ Vm for some vector
spaces Wm and W ′

m representing multiplicity of the decompositions, and
QVm(L̂; Vi, Vj) is defined to be the induced linear map Wm → W ′

m. Hence,
the above mentioned Bi,j is presented by a matrix for each pair of i and j.
Further, putting

B =
(
Bi,j

)
i,j∈I

=


B1,1 B1,2 · · ·

B2,1 B2,2 · · ·
...

...
. . .

 ,

we define TVm(K) to be the characteristic polynomial of B. We regard
TVm(K) as in C[t, t−1]/=̇, where we write f(t) =̇ g(t) if f(t) = tng(t) for
some integer n. This definition can naturally be extended to the case that
a knot K has a surgery presentation shown in (4).

Secondly, we explain how to extend this definition to the general case.
Let K0∪L be a surgery presentation of a knot K and L̂ be a tangle obtained
from it. We associate the upper ends of L̂ with colors i1, · · · , il ∈ I, and
associate the lower ends of L̂ with colors j1, · · · , jl ∈ I. The matrix B is
defined by

B =
(
B(i1,··· ,il),(j1,··· ,jl)

)
,

where each part B(i1,··· ,il),(j1,··· ,jl) is defined to be the Vm part of the quan-
tum invariant of L̂ if each string of L̂ has the same color at its ends, and
defined to be the zero map otherwise. We define TVm(K) to be the charac-
teristic polynomial of B. The matrix B defined in this way have extra zero
eigenvalues than the matrix B defined before, and they have an equivalent
characteristic polynomial modulo “ =̇ ”.

Theorem 2.1 (another formulation of invariants given in [6]).
TVm(K) is an isotopy invariant of a knot K.

Proof. It is sufficient to show that TVm(K) is invariant under a choice of
a surgery presentation K0 ∪ L and a choice of a tangle L̂.

The invariance under a choice of K0∪L is shown, as follows. By Theorem
2.2 below, K0 ∪ L and K0 ∪ L′ are surgery presentations of the same knot
K if and only if L and L′ are related by a sequence of the KI and KII
moves shown in Fig. 1. It is known (see [20] and, for example, [16]) that
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the definition of the quantum invariant does not change under these moves.
Hence, TVm(K) does not depend on a choice of K0 ∪ L.

The invariance under a choice of L̂ is shown, as follows. Let L̂ and L̂′ be
tangles obtained from K0 ∪L by cutting it along disks bounded by K0. We
can assume, without loss of generality, that L̂ = T1∪T2 and L̂′ = T2∪T1 for
some tangles T1 and T2, where T1∪T2 (resp. T2∪T1) is the tangle obtained
by gluing the bottom of T1 (resp. T2) and the top of T2 (resp. T1). Then,
QVm(L̂) = QVm(T1)QVm(T2) and QVm(L̂′) = QVm(T2)QVm(T1). Hence, the
characteristic polynomials of QVm(L̂) and QVm(L̂′) are equivalent modulo
“ =̇ ”. Therefore, TVm(K) does not depend on a choice of L̂.

The KI move : L t ←→ L ←→ L t

The KII move : ←→

Fig. 1. The KI and KII moves

Remark 2.1. The invariant of the theorem is equivalent (modulo anomaly
correction) to the invariant given in [6]. Here, the difference of anomaly
correction means that they are related by a multiple of c+/c−.

More concretely, when M is the 3-manifold obtained from S3 by 0-
surgery along a knot K and χ : H1(M) → Z is an isomorphism, ΓZ(M,χ)
of [6] is equivalent to TV1(K), where Z is the invariant of 3-cobordisms
derived from the modular category {Vi}. ΓZ(M,χ) is called the “Turaev-
Viro polynomial” of (M,χ) in [6].

When the modular category is the category {Vi}1≤i<r consisting of the
ith dimensional irreducible representation Vi of the quantum group Uq(sl2)
at an rth root of unity q, Γr(K,m) of [6] is equivalent to TVm+1(K). In [6],
Γr(K,m) is formulated based on invariants defined from the linear skein.

Theorem 2.2 (modification of [3, Theorem 1]). Let L1 and L2 be
null-homotopic framed links in the complement of the trivial knot K0 in
S3, and let (S3

Li
, Ki) denote a pair of the 3-manifold and the knot in it

obtained from (S3, K0) by surgery along Li. Then, (S3
L1

,K1) and (S3
L2

,K2)
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are homeomorphic if and only if L1 and L2 are related by a sequence of the
KI and KII moves shown in Fig. 1 in the complement of K0.

The statement of the theorem is a modification of [3, Theorem 1]. (A
difference is that [3, Theorem 1] assumes that resulting 3-manifolds after
surgery are homology spheres, though we can show the theorem without
using this assumption, in the same way as [3].) We rewrite the proof of
[3], since its description is relatively indirect (showing some more general
statements in the process of the proof in [3]). As written in [3], the proof is
a rewriting of arguments of [2,21].

Proof of Theorem 2.2. If L1 and L2 are related by the KI and KII
moves, (S3

L1
, K1) and (S3

L2
,K2) are homeomorphic from the definition of

these moves.
Conversely, suppose that (S3

L1
,K1) and (S3

L2
,K2) are homeomorphic.

Let M be the 3-manifold obtained from S3 by removing a tubular neighbor-
hood of K0. Then, ML1 and ML2 are homeomorphic preserving boundary.
Let WLi be the 4-manifold obtained from M × I by attaching 2-handles
along Li. Then, ∂WLi = M ∪ (∂M × I) ∪ MLi . We show that L1 and L2

are related by the KI and KII moves in the following 2 steps.
The first step is to show that WL1 and WL2 are diffeomorphic after

applying KI moves on Li if necessary. Since Li is null-homotopic in M ,
WLi is homotopy equivalent to a union of M and copies of S2 at one point,
and, hence, π1(WLi) ∼= π1(M) ∼= Z. Further, H4

(
π1(WLi)

) ∼= H4(Z) ∼=
H4(S1) = 0. Hence, by [2, Lemma 9] (which can be applied to the relative
case), there exists a 5-manifold Ω5 such that ∂Ω5 is the connected sum of
WL1 ∪

∂
WL2 and copies of CP 2 and CP 2, and the diagram

π1(WL1) -∼= π1(WL2)

@
@

@R
(j1)∗

¡
¡

¡ª
(j2)∗

π1(Ω5)

commutes, and the homomorphisms (ji)∗ induced by the inclusions ji are
split injections. As the arguments of the proof of [2, Theorem 6], which can
also be applied to the relative case, we can cancel 1-handles and 4-handles
of Ω5 by making (ji)∗ isomorphic by surgery on generators of the kernel of
the splitting map of (ji)∗, and, further, can cancel 2-handles and 3-handles
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by applying KI moves on Li. Then, Ω5 becomes a trivial cobordism, and
WL1 and WL2 are diffeomorphic.

The second step is to show that L1 and L2 are related by the KI and KII
moves, by Cerf theory, following the proof of [2, Theorem 6]. We consider
Morse functions fi realizing the cobordism WLi

, and choose a generic path
of smooth functions ft for 1 ≤ t ≤ 2 whose restriction to the boundary gives
the projection ∂M × I → I. Along this path the handle structure changes
by births and deaths of complementary handle pairs and handle slides. As
in the proof of [2, Theorem 6], which can be applied to the relative case, we
can eliminate 0-handles, 4-handles, and 3-handles. Further, we can trade
1-handles for 2-handles, where this trade is described by a move adding a

long Hopf link , as in Stage 3 of the proof of [21, Theorem 1]. Since

this move does not change the homotopy type of the cobordism, this long
Hopf link is null-homotopic in M , and, hence, it can be removed by the KI
and KII moves. The only remaining handles are 2-handles, whose handle
slides are realized by the KII moves. Hence, L1 and L2 are related by the
KI and KII moves, as required.

When we calculate TVm(K), it is convenient to choose a surgery pre-
sentation of K of the following form,

K0 ∪ L = , L̂ = , (4)

where the dotted lines imply strands possibly knotted and linked in some
fashion. For any knot K, we can always choose a surgery presentation of
this form modulo the KI and KII moves. (We can show this by induction on
the geometric intersection number of the original L and a disk bounded by
K0, decreasing the intersection number by adding new components modulo
the KI and KII moves and by isotoping them in such a way that each of new
components intersects the disk in 2 points.) For a surgery presentation of
this form, we can calculate TVm(K) in a similar way as in the first definition
of TVm(K).
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3. Invariants of branched cyclic covers

We present the quantum invariant of the n-fold cyclic cover of S3 branched
along K in terms of TVi(K), as follows. For a complex number ω with
|ω| = 1, the ω-signature σω(K) of a knot K is defined to be the signature
of (1−ω)V +(1−ω)V T , where V is a Seifert matrix of K. The ω-signature
σω(K) is an invariant of K; see, for example, [14]. Following [5], we put the
total n-signature by σn(K) =

∑
ωn=1 σω(K).

Proposition 3.1 (another formulation of [6, Theorem 8.2]).
The quantum invariant of the n-fold cyclic cover Σn

K of S3 branched along
K is presented, in terms of TVi(K), by

τ
(
Σn

K

)
=

(c+

c−

)−σn(K)/2 ∑
i

cVi
ρVi

n ,

where we put scalars σVi
j by TVi(K) =

∑
0≤j≤N (−1)jσVi

j tN−j, and we set
scalars ρVi

k from σVi
j recursively by∑

0≤k≤m

(−1)m−kσVi

m−k ρVi

k = 0 and ρVi
0 = m for m = 1, 2, · · · . (5)

Proof. Let B be the matrix in the definition of TVi(K), and let α1, α2, · · ·
be its eigenvalues. Then, σVi

k is equal to the kth elementary symmetric
polynomial in αj , and ρVi

k =
∑

j αk
j . Hence, ρVi

n is equal to the trace of Bn.
Since a surgery presentation of Σn

K is given by the closure of the composition
of n copies of L̂, its quantum invariant is given by the quantum trace of∑

i Bn ⊗ idVi , which is equal to
∑

i c
Vi

ρVi
n . We obtain the required formula

by correcting the normalization factor using Lemma 3.1 below.

Lemma 3.1 ([5]). Let K0 ∪ L be a surgery presentation of a knot K as
shown in (4). Further, let A be the linking matrix of L, and let An be the
linking matrix of the n-fold cover of (S3, L) branched along K0. Then,

σn(K) = σ(An) − nσ(A).

Proof. The lemma is proved in [5] in terms of equivariant linking matrix.
Here, we give a direct elementary proof of the lemma.

We can assume, without loss of generality, that the linking matrix of

L̂ is given by

(
B C

CT 0

)
, where B is the linking matrix for the upper
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components of L̂ and C is the linking matrix between the upper and the
lower components of L̂. Then, A = B + C + CT and

An =


B C CT

CT B C

CT B
. . .

. . .
. . . C

C CT B

 = E ⊗ B + T ⊗ C + T−1 ⊗ CT ,

where E denotes the unit matrix, and we put

T =


0 1

0 1

0
. . .
. . . 1

1 0

 .

By diagonalizing T , the signature of An is presented by

σ(An) =
∑

ωn=1

σ
(
B + ω C + ω CT

)
.

Consider a surface in the complement of K0 ∪L bounded by K0, which
consists of holed disk bounded by K0 and the boundary of a tubular neigh-
borhood of lower part of L. This surface gives a Seifert surface of K and
its Seifert matrix is given by

V =

 −A−1 −A−1C

−CT A−1 + E −CT A−1C

 =
(

E 0
CT E

)(
−A−1 0

E −C

)(
E C

0 E

)
.

Further,

(1 − ω)V + (1 − ω)V T

=
(

E 0
CT E

)(
(ω + ω − 2)A−1 (1 − ω)E

(1 − ω)E (ω − 1)C + (ω − 1)CT

)(
E C

0 E

)
=

(
E 0
CT E

)(
E 0
1

ω−1A E

)(
(ω+ω−2)A−1 0

0 B+ωC+ωCT

)(
E 1

ω−1A

0 E

)(
E C

0 E

)
for ω ∈ C with |ω| = 1 and ω 6= 1. Hence, the signature of this matrix is
presented by

σ
(
(1 − ω)V + (1 − ω)V T

)
= −σ(A) + σ

(
B + ω C + ω CT

)
.

Therefore, from the definition of the total n-signature,

σn(K) = −nσ(A) +
∑

ωn=1

σ
(
B + ω C + ω CT

)
= σ(An) − n σ(A),
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as required.
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We give a geometric description of welded links in the spirit of Kuperberg’s
description of virtual links: “What is a virtual link?” [8].
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1. Intoduction

Welded links were introduced by Fenn, Rimanyi and Rourke in their 1997
Topology paper [2]. In 1999 Kaufmann [7] introduced virtual links. The two
concepts are closely connected. Welded links correspond to virtual links
with one of the two so-called “forbidden moves” allowed.

In 2003, in a short elegant paper, “What is a virtual link?”, Kuperberg
[8] gave a good geometric description of virtual links: they correspond to
links in oriented surfaces cross I and each link has a unique representative
with the surface having minimal genus.

The purpose of this note is to investigate similar descriptions for welded
links. There is no obvious way to extend Kuperberg’s result to welded
links, but using ideas of Satoh [11] we can give a satisfactory 4–dimensional
interpretation.

2. Four classes of links

We define the various kinds of links that we consider by describing the
corresponding allowable moves. This is done in Fig. 1.

Classical links are defined by the three familiar Reidemeister moves.
Across the figure come, in order, virtual links, welded links and unwelded
links. The moves are cumulative from left to right, so that all the moves are
allowed for an unwelded link. The new move allowed for welded links and
the further move allowed for unwelded links are known as the “forbidden
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Classical Virtual Welded Unwelded

Fig. 1. Allowable moves

moves” in virtual knot theory. The first move (the one allowed for welded
links) suggests that the virtual crossing is fixed down on the page and this
is why we called these objects “welded”. The second suggests that the weld
has come free and this is why I suggest that these be called “unwelded”.

The definitions make it clear that there are natural maps:

CLASSICAL → VIRTUAL → WELDED → UNWELDED

Where for example CLASSICAL means equivalence classes of classical
links. There is a similar diagram for knots, but in this case, in view of
the result of Nelson [9] and Kanenobu [6] that an unwelded knot is trivial,
“UNWELDED” should be replaced by “TRIVIAL”. Unwelded links are
non-trivial. The linking number of two components cannot be altered by
any of the moves. But you can link two components by either an under- or
an over-crossing. Fig. 2 shows a virtual link of two components with the
left linked once under the right and the right linked once over the left.
Thus, counting algebraically, we have two linking numbers for each pair of
components.

Using the methods of Nelson [9] or Kanenobu [6], it can be seen that
these are the only invariants of unwelded links and we have the follow-
ing theorem, a detailed proof of which has been given by Okabayashi [10;
Theorem 8].
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Fig. 2. Virtual Hopf link

Theorem 2.1 (Classification of unwelded links). Equivalence classes
of unwelded links of n components form a group under connected sum iso-
morphic to Z

2(n
2).

The relationships between the other three classes of links are as follows:

Theorem 2.2. (Relationship between the other classes of links).

(1) CLASSICAL embeds as a proper subset of VIRTUAL.
(2) CLASSICAL embeds as a proper subset of WELDED.
(3) VIRTUAL maps onto but is not isomorphic to WELDED.

(3)

not
not

CLASSICAL VIRTUAL

WELDED

not

(1)

(2)

Remark 2.1. (2) answers a question of Paulo Bellingeri comunicated to
me by Kamada [5].

3. Proof of theorem 2.2

(1) follows from (2) and (3): since CLASSICAL embeds in WELDED
it must embed in VIRTUAL, and if CLASSICAL mapped onto VIR-
TUAL then since VIRTUAL maps onto WELDED then it would map onto
WELDED.

It is clear that VIRTUAL maps onto WELDED, so to prove (3) it suffices
to give an example of a non-trivial virtual link which is trivial as a welded
link. Look at the virtual reef knot in Fig. 3.

It is clear that it is trivial as a welded knot since the two loops can be
pulled over the welded crossings. To see that it is non-trivial as a virtual
knot, consider the reflection in a horizontal plane—the welded reef knot in
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Fig. 3. Virtual reef knot

Fig. 4. This is non-trivial as a welded knot, because the fundamental group
(which along with the fundamental rack is defined for welded links [2]) is not
Z. You can read this from the diagram. Both the rack and the group have
presentation {a, b | ab = ba}. As a group this is the Baumslag–Solitar group
B(2, 1). To see that this group is non-abelian add the relators a2 = b2 = 1,
then a quick computation shows that (ab)3 = 1 and the resulting group is
the symmetric group S3.

b

a

b

a

bb
a

b

a

a

Fig. 4. Welded reef knot

If the virtual reef knot were trivial as a virtual link, then by symmetry
so would the welded reef knot (virtual moves are symmetric under change
of crossing) and therefore it would be trivial as a welded link.

Now the Baumslag–Solitar group B(2, 1) is not a 3–manifold group (Heil
[4], see also Shalen [12]), and hence there is no classical link which is equiv-
alent to it, proving that CLASSICAL does not map onto WELDED.

The only part of the theorem left to prove is that CLASSICAL em-
beds in WELDED. This follows from the fact already mentioned that the
fundamental rack of a classical link extends to welded links. The basic clas-
sification theorem for links in terms of racks (see eg, [1; Theorem 5.6]) says
that the rack together with orientations of components is a complete in-
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variant for classical links. In [1] an orientation is defined to be a choice
of longitude, but we can think more geometrically and consider it to be
an arrow on the component. It is clear that welded moves cannot reverse
such an arrow and hence a welded equivalence of classical links induces an
isomorphism of oriented racks and the links are classically equivalent.

4. Toral surfaces

As we have seen, there are welded knots whose fundamental group is not a
3–manifold group. It follows that we cannot find a representation of welded
links as links in 3–manifolds with a corresponding fundamental group. This
is also true for virtual links, where we have Kuperberg’s representation. It
turns out that the fundamental group in this case has the interpretation of
the reduced fundamental group—the fundamental group of S × I/S × {0}
(this follows from the corresponding statement for racks, see [3; Lemma 3.3
and below Thorem 4.5]).

It is possible that the Kuperberg representation could give a similar
representation for welded links. The relevant question is this:

Question 4.1. Is the minimal representation of a welded links (amongst
virtual lifts) unique?

The evidence is that the answer is “No”. The forbidden move changes
the virtual link drastically and it is unlikely that the corresponding minimal
representations will be the same. However I do not have a specific example
of this.

But if we move up to four dimensions then we can represent a given vir-
tual or welded link by an embedding of a number of tori and moreover the
fundamental group is correct without the need for any reduction. The rele-
vant idea here is due to Satoh [11]. Satoh gives a representation, and with
a small modification his construction can be used to give a classification
using toral surfaces.

Think of R
4 as the product R

2×R
2 equipped with the projection p : R

2×
R

2 → R
2 × {0}. Accordingly call the subsets {x} × R

2 the fibres of R
4.

By a torus we mean a copy of S1 ×S1 and we call the subsets {x}×S1,
S1–fibres. A toral surface is a collection of tori embedded in R4, such that
each S1–fibre lies in a fibre of R4. Thus each fibre of R4 contains a number
of S1–fibres possibly arranged as in Fig. 5.
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Fig. 5. A typical fibre

Theorem 4.1 (Classification of welded links). There is a natural bi-
jection between equivalence classes of welded links and isotopy classes of
toral surfaces (where the isotopy is through toral surfaces).

5. Proof of theorem 4.1

Each torus in a toral surface determines a map of a copy of S1 to R
2 by

restricting the projection p to S1 × {0}. Thus we get a diagram in R2. By
moving into general position, this diagram is immersed with a number of
double points. The fibre over each double point contains two S1–fibres which
can have one of two arrangements, drawn in Fig. 6. On the left, the circles
are nested and we interpret this as a classical crossing in the diagram (with
the outer circle corresponding to the upper strand) and on the right the
circles are unnested and we interpret this as a virtual (or welded) crossing.

Classical Virtual

Fig. 6. Double points
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Now consider an isotopy through toral surfaces. Again, using general
position, the critical times correspond to the three standard Reidemeister
moves on the diagram. There are two R1 moves where a fibre like in Fig. 6
is undone and there are two R2 moves where two fibres (of the same type)
cancel each other.

Turning now to R3 moves, there is a triple point in the middle of the
move and there are three corresponding arrangements of S1–fibres drawn
in Fig. 7.

Classical Virtual Welded

Fig. 7. Triple points

On the left, all three crossings are classical and this projects in R2 to a
classical R3 move. In the middle, all three are virtual and this projects to
a virtual R3 move. Finally, on the right, two crossings are classical and the
third is virtual and this projects to the welded R3 move (the first “forbidden
move”).

We have shown that a toral surface determines a welded knot and that
an isotopy determines an equivalence through allowable moves. The con-
verse (the construction of a corresponding toral surface from a diagram and
an isotopy from a sequence of moves) is a simple exercise.
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We give an application of higher-order Alexander invariants, which originated
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1. Introduction

The Alexander polynomial is one of the most fundamental invariants for
finitely presentable groups. It can be easily computed from any finite pre-
sentation of a group. By considering the fundamental group of a manifold,
we can regard it as a polynomial invariant of manifolds. Moreover, espe-
cially in the cases of low dimensional manifolds, it gives some geometrical
information.

One method for computing the Alexander polynomial of a finitely pre-
sentable group G goes as follows. Take a finite presentation 〈x1, . . . , xl |

r1, . . . , rm〉 of G. We compute the Jacobi matrix
( ∂rj

∂xi

)
i,j

at ZG of the pre-
sentation by using free differentials. Applying the natural map a : G →
H := H1(G)/(torsion) to each entry of the matrix, we obtain so called the
Alexander matrix of the presentation. Then the Alexander polynomial of
G is the greatest common divisor of all (l − 1)-minors of the Alexander
matrix. It is defined uniquely up to units of ZH and does not depend on
the finite presentation of G.

In the above process of computation, the map a : G → H makes the
situation much simpler—from non-commutative algebra to commutative
one. It allows us to use the determinant of matrices and take the greatest
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common divisor of a set of elements of ZH.
On the other hand, it is reasonable to ask what information on G the

map a loses. For that, some generalizations of the Alexander polynomial
have been defined by several people. One of the most famous ones is the
twisted Alexander polynomial due to Wada [19] and Lin [8]. However, in
this paper, we concern the theory of higher-order Alexander invariants
defined by using localizations of some non-commutative rings located be-
tween ZG and ZH. Higher-order Alexander invariants were first defined by
Cochran in [1] for knot groups, and then generalized for arbitrary finitely
presentable groups by Harvey in [4,5]. They are numerical invariants inter-
preted as degrees of “non-commutative Alexander polynomials”, which have
some unclear ambiguity (except their degrees) arising from complexity of
non-commutative rings. Using them, Cochran and Harvey obtained various
sharper results than those brought by the ordinary Alexander invariants —
lower bounds on the knot genus or the Thurston norm, necessary conditions
for realizing a given group as the fundamental group of some 3-manifold,
and so on.

In this paper, we give another description, called torsion-degrees, of
higher-order Alexander invariants by using the Dieudonné determinant (see
[14] for more details). Then we apply them to homology cobordisms of sur-
faces. The set of homology cobordisms of a fixed surface has a natural
monoid structure, and our goal is to obtain some information on the struc-
ture of this monoid.

2. Homology cylinders

Let Σg,1 be a compact connected oriented surface of genus g ≥ 0 with one
boundary component. We take a base point p on the boundary of Σg,1, and
take 2g loops γ1, . . . , γ2g of Σg,1 as shown in Fig. 1. We consider them to
be an embedded bouquet R2g of 2g-circles tied at the base point p ∈ ∂Σg,1.
Then R2g and the boundary loop ζ of Σg,1 together with one 2-cell make
up a standard cell decomposition of Σg,1. The fundamental group π1Σg,1 of
Σg,1 is isomorphic to the free group F2g of rank 2g generated by γ1, . . . , γ2g,
in which ζ =

∏g
i=1[γi, γg+i].

A homology cylinder (M, i+, i−) (over Σg,1), which has its origin in Habiro
[3], Garoufalidis–Levine [2] and Levine [7], consists of a compact oriented
3-manifold M and two embeddings i+, i− : Σg,1 → ∂M satisfying that

(1) i+ is orientation-preserving and i− is orientation-reversing,
(2) ∂M = i+(Σg,1) ∪ i−(Σg,1) and i+(Σg,1) ∩ i−(Σg,1) = i+(∂Σg,1) =
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γ1 γ2 γg

γg+1 γg+2 γ2g

p

ζ

Fig. 1. A standard cell decomposition of Σg,1

i−(∂Σg,1),
(3) i+

∣∣
∂Σg,1

= i−
∣∣
∂Σg,1

,
(4) i+, i− : H∗(Σg,1) → H∗(M) are isomorphisms.

We denote i+(p) = i−(p) by p ∈ ∂M again and consider it to be the base
point of M . We write a homology cylinder by (M, i+, i−) or simply by M .

Two homology cylinders are said to be isomorphic if there exists an
orientation-preserving diffeomorphism between the underlying 3-manifolds
which is compatible with the markings. We denote the set of isomorphism
classes of homology cylinders by Cg,1. Given two homology cylinders M =
(M, i+, i−) and N = (N, j+, j−), we can construct a new homology cylinder
M · N by

M · N = (M ∪i−◦(j+)−1 N, i+, j−).

Then Cg,1 becomes a monoid with the identity element 1Cg,1 := (Σg,1 ×
I, id×1, id×0).

Example 2.1. Let Mg,1 be the mapping class group of Σg,1. For each
ϕ ∈ Mg,1, the triplet (Σg,1×I, id×1, ϕ×0) gives a homology cylinder, where
collars of i+(Σg,1) and i−(Σg,1) are stretched half-way along ∂Σg,1×I. This
construction gives an injective monoid homomorphism Mg,1 ↪→ Cg,1.

Let Nk(G) := G/(ΓkG) be the k-th nilpotent quotient of a group G,
where we define Γ1G = G and ΓiG = [Γi−1G,G] for i ≥ 2. For simplicity,
we write Nk(X) for Nk(π1X) where X is a connected topological space,
and write Nk for Nk(F2g) = Nk(Σg,1). It is known that Nk is a torsion-free
nilpotent group for each k ≥ 2.

Let (M, i+, i−) be a homology cylinder. By definition, i+, i− : π1Σg,1 →
π1M are both 2-connected, namely they induce isomorphisms on the first
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homology groups and epimorphisms on the second homology groups. Then,
by Stallings’ theorem [16], i+, i− : Nk

∼=−→ Nk(M) are isomorphisms for each
k ≥ 2. Using them, we obtain a monoid homomorphism

σk : Cg,1 −→ AutNk ((M, i+, i−) 7→ (i+)−1 ◦ i−).

3. Matrix-valued invariants of homology cylinders

Here, we define two kinds of matrix-valued invariants for homology cylinders
arising from their action on the nilpotent quotient Nk. In what follows, we
fix an integer k ≥ 2, which corresponds to the class of the nilpotent quotient.
Since Nk is a finitely generated torsion-free nilpotent group, its group ring
ZNk can be embedded in the right quotient field KNk

:= ZNk(ZNk \{0})−1

(see [12] for details).
Let (M, i+, i−) ∈ Cg,1 be a homology cylinder. By Stallings’ theo-

rem, Nk and Nk(M) are isomorphic. We consider the fields KNk
and

KNk(M) := ZNk(M)(ZNk(M) \ {0})−1 to be local coefficient systems on
Σg,1 and M respectively. By a simple argument using covering spaces, we
have the following.

Lemma 3.1. i± : H∗(Σg,1, p; i∗±KNk(M)) → H∗(M,p;KNk(M)) are isomor-
phisms as right KNk(M)-vector spaces.

This lemma plays important roles in defining the invariants below.

3.1. Magnus representation

We first define the Magnus representation for Cg,1, which generalizes that
for Mg,1 in [10]. The following construction is based on Kirk–Livingston–
Wang’s work [6] of the Gassner representation for string links.

Since R2g ⊂ Σg,1 is a deformation retract, we have

H1(Σg,1, p; i∗±KNk(M)) ∼= H1(R2g, p; i∗±KNk(M))

= C1(R̃2g) ⊗π1R2g i∗±KNk(M)
∼= K2g

Nk(M)

with a basis {γ̃1 ⊗ 1, . . . , γ̃2g ⊗ 1} ⊂ C1(R̃2g) ⊗π1R2g i∗±KNk(M) as a right
free KNk(M)-module, where γ̃i is a lift of γi on the universal covering R̃2g.

Definition 3.1. (1) For each M = (M, i+, i−) ∈ Cg,1, we denote by
r′k(M) ∈ GL(2g,KNk(M)) the representation matrix of the right KNk(M)-
isomorphism

K2g
Nk(M)

∼= H1(Σg,1, p; i∗−KNk(M))
∼=−−−−→

i−1
+ ◦i−

H1(Σg,1, p; i∗+KNk(M)) ∼= K2g
Nk(M)
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(2) The Magnus representation for Cg,1 is the map rk : Cg,1 → GL(2g,KNk
)

which assigns to M = (M, i+, i−) ∈ Cg,1 the matrix i−1
+ r′k(M) obtained

from r′k(M) by applying i−1
+ to each entry.

While we call rk(M) the Magnus “representation”, it is actually a crossed
homomorphism, namely we have the following.

Theorem 3.1 ([14]). For M1,M2 ∈ Cg,1, we have

rk(M1 · M2) = rk(M1) · σk(M1)rk(M2).

As in the case of the mapping class group (see [10], [17]), the Magnus
representation for Cg,1 is also “symplectic” in the following sense.

Theorem 3.2 ([15]). For any M ∈ Cg,1, we have the equality

rk(M)T J̃ rk(M) = σk(M)J̃ ,

where rk(M)T is obtained from rk(M) by taking the transpose and applying
the involution induced from the map (Nk 3 x 7→ x−1 ∈ Nk) to each entry,
and J̃ ∈ GL(2g, ZNk) is the matrix which appeared in Papakyriakopoulos’
paper [11].

3.2. Nk-torsion

Since the relative complex C∗(M, i+(Σg,1);KNk(M)) obtained from any
smooth triangulation of (M, i+(Σg,1)) is acyclic by Lemma 3.1, we can
consider its Reidemeister torsion τ(C∗(M, i+(Σg,1);KNk(M))). We refer to
[9] and [18] for generalities of Reidemeister torsions.

Definition 3.2. The Nk-torsion of a homology cylinder M = (M, i+, i−)
is given by

τNk
(M) := i−1

+ τ(C∗(M, i+(Σg,1);KNk(M))) ∈ K1(KNk
)/(±Nk).

By definition, K1(KNk
) is a quotient of GL(KNk

) := lim−→GL(n,KNk
). For

details see [13].

4. Torsion-degree functions

In the previous section, we obtained two kinds of invariants of Cg,1 whose
targets are in GL(KNk

). Here, we mention a method for extracting nu-
merical informations from matrices in GL(KNk

). Key ingredients are the
Dieudonné determinant and degree functions on KNk

.
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Since KNk
is a skew field, we have the Dieudonné determinant

det : GL(KNk
) −→ (K×

Nk
)ab,

where K×
Nk

denotes KNk
\ {0} as a multiplicative group. It is a homomor-

phism characterized by the following three properties:

(a) det I = 1.
(b) If A′ is obtained by multiplying a row of a matrix A ∈ GL(KNk

) by
a ∈ K×

Nk
from the left, then detA′ = a · det A.

(c) If A′ is obtained by adding to a row of a matrix A a left KNk
-linear

combination of other rows, then detA′ = det A.

We refer to [13] for this determinant. It is known that this determinant
induces an isomorphism between K1(KNk

) and (K×
Nk

)ab.
For ψ ∈ Hom(Nk, Z) \ {0} = H1(Nk) \ {0} and f =

∑m
i=1 aini ∈

ZNk \ {0}, where ai 6= 0 and ni ∈ Nk, the degree degψ(f) of f with respect
to ψ is defined by degψ(f) := supi,j

(
ψ(ni) − ψ(nj)

)
∈ Z≥0. Furthermore,

for fg−1 ∈ KNk
\{0}, we can define degψ(fg−1) := degψ(f)−degψ(g) ∈ Z.

This function induces a homomorphism degψ : (K×
Nk

)ab → Z.
Combining the above tools, we define the following.

Definition 4.1. For ψ ∈ H1(Nk) \ {0} and A ∈ GL(KNk
), the torsion-

degree dψ
Nk

(A) of A with respect to ψ is defined by

dψ
Nk

(A) := degψ(detA) ∈ Z.

Note that the above definition is a special case of torsion-degrees for ma-
trices of any size defined in [14] by using Reidemeister torsions. In [14], a
method for recovering higher-order Alexander invariants from them is also
discussed in detail.

5. Results

Since H1(Nk) = H1(N2) = H1(Σg,1), we take an element of H1(Σg,1)
instead of H1(Nk) to define a torsion-degree function dψ

Nk
.

5.1. Torsion-degrees of the Magnus matrix rk(M)

Theorem 5.1. Let M be a homology cylinder. For any k ≥ 2 and any
ψ ∈ H1(Σg,1) \ {0}, the torsion-degree dψ

Nk
(rk(M)) is always zero.



March 27, 2007 11:10 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

277

Proof. By definition, dψNk
is invariant under taking the transpose and op-

erating the involution. We can also check that dψNk
vanishes for any matrix

in GL(ZNk). By applying dψNk
to the equality in Theorem 3.2, we have

2dψNk
(rk(M)) = 0. This completes the proof.

5.2. Torsion-degrees of the Nk-torsion τk(M)

It is easily checked that dψNk
(τNk

(·))’s are well-defined. Moreover, by a topo-
logical consideration, we can show that they are non-negative functions and
that the equality

dψNk
(τNk

(M1 ·M2)) = dψNk
(τNk

(M1)) + d
ψ·σ2(M1)
Nk

(τNk
(M2))

holds for M1,M2 ∈ Cg,1 and ψ ∈ H1(Σg,1) \ {0} (see [14]). In particular, if
we restrict dψNk

(τNk
(·)) to Cg,1[2] := Kerσ2, we obtain a monoid homomor-

phism from Cg,1[2] to Z≥0.
To see some properties of these functions, including their non-triviality,

we use a variant of Harvey’s Realization Theorem [4, Theorem 11.2]. This
theorem gives a method for performing surgery on a compact orientable 3-
manifold to obtain a homology cobordant one having distinct higher-order
Alexander invariants.

Theorem 5.2. Let M ∈ Cg,1 be a homology cylinder. For each primitive

element x ∈ H1(Σg,1) and any integers n ≥ 2 and k ≥ 1, there exists a

homology cylinder M(n, k;x) such that

(1) M(n, k;x) is homology cobordant to M ,

(2) dψNi
(τNi(M(n, k;x))) = dψNi

(τNi(M)) for 2 ≤ i ≤ n− 1,
(3) dψNn

(τNn(M(n, k;x))) ≥ dψNn
(τNn(M)) + k|p|

for any ψ ∈ H1(Σg,1) \ {0} satisfying ψ(x) = p.

Corollary 5.1. For any ψ ∈ H1(Σg,1) \ {0}, the homomorphisms

{dψNk
(τNk

(·)) : Cg,1[2] → Z≥0}k≥2 are all non-trivial, and independent of

each other as homomorphisms.

From this corollary, we see that Cg,1[2] is not a finitely generated monoid.
Note that dψNk

(τNk
(M)) = 0 if M ∈Mg,1, since Σg,1×I is simple homotopy

equivalent to Σg,1.
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By using Markoff (trace) maps, we give an alternative proof to a main result of
the author’s joint paper with Tomotada Ohtsuki and Robert Riley [8], which
gives a systematic construction of epimorphisms between 2-bridge link groups.

Keywords: 2-bridge knot; knot group; epimorphism; Markoff map

1. Introduction

At the international conference, Intelligence of Low Dimensional Topology
2006, held in Hiroshima, the author explained the geometric construction
of epimorphisms between 2-bridge link groups, described in Section 6 of his
joint paper with Tomotada Ohtsuki and Robert Riley [8]. The geometric
construction was originally given by Ohtsuki and Riley in their unfinished
joint work [7], and, later, an algebraic construction was announced by the
author in [10]. The algebraic construction is also described in Section 4 of
[8]. For the details and for applications, please see [8].

The purpose of this note is to present yet another algebraic construction
of epimorphisms between 2-bridge link groups by using Markoff (trace)
maps. Actually, it was this construction that the author found at first, and
the construction motivated that in [10]. A key point for the construction
is the fact that we can describe the parabolic PSL(2,C)-representations of
2-bridge link groups in terms of Markoff maps (see Proposition 4.1).

Though the construction relies on the existence of the complete hyper-
bolic structures on 2-bridge link complements, it has the advantage that
it enables us to refine the main result of [8] (cf. [4] and Section 9 of [8]).
Moreover, it has an interesting relation with the recent work of Tan, Wong
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and Zhang [12] on the “end invariants” for SL(2, C) characters of the one-
holed torus. These are modified generalization of Bowditch’s end invariants
for (possibly indiscrete) “type-preserving” SL(2, C) characters of the once-
punctured torus introduced in [2, Section 5], which in turn are general-
ization of Thurston’s end invariants for doubly degenerate once-punctured
torus Kleinian groups. The author hopes to discuss this relation elsewhere.

This note is organized as follows. In Section 2, we state the result of [8],
for which we are going to give an alternative proof. In Section 3, we give
a presentation of the 2-bridge link groups, which is used in the alternative
proof. In Section 4, we recall the definition of Markoff maps and present
the alternative algebraic proof of the result by using Markoff maps.

The author would like to express his hearty thanks to Tomotada Ohtsuki
and Robert Riley for agreeing to write the joint paper [8]. He would also
like to thank Tomotada Ohtsuki for his careful reading of this note.

2. Statement of the result

For a rational number r = q/p ∈ Q̂ := Q ∪ {∞}, where p and q are
relatively prime integers, the 2-bridge link of type (p, q) (cf. [11], [3]) is
denoted by the symbol K(r) and is called the 2-bridge link of slope r. The
fundamental group π1(S3 − K(r)) of the link complement is called the (2-
bridge) link group of K(r) and is denoted by G(K(r)). In this paper, we
give an alternative algebraic proof to the following result [8, Theorem 2.1].

Theorem 2.1. There is an epimorphism from the 2-bridge link group
G(K(r̃)) to the 2-bridge link group G(K(r)), if r̃ belongs to the Γ̂r-orbit
of r or ∞. Moreover the epimorphism sends the generating meridian pair
of K(r̃) to that of K(r).

Here the Γ̂r-action on Q̂ is defined as follows. Let D be the modular tes-
sellation, that is, the tessellation of the upper half space H2 by ideal tri-
angles which are obtained from the ideal triangle with the ideal vertices
0, 1,∞ ∈ Q̂ by repeated reflection in the edges. Then Q̂ is identified with
the set of the ideal vertices of D. For each r ∈ Q̂, let Γr be the group of
automorphisms of D generated by reflections in the edges of D with an
endpoint r. It should be noted that Γr is isomorphic to the infinite dihedral
group D∞ ∼= (Z/2Z) ∗ (Z/2Z) and the region bounded by two adjacent
edges of D with an endpoint r is a fundamental domain for the action of
Γr on H2. Let Γ̂r be the group generated by Γr and Γ∞. Then Γ̂r is equal
to the free product Γr ∗ Γ∞ if r ∈ Q − Z. If r ∈ Z, it is isomorphic to the
free product (Z/2Z) ∗ (Z/2Z) ∗ (Z/2Z).
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3. 2-bridge link groups

Let S be the 4-times punctured sphere, (R2 −Z2)/G, where G is the group
of transformations on R2−Z2 generated by π-rotations about points in Z2.
For each s ∈ Q̂, let αs be the simple loop in S obtained as the projection of
the line in R

2 − Z
2 of slope s. Then αs is essential, i.e., it does not bound

a disk in S and is not homotopic to a loop around a puncture. Conversely,
any essential simple loop in S is isotopic to αs for a unique s ∈ Q̂, which is
called the slope of the loop.

Lemma 3.1. The 2-bridge link group G(K(r)) is isomorphic to the group
π1(S)/〈〈α∞, αr〉〉, where 〈〈·〉〉 denotes the normal closure.

To prove the lemma, we recall the definitions of a trivial tangle and a
rational tangle. A trivial tangle is a pair (B3, t), where B3 is a 3-ball and
t is a union of two arcs properly embedded in B3 which is parallel to a
union of two mutually disjoint arcs in ∂B3. A rational tangle is a trivial
tangle (B3, t) which is endowed with a homeomorphism from ∂(B3, t) to
the (standard) Conway sphere (R2, Z2)/G. The slope of a rational tangle is
the slope of an essential loop on S = ∂B3 − t which bounds a disk in B3

separating the components of t. (Such a loop is unique up to isotopy on
∂B3 − t and hence the slope is well-defined.) We denote the rational tangle
of slope r by (B3, t(r)). By van-Kampen’s theorem, the fundamental group
π1(B3 − t(r)) is identified with the quotient π1(S)/〈〈αr〉〉.

Proof of Lemma 3.1. Recall that the pair (S3, K(r)) is obtained as the
sum of the rational tangles of slopes ∞ and r. Thus the link complement
S3 − K(r) is obtained from B3 − t(∞) and B3 − t(r) by identifying their
boundaries. Hence, by van-Kampen’s theorem, we have the following:

π1(S3 − K(r)) = π1(B3 − t(∞)) ∗
π1(S)

π1(B3 − t(r))

= (π1(S)/〈〈α∞〉〉) ∗
π1(S)

(π1(S)/〈〈αr〉〉)

= π1(S)/〈〈α∞, αr〉〉.

4. Markoff maps and parabolic representations of 2-bridge
knot groups

A Markoff triple is an ordered triple (x, y, z) of complex numbers satisfying
the Markoff equation

x2 + y2 + z2 = xyz.
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If (x, y, z) is a Markoff triple, so are (x, y, xy−z), (x, xz−y, z), (yz−x, y, z)
and their permutations.

A Markoff map is a map, φ, from Q̂, the set of the ideal vertices of D,
to C satisfying the following conditions.

(1) For any triangle 〈s0, s1, s2〉 of D, the triple (φ(s0), φ(s1), φ(s2)) is a
Markoff triple.

(2) For any pair of triangles 〈s0, s1, s2〉 and 〈s1, s2, s3〉 of D sharing a com-
mon edge 〈s1, s2〉, we have:

φ(s0) + φ(s3) = φ(s1)φ(s2).

Since a Markoff map is determined by its value at the vertices of a triangle
of D, there is a bijective correspondence between Markoff maps and Markoff
triples, by fixing a triangle 〈s0, s1, s2〉 of D, and by associating to a Markoff
map φ the triple (φ(s0), φ(s1), φ(s2)). A Markoff triple (resp. a Markoff
map) is trivial if it is (0, 0, 0) (resp. the 0-map).

If (x, y, z) is a Markoff triple, so are (x,−y,−z), (−x, y,−z) and
(−x,−y, z). This defines a (Z/2Z ⊕ Z/2Z)-action of the set of non-trivial
Markoff triples (and the set of non-trivial Markoff maps). Two Markoff
triples (resp. Markoff maps) are said to be equivalent if they belong to the
same (Z/2Z ⊕ Z/2Z)-orbit.

Proposition 4.1. For each 2-bridge link K(r), there is a bijective corre-
spondence between the set of parabolic PSL(2, C)-representations of the link
group G(K(r)), modulo conjugacy, and the set of non-trivial Markoff maps
φ satisfying φ(∞) = φ(r) = 0, modulo equivalence.

Here a representation ρ : G(K(r)) → PSL(2, C) is said to be parabolic if
ρ maps each meridian to a parabolic transformation and if the image of
ρ is not abelian, namely the parabolic fixed points of the images of the
meridional generating pair are not identical. Two such representations are
said to be conjugate if they become identical after a post composition of an
inner-automorphism of PSL(2, C). These representations were extensively
studied by Riley [9].

To prove the proposition, we recall the correspondence between the non-
trivial Markoff maps and the “type-preserving” PSL(2, C)-representations
of the fundamental groups of the “Fricke surfaces” (see [2, Section 4] and
[1,Chapter 2]). Let φ be a non-trivial Markoff map and let (x, y, z) =
(φ(0), φ(1), φ(∞)) be the corresponding non-trivial Markoff triple. Then
it determines an ordered pair (A,B) of elements of SL(2, C), unique up to
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conjugacy, such that

tr(A) = x, tr(AB) = y, tr(B) = z, tr([A,B]) = −2.

Here the last identity is a consequence of the following trace identity,

tr(A)2 + tr(B)2 + tr(AB)2 − tr(A) tr(B) tr(AB) = 2 + tr([A,B]).

In fact, as mentioned in [6], we may choose A and B as follows when y 6= 0:

A =
(

x − z/y x/y2

x z/y

)
, B =

(
z − x/y −z/y2

−z x/y

)
.

Then we have:

AB =
(

y −1/y

y 0

)
, [A,B] = −

(
1 2
0 1

)
.

Thus we obtain a type-preserving representation ρ : π1(T ) → SL(2, C),
where T is the once-punctured torus T = (R2 − Z

2)/Z
2, such that

ρ(β0) = A, ρ(β∞) = B, ρ([β0, β1]) = −
(

1 2
0 1

)
.

Here {β0, β∞} is the generating pair of π1(T ) determined by the simple
loops of slopes 0 and ∞. Here the slope of a simple loop on T is defined to
be the slope of a straight line in R

2 − Z
2 which projects to a simple loop

on T isotopic to the loop. Then by repeatedly using the trace identity

tr(XY ) + tr(XY −1) = tr(X) tr(Y ) (X,Y ∈ SL(2, C)),

we see tr(ρ(βs)) = φ(s) for every s ∈ Q̂, where βs is the simple loop of slope
s on T .

As is noted in [6], there is an elliptic transformation P of order 2 in
PSL(2, C), such that

PAP−1 = A−1, PBP−1 = B−1.

In fact we may set P =
(

z/y (yz − x)/y2

−x −z/y

)
. This implies that the

PSL(2, C)-representation of π1(T ) induced by ρ extends to a PSL(2, C)-
representation of the orbifold fundamental group π1(O), of the orbifold
O = (R2−Z

2)/G̃, where G̃ is the group of transformations on R
2−Z

2 gen-
erated by π-rotations about points in (1

2Z)2. Here we use the fact that π1(T )
is identified with a normal subgroup of π1(O) of index 2. Note that the group
G introduced in Section 3 is the normal subgroup of G̃ of index 4. Thus
the fundamental group of the 4-times punctured sphere S = (R2−Z

2)/G is
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identified with a normal subgroup of π1(O) of index 4. Thus the represen-
tation π1(O) → PSL(2, C) induces a representation π1(S) → PSL(2, C),
which we continue to denote by ρ. It should be noted that the simple loop αs

of slope s in S represents an element of π1(S) < π1(O) such that αs = β2
s .

Proof of Proposition 4.1. Assume that the Markoff map φ satisfies the
condition φ(∞) = φ(r) = 0, in particular, (x, y, z) = (x,±ix, 0). Then both
ρ(β∞) and ρ(βr) determine elliptic transformations of order 2, and hence
ρ(α∞) = ρ(β2

∞) = 1 and ρ(αr) = ρ(β2
r ) = 1 in PSL(2, C). Hence ρ induces

a PSL(2, C)-representation of the link group G(K(r)) = π1(S)/〈〈α∞, αr〉〉.
Since each puncture of S corresponds to (the square root of) the punc-
ture of T , it maps the meridians of K(r) to parabolic transformations.
Moreover we can see that the image ρ(π1(S)) is generated by the parabolic

transformations
(

1 1
0 1

)
and

(
1 0
x2 1

)
(see [1, Lemma 2.3.7]). Hence this

gives a parabolic representation of G(K(r)). It is obvious that the parabolic
PSL(2, C)-representations induced by equivalent Markoff maps are conju-
gate.

Conversely, let ρ : G(K(r)) → PSL(2, C) be a parabolic representation.
Then we can see that the composition

π1(S) −→ G(K(r))
ρ−→ PSL(2, C)

extends to a PSL(2, C)-representation of π1(O), which we continue to de-
note by ρ (see [1, Proposition 2.2.2]). Moreover, this restricts to a type-
preserving PSL(2, C)-representation of π1(T ). Choose a lift ρ̃ : π1(T ) →
SL(2, C) of the last representation and let φ : Q̂ → C be the Markoff map
defined by φ(s) = tr(ρ̃(βs)). Since ρ(α∞) = ρ(αr) = 1 in PSL(2, C), each
of ρ̃(β∞) and ρ̃(βr) has order 1, 2 or 4 and hence each of φ(∞) and φ(r)
is equal to ±2 or 0. If one of them, say φ(∞), is ±2, then we can see, by
using [1, Lemma 2.3.7], that ρ̃(β∞) is a parabolic transformation and hence
it has infinite order, a contradiction. Hence we have φ(∞) = φ(r) = 0. This
completes the proof of Proposition 4.1.

Proof of Theorem 2.1. If r is ∞, an integer, or a half-integer, then K(r)
is a 2-component trivial link, the trivial knot, or the Hopf link accord-
ingly, and we can easily check the assertion (see [8, Examples 4.1-4.3]). So
we may assume r = q/p where p and q are relatively prime integers such
that p ≥ 3. If q 6≡ ±1 (mod p), then S3 − K(r) admits a complete hyper-
bolic structure by Thurston’s uniformization theorem of Haken manifolds,
and hence G(K(r)) has a faithful discrete representation to PSL(2, C) (see
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[1] for a direct proof). If q ≡ ±1 (mod p), then S3 − K(r) is a Seifert
fibered space and the quotient group G(K(r))/Z(G(K(r))) by the center
Z(G(K(r))) ∼= Z has a faithful discrete representation into PSL(2, R). In
each case, let ρ be such a faithful representation of G(K(r)) (or its quo-
tient group) into PSL(2, C). Then ρ is a parabolic representation. Let φ be
a Markoff map corresponding to ρ with the property φ(∞) = φ(r) = 0 by
the correspondence in Proposition 4.1.

Now pick a rational number r̃ in the Γ̂r-orbit of r or ∞. Then we have
the following claim, the proof of which is deferred to the end of this section.

Claim 4.1. φ(r̃) = 0.

Thus φ(∞) = φ(r̃) = 0, and φ induces a parabolic representation ρ̃ :
G(K(r̃)) → PSL(2, C) by Proposition 4.1. By the proof of the proposi-
tion, the composition

π1(S) −→ G(K(r̃))
ρ̃−→ PSL(2, C)

is equal to the composition

π1(S) −→ G(K(r))
ρ−→ PSL(2, C).

Thus we have an epimorphism from G(K(r̃)) onto the image ρ̃(G(K(r̃))) =
ρ(G(K(r))). If q 6≡ ±1 (mod p), the latter group is isomorphic to G(K(r))
and hence we obtain the desired epimorphism G(K(r̃)) → G(K(r)). If
q ≡ ±1 (mod p), it is isomorphic to the quotient G(K(r))/Z(G(K(r)))
and hence G(K(r̃)) has an epimorphism onto G(K(r))/Z(G(K(r))). By
[5], this lifts to an epimorphism onto G(K(r)). This completes the proof of
Theorem 2.1.

Proof of Claim 4.1. This claim is a consequence of the following general
fact.

Lemma 4.1. Let φ be a Markoff map such that φ(r) = 0. Then for any
element g ∈ Γr and s ∈ Q̂ we have |φ(g(s))| = |φ(s)|. In particular,
φ(g(s)) = 0 if and only if φ(s) = 0.

Proof. After a coordinate change we may assume r = ∞. We have only to
prove the assertion for generators of Γ∞. Thus we may prove the assertion
for the transformations g1(s) = −s and g2(s) = s + 1. Let Φ0 be the set of
the Markoff maps such that (φ(0), φ(1), φ(∞)) = (x, ix, 0), and identify Φ0

with the complex plane C by the correspondence φ 7→ x = φ(0). For each
s ∈ Q, let Vs : Φ0 → C be the function defined by Vs(φ) = φ(s). Then we
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can prove, by induction on the depth of s, that Vs is a polynomial in the
variable x, which we denote by V [s], and satisfies the following conditions
(see Lemma 5.3.12 and Remark 5.3.13 of [1]).

(1) V [g1(s)](x) = V [s](x) and V [g2(s)](x) = V [s](ix). Here V [s](x) denotes
the polynomial obtained from V [s](x) by converting each coefficient into
its complex conjugate.

(2) There is an integral polynomial F [q/p] such that V [q/p](x) is equal to
iqxF [q/p](x2) or iqx2F [q/p](x2) according as p is odd or even.

Hence, for each φ ∈ Φ0, s ∈ Q and g ∈ {g1, g2}, the complex number
φ(g(s)) with is equal to ±φ(s), ±iφ(s), ±φ(s) or ±iφ(s). Thus we obtain
the desired result.
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A diagram of a surface-knot consists of a disjoint union of compact conneted
surfaces. The sheet number of a surface-knot is the minimal number of such
connected surfaces among all possible diagrams of the surface-knot. This is a
generalization of the crossing number of a classical knot. We give a lower bound
of the sheet number by using quandle-colorings of a diagram and the cocycle
invariant of a surface-knot.
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dle.

1. Introduction

A diagram of a classical knot illustrated in a plane is regarded as a disjoint
union of arcs each boundary point of which lies on an under-crossing. Then
the crossing number of a knot is redefined to be the minimal number of
such arcs among all possible diagrams of the knot; for the number of arcs
constituting a diagram is equal to that of crossings.

The above observation enables us to introduce the notion of the sheet
number of a surface-knot as an analogy to the crossing number of a knot.
A surface-knot is a closed 2-dimensional manifold embedded in R4, and
its diagram is the image under a fixed projection R4 → R3 equipped with
crossing information along multiple point set consisting of double points
and triple points. At a double point, there are two intersecting disks one
of which is higher than the other with respect to the height function of
the projection, where we divide the lower disk into two pieces (the left
of Figure 1). This description of crossing information can be extended to
a triple point; there are three intersecting disks called top, middle, and
bottom, and middle and bottom disks are divided into two and four pieces,
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respectively (the right of Figure 1). We regard a diagram as a disjoint
union of compact connected surfaces, each of which is called a sheet. Refer
to Carter-Saito’s book [3] for the details of diagrams of a surface-knot.

Fig. 1. Crossing information

Definition 1.1. The sheet number of a surface-knot F is the minimal num-
ber of sheets among all possible diagrams of F , and denoted by sh(F ).

In Section 2, we give a relationship between the sheet number and a
non-trivial coloring by a certain quandle Sφ

4 with eight elements. As an
application, we show that the spun trefoil has the sheet number four. This
section is a summary of the research in [6]. In Section 3, we give a lower
bound of the sheet number in terms of a quandle 3-cocycle, from which it
follows that the 2- and 3-twist-spun trefoils have the sheet numbers four
and five, respectively. The details and proofs in this section will appear
elsewhere.

2. Colorings of Diagrams by Quandles

A quandle [4,5] is a non-empty set Q with a binary operation ∗ such that
(i) for any a ∈ Q, it holds that a ∗ a = a, (ii) for any a, b ∈ Q, there is
a unique x ∈ Q with x ∗ a = b, and (iii) for any a, b, c ∈ Q, it holds that
(a ∗ b) ∗ c = (a ∗ c) ∗ (b ∗ c). In the condition (ii), we use the formal notation
x = b ∗ a−1.

Example 2.1. The set S4 = {0, 1, 2, 3} has a quandle structure with the
operation ∗ : S4 × S4 → S4 defined as follows:

0 ∗ 0 = 0, 0 ∗ 1 = 2, 0 ∗ 2 = 3, 0 ∗ 3 = 1,

1 ∗ 0 = 3, 1 ∗ 1 = 1, 1 ∗ 2 = 0, 1 ∗ 3 = 2,

2 ∗ 0 = 1, 2 ∗ 1 = 3, 2 ∗ 2 = 2, 2 ∗ 3 = 0,

3 ∗ 0 = 2, 3 ∗ 1 = 0, 3 ∗ 2 = 1, 3 ∗ 3 = 3.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

289

Let φ : S4 × S4 → Z2 = {0, 1} be a map satisfying that φ(a, b) = 0 if a = b

or a = 3 or b = 3, and otherwise φ(a, b) = 1. Then the set Sφ
4 = S4 × Z2 is

a quandle with eight elements under the operation defined by

(a, k) ∗ (b, l) = (a ∗ b, k + φ(a, b)).

This quandle Sφ
4 is called the extended quandle of S4 by the 2-cocycle φ ∈

Z2(S4;Z2). Refer to [1] for the extensions of quandles.

Assume that F is oriented. For a quandle Q, a Q-coloring of a surface-
knot diagram is an assignment of an element (called a color) of Q to each
sheet such that a ∗ b = c holds at every double point, where a (or c) is the
color of the under-sheet behind (or in front of) the over-sheet, and b is the
color of the over-sheet. See the left of Figure 2.

Fig. 2. A coloring by a quandle

A Q-coloring of a diagram is trivial if all the sheets are colored by a single
element of Q. We remark that the property whether a surface-knot admits
a non-trivial Q-coloring or not is independent of the particular choice of a
diagram of the surface-knot.

Theorem 2.1. Suppose that a surface-knot F admits a non-trivial Sφ
4 -

coloring, where Sφ
4 is the quandle in Example 2.1. Then it holds that

sh(F ) ≥ 4.

Let τnK denote the n-twist-spin of a classical knot K [8]. If K is a
trefoil knot, then the spun trefoil τ0K admits a non-trivial Sφ

4 -coloring;
indeed, its diagram is obtained by spinning a tangle diagram of the trefoil
around the axis. See the right of Figure 2. Hence we have the following.

Corollary 2.1. Let K be a trefoil knot. Then it holds that sh(τ0K) = 4.
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3. Quandle Cocycle Invariants

Let Q be a finite quandle, and θ ∈ Z3(Q;A) a 3-cocycle with a coefficient
Abelian group A. For variables X = (Xi

pqr)
i=±1
p 6=q 6=r∈Q, we consider the set of

linear functions {Fθ(X), Gj
ab(X)}j=±1

a 6=b∈Q given by



Fθ(X) =
∑

k,p 6=q 6=r

Xk
pqr · θ(p, q, r),

Gj
ab(X) =

∑
x 6=a

Xj
xab −

∑
x 6=a,b

Xj
axb +

∑
x 6=b

Xj
abx

−
∑
x6=a

X−j
xab +

∑
x 6=a,b

X−j
a∗x−1,x,b −

∑
x 6=b

X−j
a∗x−1,b∗x−1,x.

Definition 3.1. If the simultaneous (in)equations{
Fθ(X) 6= 0G, Gj

ab(X) = 0
}j=±1

a6=b∈Q

have an integral solution Y =
(
Y i

pqr

)i=±1

p 6=q 6=r∈Q
, we define τ(θ) to be the

minimal number of ∑
i=±1, p 6=q 6=r∈Q

|Y i
pqr|

for all integral solutions Y . Otherwise, we put τ(θ) = 0.

Example 3.1. (i) Let R3 = {0, 1, 2} be the quandle defined by a∗b ≡ 2b−a

(mod 3). Then we have τ(θ) = 4 for a 3-cocycle θ ∈ Z3(R3;Z3) representing
a generator of H3(R3;Z3) ∼= Z3.

(ii) For the quandle S4 given in Example 2.1, it holds that τ(θ) = 6 for
a 3-cocycle θ ∈ Z3(S4;Z2) representing a generator of H3(S4;Z2) ∼= Z2.

Carter et al. [2] prove that each 3-cocycle θ ∈ Z3(Q;A) defines an
invariant of an oriented surface-knot F . It is called the cocycle invariant
associated with θ, and denoted by Φθ(F ) ∈ Z[A], where Z[A] is the group
ring over A.

The triple point number of F is the minimal number of triple points for
all possible diagrams of F . We denote it by t(F ). In [7] we prove that if
Φθ(F ) 6∈ Z[0A] then t(F ) ≥ τ(θ).

Example 3.2. Let K be a trefoil knot.
(i) For the 3-cocycle θ ∈ Z3(R3;Z3) in Example 3.1, we have Φθ(τ2K) =

3 · 0A + 6 · 1A or 3 · 0A + 6 · 2A, where A = Z3 = {0A, 1A, 2A}. Hence it
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follows that t(τ2K) ≥ τ(θ) = 4. Indeed, we have a diagram of τ2K with
four triple points, and it holds that t(τ2K) = 4.

(ii) For the 3-cocycle θ ∈ Z3(S4;Z2) in Example 3.1, we have Φθ(τ3K) =
4·0A+12·1A, where A = Z2 = {0A, 1A}. Similarly to (i), we have t(τ3K) =
6.

We give a relationship between the sheet number and the cocycle in-
variant of a surface-knot as follows:

Theorem 3.1. Let Q be a finite quandle with the condition that x ∗ y = x

implies x = y. If Φθ(F ) 6∈ Z[0A], then it holds that sh(F ) ≥ 1
2τ(θ) + χ(F ),

where χ(F ) is the Euler characteristic of F .

We remark that the quandles R3 and S4 satisfy the condition in The-
orem 3.1. By Example 3.2 and Theorem 3.1, we have sh(τ2K) ≥ 4 and
sh(τ3K) ≥ 5 for a trefoil knot K. By constructing a digram of a twist-spun
trefoil, we have the following:

Corollary 3.1. Let K be a trefoil knot. Then it holds that sh(τ2K) = 4
and sh(τ3K) = 5.
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We showed the following in [8]: for any knot (i.e. one-component link) repre-
sented as a closed n-braid (n ≥ 3), there exists an infinite sequence of pairwise
non-conjugate (n + 1)-braids representing the knot. Using the same technique,
we construct an infinite sequence of pairwise non-conjugate 4-braids represent-
ing the same knot of braid index 4. Consequently, we have that M. Hirasawa’s
candidates are actually such infinite sequences.

Keywords: Braid; Braid index; Conjugate braid; Irreducible braid.

1. Introduction

In this paper we consider the classical n-braid group Bn introduced by E.
Artin [1], namely Bn is the group generated by σ1, σ2, . . . , σn−1 subject to
the braid relations. If a braid b ∈ Bn is conjugate to γσn−1 or γσ−1

n−1 for
some γ ∈ Bn−1, then b is said to be reducible. If a braid b is not reducible,
then b is said to be irreducible. We remark that a link which is the closure
of a reducible n-braid can be represented as the closure of an (n−1)-braid.

By the Classification Theorem of closed 3-braids [2], it is known that
any link L which is a closed n-braid (n = 1, 2 or 3) has only a finite num-
ber of conjugacy classes of n-braid representatives in Bn that represent the
link. Therefore if a link has infinitely many conjugacy classes of closed n-
braids representatives in Bn, n must satisfy n ≥ 4. Moreover J. S. Birman
and W. W. Menasco proved that if a link has infinitely many conjugacy
classes of n-braid representatives in Bn, then the infinitely many conjugacy
classes divide into finitely many equivalence classes under the equivalence
relation generated by exchange moves [3]. Notion of an exchange move as
in Fig. 1 was introduced by them, where A denotes the braid axis. Some



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

294

examples of an infinite sequence of pairwise non-conjugate 4-braids repre-
senting the same link have already been given. H. R. Morton discovered
an infinitely many conjugacy classes of 4-braids representing the unknot [6]
and constructed the first example of an irreducible presentation of the un-
knot [7]. By using Morton’s approach, T. Fiedler showed that there exists
an infinitely many irreducible conjugacy classes of 4-braids representing the
unknot [4]. Later, E. Fukunaga gave infinitely many conjugacy classes of
4-braids representing the (2, p)-torus link (p ≥ 2) [5]. It is easy to see that
their infinitely many conjugacy classes fall into a single equivalence class
under the equivalence relation generated by exchange moves and that all
braids in Morton’s and Fukunaga’s sequences are reducible.

A A

Fig. 1. An exchange move

In [8], we have extended Morton’s original result and a part of Fuku-
naga’s result as follows.

Theorem 1.1. Let K be a knot represented as a closed n-braid (n ≥ 3).
Then there exists an infinite sequence of pairwise non-conjugate (n + 1)-
braids realizing K.

We use Morton’s and Fukunaga’s construction, though the way of proof
that the braids in our sequence are pairwise non-conjugate is different from
theirs. We use the axis-addition links of braids. Let b be a braid. As shown
in Fig. 2, we construct an oriented link consisting of the closure of b and an
unknotted curve k, the axis of the closed braid. We call the oriented link
the axis-addition link of b. We remark that the axis-addition links of two
conjugate braids are equivalent. Hence we have shown that the axis-addition
links of the braids in our sequence have distinct Conway polynomials. It
is easy to check that also the closures of (n + 1)-braids in our sequence
fall into a single equivalence class under the equivalence relation generated
by exchange moves and that all braids in our sequence are also reducible.
Therefor we consider the following problem.

Problem 1.1. Is there a non-trivial knot K such that there exists an in-
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b 
k 

Fig. 2. The axis-addition link of b

finite sequence of pairwise non-conjugate irreducible n-braids representing
K?

In general, it is difficult to show irreducibility of braids. However it is
easy to see the following: if a knot K of braid index n is represented as
the closure of an n-braid b, then b is irreducible. Hence we consider the
following problem instead of Problem 1.1.

Problem 1.2. Is there a knot K of braid index n (n ≥ 4) such that there
exists an infinite sequence of pairwise non-conjugate n-braids representing
K?

When n = 4, M. Hirasawa gave some candidates for a pair of such
a knot and an infinite sequence. For example, see Fig. 3. It is easy to see
that all braids in the infinite sequence {. . . , b−2, b−1, b0, b1, b2, . . .} represent
the knot 918 and that they fall into a single equivalence class under the
equivalence relation generated by exchange moves.

(- m)-full twists

m-full twists

b bm

Fig. 3. Hirasawa’s candidate
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2. Our infinite sequence

For n ≥ 4, let b be an n-braid as in Fig. 4 and K a knot represented as
the closure of b. For b and each integer m, we introduce an n-braid bm as
in the figure, where a1 is a 3-braid and a2 is an (n − 1)-braid. It is easy to
see that each bm represents K. Then the following are shown by using the
method similar to the method of proving Theorem 1.1.

(- m)-full twists

m-full twists

b bm 

 a1 a1 

a2 a2 

Fig. 4. The n-braids b and bm

Theorem 2.1. The braids . . . , b−2, b−1, b = b0, b1, b2 . . . are pairwise non-
conjugate.

As a corollary of Theorem 2.1, we obtain the following.

Corollary 2.1. There exists an infinite sequence of pairwise non-conjugate
4-braids representing the same knot of braid index 4.

Proof. There exist knots of braid index 4 which can be represented as
the closure of the 4-braid as in Fig. 5, where a1 and a2 are 3-braids. For
example, see Fig. 6. Therefore Theorem 2.1 completes the proof.

Remark 2.1. The braids in our sequence also fall into a single equivalence
class under the equivalence relation generated by exchange moves.

Remark 2.2. It is easy to see that the number of the knots of braid index
4 with less than 10 crossings is 43 and that at least 35 of them can be
represented as the closures of the 4-braid as in Fig. 5. Hence, we have that
these 35 knots have such infinite sequences of 4-braids by Corollary 2.1.
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a1 

a2 

Fig. 5. the 4-braids

61 948472

Fig. 6. Knots of braid index 4 and their braid representations
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1. Introduction

Mutation was introduced by Conway [4] as a procedure of altering a knot
into a (possibly) different but “similar” knot. Many common (easily com-
putable) invariants coincide on mutants, which makes them hard to dis-
tinguish. Mutations of knots start at 11 crossings; the (historically) most
famous pair are the K-T and Conway knots.

Some time ago gradually the project emerged (from work in [21]) to
find out exactly which low crossing knots tabulated in [9] are mutants. (We
use the notation of [9] throughout this text, with non-alternating knots
indexed as appended after alternating ones of the same crossing number.)
This work became a main topic in [20], with the first “funnier” examples
of what can happen. A more detailed study of such examples led then to
involving Daniel Matei into the project. The work is described in [22], and
the first author gave an account on this in his talk. We are grateful to the
organizers for giving him the opportunity to speak.

This manuscript is a brief exposition of this topic; for details, see [20–22].
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2. Polynomials and their cables

In Kirby’s book [10], there are problems about properties of polynomial
link invariants (around pp. 67–77). Some of these questions, in one way or
another, touch upon the mutant distinction problem.

Let ∆ be the Alexander, P the skein (HOMFLY), V the Jones and F the
Kauffman polynomial. To simplify language, let us call below a satellite of
a polynomial an invariant of knots K obtained by evaluating the (ordinary)
polynomial on a satellite of K. The set of all cables of the Jones polynomial
is (equivalent to) what is now modernly called the colored Jones polynomial.
(Latter will be often written ‘CJP’ to save space.)

Here a remark on orientation is in place. For the Jones and Kauffman
polynomial strand orientation of the parallels is essentially irrelevant. How-
ever, it is important for the skein polynomial. To keep orientations apart,
we will mean by the 2-cable two strands with parallel orientation, and the
Whitehead double means strands of reverse orientation. The common term
for 2-cable and Whitehead double will be 2-satellites.

A basic exercise in skein theory shows that none of the above polyno-
mials distinguishes mutants. The cabling formula for ∆ shows also that
Alexander polynomials of all cables of mutants coincide. The same is true
for the Jones polynomial by Morton-Traczyk [15], even though it is known
not to satisfy a cabling formula (distinguishing cables of some knots with
the same polynomial). For P and F at least 2-satellites coincide on mutants
[11,18]. Besides, Ruberman [19] showed that mutants have equal volume in
all hyperbolic pieces of the JSJ decomposition.

As a byproduct of the calculations in [5], a Vassiliev invariant of de-
gree 11 (in the 3-cable skein polynomial) was found to distinguish the K-T
and Conway knot. Later Jun Murakami [17] confirmed that in degree 10
or less no Vassiliev invariant detects mutants (after previous partial results
of Chmutov-Duzhin-Lando up to degree 8 [3]). Suspecting latter, Przyty-
cki asked (in Kirby’s problem 1.92 (M)(c)) already in advance if Vassiliev
invariants in degree 10 or less are determined by the skein and Kauffman
polynomial and their 2-cables.

In an attempt to approach Przytycki’s problem, the first author made
extensive calculation of 2-cable skein and Kauffman polynomials of many
low crossing knots (up to 12 crossings) in [21]. He got all invariants up to
degree 8, but codimension 2 in degree 9 and codimension 7 in degree 10.
So it appears that the answer to Przytycki’s problem is negative.

The collection of data of 2-cable polynomials also gave an impression of
how well they distinguish knots. It showed that, although these polynomials
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are much larger arrays of coefficients than their uncabled relatives, there
are coincidences that go beyond mutants. In particular we knew of the pair
12341, 12627 of knots with equal uncabled polynomials and 2-cable skein
polynomials, but different hyperbolic volume. Taizo Kanenobu suggested
to calculate Whitehead double skein polynomials (which the first author
completely neglected in [21]), and they distinguished them.

3. The mutant tabulation

Aware of examples like 12341, 12627, it seemed useful to apply the volume
and Ruberman’s result [19] in the attempt to identify mutants. In that vein,
first we tracked down coincidences of volume, then such of ∆ and V . This
leaves a set of small groups of knots, where all these invariants coincide.
Within each group, the first author tried to exhibit directly mutations in
minimal crossing diagrams to relate all the knots. Up to 13 crossings this
worked well and gave the list of mutant groups. At an intermediate stage,
when this had been done for 11 and 12 crossing knots, D. De Wit informed
the first author of his own similar tabulation in [6].

In contrast, a (non-complete) verification of 14 and 15 crossing knots led
to several more difficult cases, discussed in [20]. For 14 crossings, 7 “trou-
blesome” pairs popped up: neither do minimal crossing diagrams exhibit
mutation, nor do volume, Jones and Alexander polynomial obstruct it. It
turns out that for these pairs the P , F and 2-cable P polynomials match
either. (Much later, after dealing with these pairs, we found indeed that all
other 14 crossing groups were “easy”, in the sense that the above procedure
for 13 crossings worked. So we could complete now the list of 14 crossing
mutants too; see the first author’s website.)

For 4 of these 7 pairs the first author managed to find non-minimal (15)
crossing diagrams to display the mutation. Such examples were the main
point in [20]. (There seem some 15 crossing pairs, where one must go up by
two crossings, i.e. to 17, to get the mutation displayed.)

4. The colored Jones polynomial

In encountering examples like the 3 remaining 14 crossing pairs (and several
more 15 crossing pairs of the same sort) we remembered another problem
in Kirby’s book.

As a follow-up to the Morton-Traczyk result, Przytycki raised a point
(see [10,problem 1.91(2)]) as to the possibility that the Jones polynomial of
all cables, i.e. the colored Jones polynomial, might be a complete mutation
invariant, in the sense that it distinguishes all knots which are not mutants
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or their cables. Such a property would have impact on several things people
are thinking a lot about. Here is a scheme:

A: complete mutation
invariance of CJP

=⇒

?=⇒

B: qualitative Volume

conjecture (CJP

determines Gromov norm)

E: AJ-Conjecture (CJP

determines A-polynomial)

=⇒

=⇒

C: CJP
detects unknot

=⇒ D: Vassiliev inv.
detect unknot

All of B,C,D,E are fundamental problemsa in current knot theory, and
not less important are the results that bring all these into relation. The
implication A ⇒ B is a consequence of [19]. The Volume conjecture is
discussed in [16]. The implication B ⇒ C is a consequence of Thurston and
Jaco-Shalen-Johannson, and the fact that iterated torus knots have non-
trivial Alexander polynomial (see [16]); it is known [2] that CJP determines
the Alexander polynomial. The implication C ⇒ D is a consequence of the
fact that CJP is equivalent to an infinite collection of Vassiliev invariants.
The implication E ⇒ C is shown in [7]; whether A ⇒ E is not fully clear,
though there is a partial result of Tillmann [23].

5. Counterexamples to Przytycki’s question

The second author established that the above 3 pairs, as well as a number
of 15 crossing pairs of similar stature, have equal CJP. In particular, the 2
pairs with different Whitehead double skein polynomial answered negatively
Przytycki’s question. The (chronologically) first of these two pairs is 1441721

and 1442125.
The proof of equality of the CJP for all our pairs uses a fusion formula

of Masbaum and Vogel in [12]. The application of this formula for each pair
entails the quest for proper presentation of the knots, and so requires more
effort than the argument may let appear. We could therefore examine only
a limited number of pairs.

In the aim for a more solid statement, we managed to prove our main
result in [22]:

Theorem 5.1 (A.Stoimenow, T.Tanaka). There exist infinitely many
pairs of (simple) hyperbolic knots with equal CJP, which are not mutants.

aJ. E. Andersen announced a positive solution to problem C (and hence D). It uses an
asymptotic formula for CJP (different from the one in the Volume conjecture) and the

Kronheimer-Mrowka proof of the property P conjecture.
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These examples were obtained by modifying properly the initial pair.
The main problem is to argue why the pairs are not mutants. For this we
use some “braiding sequence” technique of Vassiliev invariants. It shows
that the Whitehead double skein polynomial generically distinguishes the
pairs, by recurring the problem to the pair where we could calculate the
polynomial directly.

It is difficult also to prove inequality of CJP. Note that the Kauffman
polynomial determines for knots the 2-CJP by a result of Yamada [24], so
for equal F , the 1- and 2-CJP will coincide. We tried to use the KnotTheory
package [1] to calculate the 3-colored polynomial. Sadly, even 14 crossing
knots were mostly out of capacity of the (relatively new) hardware we had.

6. Mirror images

For several reasons we were interested in examples where the pairs consist
of a knot and its mirror image. We tried to find first such examples among
the tabulated knots.

For heuristic reasons, to have good candidates, we considered chiral 14
crossing knots on which the uncabled polynomials fail detecting chirality.
2-cable skein polynomials failed additionally on 15 of them. 13 knots are
indeed found to be mutants to their obverses, because they are mutants
to achiral knots. The other two knots are distinguished by the Whitehead
double skein polynomials. These knots are 143802 and 1429709.

We could calculate that the 3-CJP of 1429709 is not reciprocal. We do not
know about 143802, which is even more interesting because it is alternating.
For alternating knots one can apply the strong geometric work in [14] and
[13]. Former result shows that 143802 is chiral, and using the latter result
one can easily deduce that 143802 has no mutants, so in particular it cannot
be a mutant to its mirror image, a conclusion so difficult to obtain using
the polynomials in this case.

After failing to find low crossing reciprocal CJP knots for Theorem 5.1,
we managed to construct more complicated ones using the pair 1441721

and 1442125. All constructions of such examples so far used the Whitehead
double skein polynomial to distinguish the pairs. So what happens when it
fails too?

7. Fundamental group calculations

While the coincidence of CJP answered Przytycki’s question, it did little
toward ruling out mutation. The last remaining 14 crossing pair, 1441739

and 1442126, is the most problematic one: extensive (though not exhaustive)
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search of diagrams up to 18 crossings fails to show a mutation, but, along
with all the invariants that do so for the previous pairs, Whitehead double
skein polynomials also coincide. (We had also a few more such 15 crossing
pairs.)

In an attempt to exclude mutation, we relied on the fact that mutants
have the same double branched cover M2(K) (e.g. [19]). Daniel Matei dis-
tinguished 1441739, 1442126 (and also other 15 crossing pairs) by the rep-
resentations of the fundamental group π(K) := π1(M2(K)) of the cover.
Using GAP he found a presentation for π(K) from a braid representation
of K we provided him with. To distinguish the groups, he calculated either
the number or (if the numbers coincide) the abelianizations of certain finite
index subgroups of π(K). These are either all subgroups of small index, or
kernels of epimorphisms of π(K) onto specific groups of larger order, like
PSL(2, 7) or PSL(2, 13). This is explained in the appendix of [22].

8. 2-cable Kauffman polynomials

The complexity of the 2-cable Kauffman polynomial makes its evaluation
very difficult. We obtained polynomials only for two of the 15 crossing
pairs with equal Whitehead double skein polynomial. The 2-cable Kauffman
polynomials, too, failed to distinguish the knots. The calculation of the skein
and Kauffman polynomial uses softwareb written by Millett-Ewing in the
mid ’80s. The content of [20–22], and of several more of the first author’s
papers, depends essentially on such calculations.

Even if we were provided with some decently looking output, consistency
checks are absolutely vital. The first author tried substituting Kauffman to
Jones and skein to Jonesc

V (t) = P (−it, i(t−1/2 − t1/2)) = F (−t3/4, t1/4 + t−1/4) , (1)

with i =
√
−1. He checked that the Jones polynomials from both Kauffman

and skein polynomial coincide, and that they coincide within each pair
(provided the uncabled Kauffman coincides).

The substitution Kauffman to Jones in (1) itself gives a strong consis-
tence check. As the polynomial F ∈ Z[a±1, z±1] has only monomials amzn

where m+n is even, the result on the right of (1) is a polynomial in Z[t±1/2].

bUnfortunately, these calculations revealed a series of bugs. They start occurring at
relatively high crossing numbers, (hardware-technically) hard to access at the time the

programs were written. These bugs have been largely propagated also into KnotScape [9],
whose polynomial calculation facility is a modification of the Millett-Ewing programs.
cThese formulas depend a bit on the convention for P, F .
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However, Jones has the further property that either all powers are integral
(for odd number of components) or half-integral (even number of compo-
nents). So the vanishing of “one half” of the coefficients of V gives a strong
condition on F , and practically any error would result in its violation. An-
other test is the identity F (i, z) = 1. There are some further heuristical
tests, in particular cabled Jones polynomials tend to have very small (in
absolute value) coefficients; four digits are extremely seldom.

One of the two pairs whose 2-cable Kauffman polynomial we found co-
inciding (and are decently convinced that it is correct) is 15148731, 15156433.
So these two knots satisfy all polynomial coincidence properties known for
mutants (those summarized in §2). With Daniel Matei’s exclusion we have
thus an example of complete failure of the polynomials to determine the
mutation status.

On the other hand, the fundamental group approach, although effective
on particular knots, can not be easily generalized to infinite families. More-
over, creation of mirror images with equal CJP leads to examples where the
fundamental group cannot help. So we see that both the Vassiliev invariant
and the fundamental group approach are essential in their own way.

9. Postscriptum

While finishing our work, we found a paper [8] of closely related content.
There we read that our pair 1441721, 1442125 was discovered in an indepen-
dent context by Shumakovich as the only pair of 14-crossing prime knots
with equal skein, Kauffman polynomial, volume and signature, but differ-
ent Khovanov homology. Shumakovich gives 32 such pairs among prime
knots of up to 16 crossings in [8]. We verified that all these pairs are dis-
tinguished by Whitehead double skein polynomials. (Interestingly, no pair
is distinguished by 2-cable skein polynomials.) This outcome is compati-
ble with the expectationd that Khovanov homology does not distinguish
mutant knots.
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A chart is an oriented labelled graph in a 2-disk and C-moves are moves for
charts which consist of three classes of moves: a CI-, CII- and CIII-move. Both
CII- and CIII-move are local, but a CI-move is global. Carter and Saito proved
a basic result about CI-moves which says that any CI-move can be realized
by a finite sequence of seven types of local moves, but it seems that there are
some ambiguous arguments in their proof. The purpose of this note is to give
an outline of a precise proof for their assertion by a different approach.

Keywords: Surface braids; C-moves; Picture theory; Salvetti’s complex.

1. Introduction

A chart is an oriented labelled graph in a 2-disk satisfying some conditions.
This notion was introduced by Kamada [10] in order to describe a surface

braid, which is a 2-dimensional analogue of a classical braid. He also de-
fined moves for charts, called C-moves [11], which consist of three classes of
moves: a CI-, CII- and CIII-move. He proved that there exists a one-to-one
correspondence between the equivalence classes of surface braids and the
C-move equivalence classes of charts. For more details about surface braid
theory, we refer the readers to [12, 3].

Both CII- and CIII-move are local moves, but a CI-move is a global
move. Thus it is natural to try to decompose a CI-move into some lo-
cal moves. Actually Carter and Saito [2] stated that any CI-move can be
realized by a finite sequence of seven types of local CI-moves. This is a fun-
damental result of surface braid theory (and also of surface-knot theory),
but it has been known that there are some ambiguous arguments in their
proof. In this note, we give an outline of a precise proof for their assertion
by a different approach from theirs. The details will appear in a forthcoming
paper.
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2. Definitions and theorem

2.1. Charts

A chart of degree m is an oriented labelled graph embedded in the interior
of a 2-disk D satisfying the following conditions:

• every edge is labelled by an integer from 1 through m − 1.
• the valency of each vertex is one (called a black vertex), four (called a

crossing), or six (called a white vertex). See Fig. 1.
• At each crossing, two consecutive edges are oriented inward and the other

two are outward; these four edges are labelled by i, j, i, j for some labels
i, j with |i − j| > 1 in this order around the vertex.

• At each white vertex, three consecutive edges are oriented inward and
the other three are outward; these six edges are labelled by i, j, i, j, i, j

for some labels i, j with |i − j| = 1 in this order around the vertex.

Fig. 1. A black vertex, crossing and white vertex

2.2. C-moves

Let Γ and Γ′ be charts in D of the same degree. If there exists a 2-disk E

such that the restrictions of Γ and Γ′ to the outside of E are identical, and
Γ∩E and Γ′ ∩E satisfy one of the following three conditions. Then we say
that Γ′ is obtained from Γ by a CI-move, CII-move or CIII-move, and call
these three classes of moves C-moves.

(CI) There are no black vertices in Γ ∩ E and Γ′ ∩ E.
(CII) Γ ∩ E and Γ′ ∩ E are as on the left of Fig. 2, where |i − j| > 1.

(CIII) Γ ∩ E and Γ′ ∩ E are as on the right of Fig. 2, where |i − j| = 1.

2.3. Carter and Saito’s theorem

Carter and Saito [2] stated the following theorem about CI-moves:
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Fig. 2. A CII-move and CIII-move

Theorem 2.1 (Carter and Saito [2]). Any CI-move can be realized by
a finite sequence of seven types of local CI-moves illustrated in Fig. 3 and
Fig. 4.

Their proof is based on a Morse theoretical approach, but it seems that
there are some ambiguous arguments.

Fig. 3. Homotopy moves

Fig. 4. π2-moves
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3. Outline of the proof of Theorem 2.1

We divide these seven local CI-moves into two classes: One is a class of
moves, called homotopy moves, which consists of four types among them
illustrated in Fig. 3, and the other is a class of moves, called π2-moves,
which consists of three types among them illustrated in Fig. 4. Our proof
consists of two steps.

3.1. The first step

Using picture theory, we relate the set of CI-moves divided by homotopy
moves with a 2-dimensional cell complex KBm associated with Artin’s pre-
sentation

Bm =
〈

σ1, . . . , σm−1

∣∣∣∣ σiσjσi = σjσiσj for j = i + 1
σiσj = σjσi for j > i + 1

〉
of the mth braid group Bm, and reduce the problem to finding generators of
the second homotopy group π2(KBm). Details of the first step is discussed
in Section 4.

3.2. The second step

Using Salvetti’s complex for a real hyperplane arrangement, we can obtain
a finite cell complex K, denoted by Sal(Am)/Sm in Section 5, such that

• the 2-skeleton K(2) has the same cell structure as KBm , and
• the complex K is homotopy equivalent to the K(Bm, 1)-space.

Then, by the above two conditions, we can reduce the problem to describing
the boundary of each 3-cell of the complex K. Details of the second step are
discussed in Section 5 but, in this note, we give neither a precise definition
of Salvetti’s complex nor a detailed analysis of that complex.

4. Picture theory

A picture (cf. [1]) is an oriented labelled graph in a 2-disk satisfying some
conditions. Pictures are defined for any presentation of a group, but we
restrict to a spherical picture over Artin’s presentation of the mth braid
group Bm and call it a picture of degree m for short. In this case, a picture
of degree m can be defined as a chart of degree m with no black vertex.
(See also [13, 8] for relation between pictures and charts.)

A CII- and CIII-move cannot be applied to a picture, since both involve
black vertices. But we can consider a CI-move for pictures. Similarly, we can
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also consider the homotopy moves and π2-moves for pictures. Identifying
two pictures when they are related by homotopy moves, the set of pictures
of degree m can be considered as a group, called a picture group of degree
m. The group structure is defined as follows:

• a product of two pictures is given by the disjoint union of them,
• an identity element is given by the empty picture, and
• an inverse of a picture is given by its mirror image with the opposite

orientation.

Moreover we can equip a picture group of degree m with a (left) Bm-
action as follows: the action of a generator σi of Bm on a picture Γ is given
by adding a simple loop parallel to ∂D surrounding Γ with anti-clockwise
orientation. Then the picture group of degree m can be considered as a
(left) ZBm-module, and the following holds:

Theorem 4.1 (Huebschmann [9], Pride [14]). The picture group of
degree m is isomorphic to π2(KBm) as a ZBm-module.

On the other hand, by definition, the set of pictures of degree m divided
by CI-moves are isomorphic to zero as a ZBm-module. By Theorem 4.1, in
order to decompose CI-moves into local moves, it is sufficient to analyze
the second homotopy group π2(KBm) and to show that there exist three
types of generators which correspond to three types of π2-moves.

5. Salvetti’s complex for braid hyperplane arrangements

We recall some basic relation between the braid group and hyperplane
arrangements. The natural action of the mth symmetric group Sm on R

m

can be viewed as a group generated by reflections, and these reflections are
the orthogonal reflections across the real hyperplanes Hij = {(x1, . . . , xm) ∈
Rm | xi = xj} for 1 ≤ i < j ≤ m. We denote by Am an arrangement of real
hyperplanes Hij ’s, and by M(Am) a complexified complement of the real
hyperplane arrangements Am defined by

M(Am) =
(
C

m \
⋃

Hij∈Am

Hij ⊗ C
)
.

Then the Sm-action extends to C
m(= R

m ⊗ C) and it is shown in [7] (cf.
[6]) that the quotient space M(Am)/Sm is an Eilenberg-MacLane space
K(Bm, 1) for the mth braid group Bm.

Salvetti [15] (cf. [16, 4, 5]) constructed a cell complex Sal(A) associated
with a real hyperplane arrangement A, and proved the following:
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Theorem 5.1 (Salvetti [15]). The complex Sal(A) has the same homo-
topy type as a complexified complement M(A) of A. Moreover, in the case
when A is a reflection hyperplane arrangement for a Coxeter group W , the
complex Sal(A) is invariant under the action of W on M(A).

In particular, the complex Sal(Am) is invariant under the action of Sm on
M(Am).

5.1. 2-skeleton

We can analyze the cell structure of the 2-skeleton of Sal(Am)/Sm as fol-
lows. There is one zero-cell and m − 1 one-cells which correspond to the
generators σ1, . . . , σm−1 of Artin’s presentation of Bm. There are

(
m−1

2

)
two-cells and these can be divided into two types. One type consists of(
m−2

1

)
two-cells whose boundaries are as on the left of Fig. 5 and corre-

sponds to the relators of type σiσjσi = σjσiσj for j = i + 1. The other
consists of

(
m−2

2

)
two-cells whose boundaries are as on the left of Fig. 6 and

corresponds to the relators of type σiσj = σjσi for j > i + 1.

Fig. 5. A 2-cell corresponding to the relator σiσjσi = σjσiσj

Fig. 6. A 2-cell corresponding to the relator σiσj = σjσi
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It follows that the 2-skeleton of the complex Sal(Am)/Sm has the same cell
structure as KBm

. Thus we obtain a cell complex satisfying the two prop-
erties appeared in Section 3.2. We remark here that the 2-cell illustrated
on the left of Fig. 5 (resp. Fig. 6) corresponds to a white vertex (resp. a
crossing) by the map which gives an isomorphism of Theorem 4.1.

5.2. 3-cells and their boundaries

We can analyze the 3-cells and their boundaries as follows. There are
(
m−1

3

)
three-cells and these can be divided into three types:

• The first type consists of
(
m−3

1

)
three-cells whose boundaries are as on

the left of Fig. 7.
• The second type consists of 2 ×

(
m−3

2

)
three-cells whose boundaries are

as on the middle of Fig. 7.
• The third type consists of

(
m−3

3

)
three-cells whose boundaries are as on

the right of Fig. 7.

Fig. 7. The boundaries of 3-cells

It is easy to see that the boundaries of these three types of 3-cells correspond
to three types of π2-moves, up to homotopy moves, by the map which gives
an isomorphism of Theorem 4.1:

• The boundaries of the first type of 3-cells corresponds to the π2-move
illustrated on the bottom of Fig. 4,

• That of the second one corresponds to the π2-move illustrated on the
upper right of Fig. 4.

• That of the third one corresponds to the π2-move illustrated on the upper
left of Fig. 4.

This completes the outline of the proof of Theorem 2.1.
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S3. Using correction term defined by P. Ozsváth and Z. Szabó, we will prove
some obstructions of Alexander polynomial of K.
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1. Introduction

In [9], [12] Ozsváth and Szabó have defined Heegaard Floer homology
HF+(Y, s) and knot Floer homology ĤFK(Y,K, i), which Y is a 3-manifold
carrying a spinc-structure s and K is a null-homologous knot in Y . These
invariants are Z[T ]-module and moreover in the case where Y is rational
homology 3-sphere HF+(Y, s) admits the absolute Q-grading. When Y is
a rational homology 3-sphere, HF+(Y, s) has a summand isomorphic to
Z[u−1]. Correction term is defined as the minimal grading of the summand.
Note that the grading of HF+(Y, s) is bounded below.

In the same way as in [8] we identify spinc-structures with Z/pZ by
means of genus 1 Heegaard decomposition of L(p, q). The identification
is called the canonical ordering. We introduce a theorem by Ozsváth and
Szabó in [7].

Theorem 1.1 (P. Ozsváth-Z. Szabó [7]). If a lens space L(p, q) is ob-

tained as surgery on a knot K ⊂ S3 then a one-to-one correspondence

σ : Z/pZ→ Spinc(L(p, q))

with the following symmetries:

(a) σ(−[i]) = σ([i])
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(b) there is an isomorphism φ : Z/pZ → Z/pZ with the property that

σ([i]) − σ([j]) = φ([i − j]),

with the following properties. For i ∈ Z, let [i] denote its reduction modulo
p, and define

ti =
{
−d(L(p, q), σ([i])) + d(L(p, 1), [i]) ≥ 0 if 2|i| ≤ p

0 otherwise
(1)

then the Laurent polynomial

1 +
∑

i

(
ti−1

2
− ti +

ti+1

2

)
xi =

∑
i

aix
i

has integral coefficients, all of which satisfy |ai| ≤ 1, and all of its non-
zero coefficients alternate in sign.

Here we identify L(p, q) and L(p, 1) with Z/pZ by the canonical ordering
defined in [8].

Let Yr(K) be a 3-manifold obtained by a surgery along a knot K in
3-manifold Y with slope r.

We explain σ in this theorem. Let Y be a homology sphere and W a
surgery cobordism whose boundaries are Y0(K) and Yp(K) as in [10], and
[11]. Then there exists a map Spinc(Y0(K)) ∼= Z → Spinc(Yp(K)) and we
induce σ : Z/pZ → Spinc(Yp(K)) by the natural projection and combine
the canonical ordering to obtain a map Z/pZ → Z/pZ. We express this
map by the same notation σ. We have:

Lemma 1.1. The map σ can be written as σ([i]) = hi + c, where h is
multiplicative generator of Z/pZ and c is an element in Z/pZ.

Here we define a condition in Theorem 1.1.

Definition 1.1. If all coefficients ai of an Alexander polynomial ∆K(x) of
K satisfy |ai| ≤ 1 and all of its non-zero coefficients alternate in sign, we
say that ∆K(x) satisfies OS-condition.

OS-condition is not understood too much as some topological meaning.
If L(p, q) = S3

p(K), then

ti = 2ti(K), (2)

where ti(K) is the i-th torsion coefficient of K, hence ti’s are positive even
integers. This have been proved by the exact triangle of Heegaard Floer
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homology of Y , Y0(K) and Yp(K). In [7] they conjectured the converse was
true.

Conjecture 1.1. If a map σ : Z/pZ → Spinc(L(p, q)) satisfies (a) and (b)
in Theorem 1.1, then there exists a knot K such that L(p, q) = S3

p(K).

Here h is equivalent to the image of [K∗] by an identification ϕ :
H1(L(p, q)) → Z/pZ, where K∗ is the dual knot of K, and this identifica-
tion is an isomorphism that the core of a handlebody of genus one Heegaard
decomposition of L(p, q) goes to 1. In [16] it is proved that h2 = q mod p.
On the other hand, c is an integer depending on p, q, h as follows:

c(p, q, h) :=


q−1
2 pq = 1 mod 2

p+q−1
2 p(p − q) = 1 mod 2

h2−1
2 p = 0 mod 2

(3)

By Eq. (1), ti can be computed from L(p, q) and h ∈ (Z/pZ)×. Then
the following holds.

Proposition 1.1. For any i, ti is an even integer, if and only if L(p, q) is
obtained from a positive integral Dehn surgery of a homology 3-sphere.

The proposition is another version of the fact known by Fintushel and Stern
in [2].

In Section 2 we consider the form of ∆K(x) coming from Eq. (1). Sec-
tion 3 is specialized for doubly primitive knot. In Section 4 we argue a new
restriction from this form and OS-condition. In this workshop the author
explained Proposition 3.1 in Section 3 and Theorem 4.1 in Section 4.

2. Alexander polynomial and lens surgery

From the surgery exact triangle of Heegaard Floer homology, they have in-
vestigated some restrictions of d(S3

p(K), s) when S3
p(K) is an L-space, which

has the same Heegaard Floer homology as a lens space. Those restrictions
are ti = 2ti(K) from Eq. (1).

Let ϕ be the map defined in the previous section. Then by using Eq. (2)
we obtain the following:

Theorem 2.1 ([5]). If L(p, q) = S3
p(K), then there exist positive integers

h, g such that the Alexander polynomial of K is equivalent to

x−d (xhg − 1)(x − 1)
(xh − 1)(xg − 1)

(4)
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mod xp−1. Here h, g satisfy hg = ±1 mod p, gcd(h, g) = 1, h2 = q mod p

and d = (h−1)(g−1)
2 . The integer h is equivalent to ϕ([K∗]), where K∗ is the

dual knot of K.

By P. Kronheimer, T. Mrowka, P. Ozsváth and Z. Szabó’s work [6] when
K admit lens surgery the following estimate

2d − 1 ≤ p (5)

holds, where d is deg(∆K) = genus(K). If 2d+1 ≤ p, then by Theorem 2.1
and this estimate ∆K(x) is uniquely determined as a Laurent polynomial to
which Polynomial (4) is reduced by using xp−1 so that the degree can be less
than p+1

2 and the polynomial can be symmetric. When p = 2d, we reduce
Polynomial (4) in the same way and change the coefficients of degree ±d

into 1. When p = 2d− 1, first we reduce Polynomial (4), and call it ∆̃K(x)
and secondly we define −d(L(p, q), hp−1

2 + c) + d(L(p, 1), p−1
2 ) by l(p−1

2 ),
where since L(p, q) is obtained from Dehn-surgery of S3, l(p−1

2 ) = 0 or 2.
Hence

∆K(x) =

{
∆̃K(x) if l(p−1

2 ) = 0
∆̃K(x) − (x

p−1
2 + x− p−1

2 ) + (x
p+1
2 + x− p+1

2 ) if l(p−1
2 ) = 2.

Therefore from p, q, h we can uniquely determine ∆K(x). But in [3] it is
conjectured that the last two cases do not occur.

Let ãi(K) be
∑

j≡i mod p aj(K). For x ∈ Z we denote by symbol [x]p
the reduction of x modulo p. Let x′ be [x−1]p for x ∈ (Z/pZ)×. We can
compute ãi(K) as follows:

Proposition 2.1 ([15]). If S3
p(K) is diffeomorphic to L(p, q), then

ãi(K) = −m + Φhi+c
p,q (h), (6)

where Φk
p,q(h) = #{j ∈ {1, 2, · · · , h′}|0 < [qj − k]p ≤ h} and m = hh′−1

p .

Proof. Here we write an outline of the proof.
The correction term of L(p, q) can be computed as follows:

d(L(p, q), i) = 3s(q, p) +
1 − p

2p
+

{
i

p

}
+ 2

i∑
j

({
q′j

p

}
− 1

2

)
,

where s(q, p) is Dedekind sum and {·} represents the fractional part. Sub-
stituting this formula for Eq. (1), (2), and using the following relation

ai(K) =
{

ti−1(K) − 2ti(K) + ti+1(K) i 6= 0
1 + t−1(K) − 2t0(K) + t1(K) i = 1

(7)
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we obtain the required formula.

It is easy to prove that the Eq. (6) are just coefficients expanding Poly-
nomial (4).

3. Doubly primitive knots

As a class of knots yielding lens spaces J. Berge have defined doubly prim-
itive knots in [1].

Definition 3.1 ([1]). Let V be a trivially embedded genus two handlebody
in S3. If a knot K in S3 lies on the boundary of V and K primitively
generates both π1(V ) and π1(S3 − V ). Then K is called a doubly primitive
knot.

Any doubly primitive knot admits lens surgery and the following is ex-
pected:

Conjecture 3.1 ([1]). Doubly primitive knots are all knots which can
yield lens spaces by Dehn surgeries.

A dual knot of any doubly primitive knot has (1, 1)-knot structure. For the
dual knot K∗ let ϕ([K∗]) = h by the identification before. We denote the
dual knot by K∗ = K(L(p, q), h). Thus the Alexander polynomial of doubly
primitive knot equals to Polynomial (4) mod xp − 1. On the other hand
K. Ichihara, T. Saito and M. Teragaito in [15] have found a formula the
Alexander polynomial of doubly primitive knot by Fox’s derivation. From
their formula we can compute the genus of doubly primitive knot precisely.

For a fixed lens space L(p, q), some of doubly primitive knots can con-
struct L(p, q) by positive integral Dehn surgeries. For example we can con-
struct L(21, 4) by two torus knots; (2, 11)-, and (4, 5)-torus knot. While
dual knots of doubly primitive knots yielding L(p, q) are classified by the
homology classes, the original knots are classified by the Alexander poly-
nomials.

Proposition 3.1. Doubly primitive knots yielding L(p, q) and having the
same Alexander polynomials are isotopic.

Proof. We consider all of the doubly primitive knots which yield a lens
space L(p, q). Since the dual knot of such a knot is (1, 1)-knot, the isotopy
class is determined by the third parameter h as defined above. Now we
take two knots K1,K2 in S3 which they are doubly primitive knots and
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yield L(p, q). Let ϕ([K∗
i ]) = hi, and gi the same as Theorem 2.1, and

di = (hi−1)(gi−1)
2 . If ∆K1(x) = ∆K2(x), then

x−d1 (xh1g1−1)(x−1)
(xh1−1)(xg1−1)

= x−d2 (xh2g2−1)(x−1)
(xh2−1)(xg2−1)

mod xp − 1

⇔ h1 = ±h2 and g1 = ±g2 mod p.

Conversely if h1 = ±h2, then ∆K1(x) = ∆K2(x) because from Eq. (1) and
(7) and Polynomial (4), we can determine ai(K) uniquely.

Let K1, K2 be two knots in S3. Suppose that K1 and K2 yield L(p, q) by
positive integral Dehn surgeries. If the dual knots K∗

1 , K2
∗ in L(p, q) of

two knots K1, K2 in S3 satisfy [K∗
1 ] = ±[K2

∗], K1 is not isotopic to K2 in
general.

4. A constraint of Alexander polynomials of knots yielding
lens spaces

When S3
p(K) is L-space, by using knot Floer homology it is proven that

∆K(x) admits OS-condition (the proof is in [7]). Using OS-condition and
Eq. (1), and (2), we can compute some coefficients of the Alexander poly-
nomial. First of all as a fact the coefficient of the top degree of ∆K(x)
from Theorem 1.1 is 1. Moreover by combining it with Polynomial (4), the
following is proven.

Theorem 4.1 (14). Suppose that L(p, q) = S3
p(K). Let d be the degree of

∆K(x).

• If d < p+1
2 , then ad−1(K) = −1.

• If d = p+1
2 , then ad−1(K) = −1 or (ad−1(K), ad−2(K)) = (0,−1).

Proof. From Eq. (6) using a function δh(x) =
{

1 0 < [x]p ≤ h

0 otherwise
we have

ãi(K) + ãi+1(K) + · · · + ãi+h−1(K) = δh(hi + c + 1)

Thus we obtain ãi+h(K) − ãi(K) = δh(h(i + 1) + c + 1) − δh(hi + c + 1).
Now we can assume h < p

2 , by exchanging h for p − h if necessary.
Suppose that d < p−1

2 . Then ãi+h(K) − ãi(K) = 1, if and only if
ãi+h+1(K) − ãi+1(K) = −1.

If p − 2d > h, then ãd+h(K) − ãd(K) = −1, therefore ãd+h−1(K) −
ãd−1(K) = 1, namely ãd−1(K) = −1. If p − 2d ≤ h, then when ãd+h(K) −
ãd(K) = 1, 0 is inconsistent with OS-condition. When ãd+h(K)− ãd(K) =
−1, from OS-condition, ãd−1(K) = −1.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

321

We omit the case of d = p−1
2 , since the way to prove is the same.

We can show the following assertion easily.

Corollary 4.1. Suppose that L(p, q) = S3
p(K) and the non-zero coefficients

of ∆K(x) are three terms. Then K is trefoil.

Proof. From the assumption, the Alexander polynomial of K is xn − 1 +
x−n. From Theorem 4.1, n must be 1. From main theorem in [3] K is trefoil
knot.
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Let M be a rational homology 3-sphere. Let K be a null-homologus knot in
M . We compute the Casson-Walker invariant of the cyclic covering space of M
branched over K. Using C. Lescop’s formula, we calculate the Casson-Walker
invariant.

Keywords: Casson-Walker invariant; Lescop’s surgery formula.

1. Introduction

In 1985, A. Casson [1] defined an invariant λ for oriented integral homol-
ogy 3-spheres by using representations from their fundamental group into
SU(2). This invariant was extended to an invariant for rational homol-
ogy 3-spheres by K. Walker [13]. C. Lescop [8] gave a formula to calculate
this invariant for rational homology 3-spheres when they are presented by
framed links and showed that it naturally extends to an invariant for all
3-manifolds. There are several studies on the Casson invariant of cyclic
covering space of integral homology 3-sphere branched over some knot. In
particular, J. Hoste [5], A. Davidow [3], K. Ishibe [6] and Y. Tsutsumi [12],
independently studied the case of Whitehead doubles of knots. N. Chbili [2]
studied the Casson-Walker-Lescop invariant of periodic 3-manifolds. In this
paper, we assume that the base space of the cyclic covering space is a ratio-
nal homology 3-sphere. Let M be a rational homology 3-sphere. Let K be
a null-homologus knot in M . Using Lescop’s formula, we will calculate the
Casson-Walker invariant of the cyclic covering space Mp

K of M branched
over K.
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2. Strongly periodic links

In this section, we recall some definitions.

Definition 2.1. Let p ≥ 2 be an integer. A link L of S3 is a p-periodic link
if there exists an orientation preserving auto diffeomorphism h of S3 such
that:
(1) Fix (h) is homeomorphic to the circle S1,
(2) the link L is disjoint from Fix(h),
(3) h is of order p,
(4) h(L) = L.

If L is a periodic link, then we will denote by the quotient link L. Recall
here that if the quotient link L is a knot, then the link L may have more
than one component. In general, the number of components of L depends
on the linking numbers of components of L with the axis ∆ of the rotation.
Recently, J. Przytycki and M. Sokolov [10] introduced the notion of strongly
periodic links as follows.

Definition 2.2. Let p ≥ 2 be an integer. A p-periodic link L is a strongly
p-periodic link if the number of component of L is p times the number of
components L.

The link in the following Fig. 1 is a strongly 3-periodic link. We assume that

Fig. 1.

L = l1 ∪ . . . ∪ lα, there is natural cyclic order on each orbit of components
of L. Namely,

L = l11 ∪ . . . ∪ lp1 ∪ . . . ∪ l1α ∪ . . . ∪ lpα
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where h(lti) = lt+1
i (1 ≤ t ≤ p − 1) and h(lpi ) = l1i (1 ≤ i ≤ α). L is a p-

algebraically split link if p divides the linking number of any two components
of L.

Definition 2.3. Let p, r ≥ 2 be two integers. A strongly p-periodic link is a
r-orbitally separated link (OSr) if the quotient link L is an r-algebraically
split link.

Proposition 2.1. If L is a strongly p-periodic OSr link, then we have
p∑

t=1

lk(lsi , l
t
j) ≡ 0 (mod r) for all s and i 6= j.

3. The Conway polynomial

In this section, we study the Conway polynomial. Throught the rest of this
paper L+, L− and L0 are three links which are identical except near one
crossing where they are as in Fig. 2. We know that the Conway polynomial

L L L+ - 0

Fig. 2.

∇L(z) = z#L−1(a0 + a2z
2 + . . . + a2kz2k), where coefficients ai are integers

and #L is the number of components of L. In this section, we prove the
following lemma.

Lemma 3.1. Let p = 5 be a prime. If L is a strongly p-peridic OSp2 link,
then the coefficient a2 ≡ 0 (mod p2).

For an algebraically split link, J. Levine [9] proved that the coefficient of
zi is 0, for all i ≤ 2n− 3, and gave an explicit formula for the coefficient of
z2n−2. We can easily prove the following proposition.

Proposition 3.1. If L is a r-algebraically split link with n-components,
then z2n−2 | ∇L(z) (mod r).

Let L be a strongly p-periodic OSr link in S3. Let L be the factor link, so
here we have L = π−1(L), where π is canonical surjection corresponding
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to the action of the rotation on S3. Let L+, L− and L0 denote the three
links which are identical to L except near one crossing where they are like
in Fig. 2. Now, let Lp+ = π−1(L+), Lp− = π−1(L−) and Lp0 = π−1(L0).
We define an equivariant crossing change as a change from Lp+ to Lp− or
vice-versa.

Lemma 3.2. ([11]) Let p be a prime, then we have the following

∇Lp+(z) −∇Lp− ≡ zp∇Lp0 (mod p).

Lemma 3.3. If Lp+ and Lp− are two strongly p-periodic OSp2 links such
that their quotients differ only by a self-crossing change. Then p divides
(a2(Lp+) − a2(Lp−)).

Proof It is easy to see that each of Lp+ and Lp− has pα components,
where α is a positive integer. Let s be the number of components of the
link Lp0. Let

∇Lp+(z) = zpα−1(a0 + a2z
2 + . . .), ∇Lp−(z) = zpα−1(b0 + b2z

2 + . . .),
∇Lp0(z) = zs−1(c0 + c2z

2 + . . .).
By Lemma 3.2, we have the following congruence

zpα−1(a0+a2z
2+. . .)−zpα−1(b0+b2z

2+. . .) ≡ zs−1(c0+c2z
2+. . .) (mod p).

If Lp0 is a strongly peridic link, then s = p(α + 1). Obviously, we have
a2 − b2 ≡ 0 (mod p). It remains to check when Lp0 is not a strongly
peridic link. If Lp0 is not a strongly peridic link, then s = p(α − 1) + 2.
Recall that if we change a self-crossing in the quotient link, then only one
orbit in the preimage is affected. Hence, the link Lp0 is made up of two
invariant components K1 and K2 and a strongly p-periodic link with p(α−1)
components

Lp0 = K1 ∪ K2 ∪ l12 ∪ · · · ∪ lp2 ∪ · · · ∪ l1α ∪ · · · ∪ lpα.

By the above congruence, a2 − b2 ≡ c0 (mod p). Now, it remains to prove
that the coefficient c0 vanishes modulo p. The coefficient c0 can be computed
using the Hoste’s formula [4]. We compute the coefficient c0 in the case of
our link Lp0. We assumed that we only changed the first orbit l11 ∪ · · · ∪ lp1
of the link L. This sublink is transformed onto the link K1 ∪K2. It can be
easily seen that each of K1 and K2 is invariant by the rotation. Let K1 and
K2 the corresponding quotient knots.

lk(K1,K2) = plk(K1, K2) ≡ 0 (mod p)

and

lk(Ki, l
1
j ) = lk(Ki, l

2
j ) = · · · = lk(Ki, l

p
j ) (i = 1, 2, 2 ≤ j ≤ α).
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By Proposition 2.4, we have
p∑

t=1

lk(li1, l
t
j) ≡ 0 (mod p2) for all i and j 6= 1.

Thus,
p∑

t=1

lk(K1, l
t
j) +

p∑
t=1

lk(K2, l
t
j) ≡ 0 (mod p2) for all t such that 2 ≤

t ≤ α. From this, we conclude that for all 2 ≤ t ≤ α, we have plk(K1, l
t
j) +

plk(K2, l
t
j) ≡ 0 (mod p2). Hence, lk(K1, l

t
j) ≡ −lk(K2, l

t
j) (mod p). Conse-

quently the linking matrix of Lp0, with coefficients considered modulo p, is
of the form. 

0 0 t12 t22 · · · tpα
0 0 −t12 −t22 · · · −tpα
t12 −t12 · · · · · ·
t22 −t22 · · · · · ·
· · · · · · · ·
· · · · · · · ·
tpα −tpα · · · · · ·


We know that in the linking matrix of a link the sum of lines is zero. More-
over in our matrix the first line and second line are dependent. Thus, all
cofactors of the matrix are zero. Consequently, c0 ≡ 0 (mod p). Therefore,
this compltes the proof of Lemma 3.3. ¤

Lemma 3.4. If Lemma 3.1 is true for strongly p-periodic OSp2 links with
p2-algebraically split orbits, then Lemma 3.1 is true for strongly p-periodic
OSp2 links.

It will be enough to prove Lemma 3.1 in the case where in the link L all
orbits are p2-algebraically split.
Proof of Lemma 3.1 It will be done by induction on the number of
components of the quotient link. ¤

4. The Alexander polynomial in a rational homology sphere

In this section, we study the Alexander polynomial in a rational homology 3-
sphere. Let M be a rational homology 3-sphere, let K be a null-homologus
knot in M . Let ∆K;M (t) be the Alexander polynomial of K in M . The
following formulation is proved by T. Kadokami and Y. Mizusawa.

Lemma 4.1. ([7]) Let s be a p-th primitive root of unity.

|H1(M
p
K)| = |

p−1∏
i=0

∆K;M (si)|
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By Lemma 4.1, we have the following lemma.

Lemma 4.2. If Mp
K is a rational homology 3-sphere, then |H1(M

p
K)|

≡ |H1(M)| (mod p).

5. Lescop’s surgery formulation

In this section, we prove the following formula. Let p ≥ 5 be a prime and
bi > 0. We assume that the link K[ ∪ K[

1 ∪ K[
2 ∪ . . . ∪ K[

n in S3 such that
lk(K[,K

[
i ) = 0 (1 ≤ i ≤ n) and lk(K[

i ,K
[
j) ≡ 0 (mod p2) (i 6= j). Let

M0 = χ(K[
1, . . . ,K

[
n; a1

b1
, . . . , an

bn
) be a rational homology 3-sphere, where

ai 6≡ 0 (mod p) and bi 6≡ 0 (mod p) (1 ≤ i ≤ n).

Theorem 5.1. Let Mp

0K
′
[

be the p-fold branched cyclic covering space of M0

along K
′

[, where K
′

[ is the resulting knot of K[. Then there exists a strongly
p-periodic OSp2 link such that Mp

0K
′
[

is obtained from S3 by surgery along

L and

24λ(Mp

0K
′
[

) ≡ 3|H1(M0)|sign(E(L)) (mod p),

where sign(E(L)) is the signature of the linking matrix E(L).

We recall some notation. We define sig(L) to be (−1)b−(E(L)) where
b−(E(L)) is the number of negative eigenvalues of E(L). If I is a sub-
set of N = {1, · · · , n}, then LI (resp LI) denotes the framed link obtained
from L (resp the link obtained by L) by forgetting the components whose
subscripts do not belong to I. The modified linking matrix E(LN−I ; I) is
defined by

E(LN−I ; I) = (lijI)i,j∈N−I

with

lijI =
{

lij if i 6= j,

lii +
∑

k∈I lki if i = j.

Let p be an integer, let q be an integer or the (mod p)-congruence class
of an integer, also denoted by q. The Dedkind sum s(q, p) is the following
rational number.

s(q, p) =
|p|∑
i=1

((
i

p
))((

qi

p
))



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

329

with

((x)) =
{

0 if x ∈ Z,

x − E(x) − 1
2 otherwise.

where E(x) denotes the integer part of x.
We state C.Lescop’s formula for the Casson-Walker invariant.

Proposition 5.1. ([8]) The Casson-Walker invariant λ of χ(L) is given
by

λ(χ(L)) = sig(L)(
n∏

i=1

qi)
∑

{J|J 6=∅,J⊂N}

(detE(LN−J ;J)a2(LJ)

+ f(L)) + |H1(χ(L))|

(
signE(L)

8
+

n∑
i=1

s(pi, qi)
2

)
,

where the determinant of the empty matrix is equal to one and f(L) is a
combinatorial function of entries of the linking matrix.

Let:

D1 = sig(L)
∑

{J|J 6=∅,J⊂N}

detE(LN−J ;J)a2(LJ),

D2 = sig(L)
∑

{J|J 6=∅,J⊂N}

f(L).

We have the following lemma.

Lemma 5.1. Let p be an odd prime and let L be a strongly p-periodic
OSp2 link. Then (q1 . . . qn)pD1 ≡ 0 (mod p) and 24(q1 . . . qn)pD2 ≡
0 (mod p).

Proof of Theorem 5.1 By Lemma 5.1, (b1 . . . bn)pD1 ≡ 0 (mod p) and
24(b1 . . . bp)pD2 ≡ 0 (mod p). Therefore, by Lemma 4.2, this completes the
proof of Theorem 5.1. ¤
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It is shown that for a positive integer g, there is a free genus one knot which ad-
mits g+1 mutually disjoint and mutually non-equivalent incompressible Seifert
surfaces each of genus g. As an application we show that for a positive integer
g, the genus two handlebody contains g + 1 mutually disjoint and mutually
non-isotopic separating incompressible surfaces each of genus g.
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1. Introduction

Let M be a compact, irreducible 3-manifold. The Haken finiteness the-
orem says that there is an integer h(M) such that if {S1, . . . , Sn} is a
collection of mutually disjoint and mutually non-isotopic incompressible
and ∂-incompressible surfaces properly embedded in M , then n ≤ h(M).
This implies that for a knot K, there is a number h(K) such that if {S1,
. . . , Sn} is a collection of mutually disjoint and mutually non-isotopic in-
compressible spanning surfaces for K, then n ≤ h(M), where we say two
Seifert surfaces S1 and S2 for a knot K are disjoint if S1 ∩ S2 = K. A
Seifert surface S for K is said to be free if the exterior E(S) is a han-
dlebody. For a fibered knot, any incompressible Seifert surface is isotopic
to a fiber surface. That is, incompressible Seifert surfaces for fibered knot
is unique. There are non-fibered knots having this property.6 In contrast
with the uniqueness of incompressible Seifert surfaces, it is known that
some two-bridge knot C(2a1 + 1, 1, · · · , 2a2n−1 + 1, 1, 2a2n + 1) bounds 2n

∗The author was supported by the Japan Society for the Promotion of Science for Young
Scientists.
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mutually disjoint and mutually non-parallel incompressible Seifert surfaces
each of genus n. (Fig. 1) That is, there is a sequence of 2-bridge knots Kn

such that h(Kn) is unbounded. In this paper we focus on free genus one

2n
(1): C(2a1 + 1, 1, · · · , 2a2n−1 + 1, 1, 2a2n + 1).

or 

(2): Non-equivalent Seifert surfaces.

Fig. 1. A 2-bridge knot with 2n mutually disjoint and mutually non-equivlent incom-
pressible Seifert surfaces.

knots. M. Brittenham1 showed that the volume of free genus one knots are
unbounded. On the Haken number we show the following:

Theorem 1.1. Given an integer n ≥ 1, there is a free genus one knot K

such that K bounds a free genus one Seifert surface S0 and n + 1 non-
isotopic incompressible Seifert surfaces S1, S2, . . . , Sn+1 each of genus n

such that Si ∩ Sj = K and each of S2, . . . , Sn+1 is free.

According to a result of Eudave-Muñoz and Shor3 the genus of the
surfaces grows as much as the number of surfaces. As an application of
Theorem 1.1, we have the next corollary which generalizes a result of R.
Qiu,7 an affirmative answer to Jaco’s question,5 saying that the genus two
handlebody contains a separating incompressible surface of arbitrarily high
genus. See also2 and.4

Corollary 1.1. For a positive integer g, the genus two handlebody contains
g+1 mutually disjoint and mutually non-isotopic separating incompressible
surfaces each of genus g each of which is equivariant under a common
involution on the handlebody.
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2. Proof of Theorem 1.1

Proof of Theorem 1.1. Let K0 ∪ k be a two-component link as illus-
trated in Fig. 2, where ai (|ai| > 1) is an integer representing the algebraic
number of the crossings. (ai = −3 for Fig. 2.) Notice that k is a trivial
knot in S3. Take the double branched cover φ : Σ → S3 branched along
k. Put K = φ−1(K0), and ϕ = φ|E(K0). Then ϕ : E(K) → E(K0) is
an unbranched cyclic cover. Since k is trivial, Σ can be regarded as S3,
and since |lk(K0, k)| = 1, we see that K is a knot in S3. Note that K0

bounds a disk P0 intersecting k in three points and n + 1 disks P1, . . . ,
Pn+1 intersecting k in 2n + 1 points as in Fig. 3. If we cut k by P0, we
have a three-string tangle (B, t) as in Fig. 3, where B = E(P0). Put

K0

k

a1 a2 an−1 an···

Fig. 2. L = K0 ∪ k, where each component K0 and k is a trivial knot, and K0 bounds
a 3-punctured disk P0 and n+1 (2n+1)-punctured disks P1, P2, . . . , Pn+1 as in Fig. 3.

Si = φ−1(Pi) and Fi = ϕ−1(Pi) = Si ∩ E(K). Then S0 is a genus one
Seifert surface for K, and Si (i > 0) is a genus n Seifert surface for K. It
is easy to see that (B, t) is a trivial 3-string tangle and hence S0 is free.
Let (Bi, ti) denote the tangle between Pi and Pi+1, where Bi ⊂ E(K0) and
∂Bi ⊂ Pi ∪ Pi+1 ∪ ∂E(K0). Then (Bi, ti) is as in Fig. 4. We shall show
that each of F0, F1, . . . , Fn+1 is incompressible and F1, . . . , Fn+1 are pair-
wise non-isotopic. Put Xi = ϕ−1(Bi). Let τ be an involution on Xi as the
covering translations.

Lemma 2.1. Fi+1 is incompressible in Xi and Xi+1.
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P0
P1

P2 Pn

Pn+1

Bi

Fig. 3. (B, t).

(1): i = 1, n + 1 (2): A′ in Bi

Fig. 4. (Bi, ti).

Proof. Suppose Fi+1 is compressible in Xi. Then by the equivariant loop
theorem9 there is a compressing disk D for Fi+1 in Xi with ∂D ⊂ Fi+1

such that D = τ(D) or D ∩ τ(D) = ∅. If D = τ(D), then ϕ(D) is a disk
which intersects ti transversally in a single point. Since (Bi, ti) is a prime
tangle, we see that ϕ(∂D) bounds a disk D′ in Pi+1 such that D′ ∩ ti is a
single point. This implies that ∂D bounds a disk in Fi+1, a contradiction. If
D∩τ(D) = ∅, then ϕ|D : D → ϕ(D) is a homeomorphism and ϕ(D)∩ti = ∅.
In this case ∂ϕ(D) bounds a disk in Pi+1 containing some points of ti∩Pi+1.
This is impossible since Pi+1 is incompressible in Bi − ti. Similarly, Fi+1 is
incompressible in Xi+1. This completes the proof of Lemma 2.1.

Lemma 2.2. Fi is not isotopic to Fi+1 in Xi.

Proof. Let A′ be a disk properly embedded in Bi as indicated in Fig. 4-(2)
which intersects the string in two points. It is easy to see that ϕ−1(A′) is
an essential annulus A such that ∂A is contained in Fi because A splits Xi

into a product and a solid torus V such that a core curve of A represents
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ai ∈ Z = H1(V ). This means that Xi is not a product. This completes the
proof of Lemma 2.2.

Suppose Fi is isotopic to Fj (i > j). Then there is a homeomorphism
f : Fi × I → (Xi ∪ · · · ∪Xj−i) by.8 Then f(Fi+1) is isotopic to f(Fi). This
contradicts Lemma 2.2.

Now it is easy to see that Si is free for i > 1 because (E(Pi), E(Pi)∩ k)
forms the tangle in Fig. 5.

Fig. 5. The exterior of Pi is a trivial tangle for i > 1.

This completes the proof of Theorem 1.1.
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1. Introduction

Mikhail Khovanov [6] constructed a bigraded homology group for links such
that its graded Euler characteristic is equal to the Jones polynomial. The
essential point of the construction is the state sum formula for the Jones
polynomial suggested in [5]. Since then many aspects of Khovanov’s con-
struction were studied and generalized in various ways (see [1, 7, 10] and
references therein). The existence of state sum descriptions for diverse poly-
nomial invariants gives the possibility to make analogues of Khovanov’s con-
struction in other situations. In particular, the similar constructions can be
done in the cases of some polynomial invariants of graphs.

In [3] L. Helme-Guizon and Y. Rong constructed a cohomology theory
that categorifies the chromatic polynomial for graphs, i. e. the graded Eu-

∗Supported in part by the CNRS-NSF grant No 17149, INTAS grant No 03-5-3251 and
the ACI project ACI-NIM-2004-243 “Braids and Knots”.
†Supported in part by INTAS grant 03-51-3663, the grant of SB RAN, the grant NSh-
8526.2006.1, and the grant of RFBR.
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ler characteristic of the constructed chain complex and the corresponding
homology groups is the chromatic polynomial. E.F. Jasso-Hernandez and
Y. Rong [4] did the same for the Tutte polynomial of graphs. It is natural
to ask if similar constructions can be made for other graph polynomials.

In the present paper we suggest a categorification for the two variables
Yamada polynomial of graphs, which is universal among graph invariants
satisfying the deletion-contraction relation. More precisely, for each graph
G we define bigraded cohomology groups whose Euler characteristic is a
multiple of the Yamada polynomial of G.

2. Polynomials of graphs

Let G be a finite graph with the vertex set V (G) and the edge set E(G).
For a given edge e ∈ E(G) let G − e be the graph obtained from G by
deleting the edge e, and G/e be the graph obtained by contracting e to a
vertex (i. e. by deleting e and identifying its ends to a single vertex). An
edge e is called a loop if e joins a vertex to itself and is called an isthmus if
its deleting from G increases the number of connected components of the
graph.

Let f be a graph invariant with values in some ring R. We will assume
that a function f satisfies the following conditions:

10. “Deletion-contraction relation”. If an edge e is not a loop or an
isthmus then f(G) = Af(G/e) + Bf(G − e), where the coefficients A ∈ R

and B ∈ R do not depend on the choice of e.
20. If H · K is a union of two subgraphs H and K which have only a

common vertex then f(H ·K) = Cf(H)f(K), where the coefficient C ∈ R

does not depend on the subgraphs H and K.
30. If T1 is a tree with a single edge on two vertices then f(T1) = D, for

some D ∈ R.
40. If L1 is a single-vertex graph with only loop then f(L1) = E, for

some E ∈ R.
Thus, f is determined by five coefficients A, B, C, D, and E. For some

particular values of coefficients (see the table below) the graph function f

coincides with well-known graph invariants (see [9, 11] for definitions):

The polynomial A B C D E

Tutte polynomial T (G;x, y) 1 1 1 x y

chromatic polynomial P (G;λ) −1 1 1
λ λ(λ − 1) 0

Yamada polynomial h(G;x, y) 1 − 1
x

1
x 0 xy − 1

One can try to use well-known state sum formulae for these polynomials
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to categorify them. For each S ⊆ E(G) let [G : S] be the graph whose vertex
set is V (G) and whose edge set is S. The graph [G : S] will play a role of a
state in our constructions. Let b0([G : S]) denotes the number of connected
components of [G : S] (that is the zeroth Betti number of the graph), and
b1([G : S]) denote the first Betti number of [G : S]. The state sum formula
for the chromatic polynomial:

PG(λ) =
∑

S⊆E(G)

(−1)|S| λb0([G:S]) =
∑
i≥0

(−1)i
∑

S⊆E(G),|S|=i

λb0([G:S])

was used in [3] for its categorification. We denote the chain complex con-
structed in [3] by {Ci

P }.
The state sum formula for the Tutte polynomial:

T (G;x, y) =
∑

S⊆E(G)

(x − 1)−b0(G)+b0([G:S]) (y − 1)b1([G:S])

was used in [4] for a categorification of a version of the Tutte polynomial.
We denote by {Ci

T } the chain complex constructed in [4].
In the present paper we categorify a multiple of the Yamada polynomial

h(G;x, y) by constructing of a corresponding chain complex {Ci
Y }.

3. The Yamada polynomial

The Yamada polynomial of G, denoted by h(G;x, y), is defined by the fol-
lowing formula [11]:

h(G;x, y) =
∑
F⊆E

(−x)−|F | xb0(G−F ) yb1(G−F ), (1)

where F ranges over the family of all subsets of E = E(G), and |F | is the
number of elements in F ; b0 and b1 are the Betti numbers in dimensions 0
and 1. In particular for the empty graph G = ∅ we have h(∅) = 1.

Let S be the complement of F in E, i. e. S = E − F . We denote by
[G : S] the graph with vertex set V (G) and edge set S. Then the Yamada
polynomial can be written as follows:

h(G;x, y) =
∑
S⊆E

(−x)−|E|+|S| xb0([G:S]) yb1([G:S]). (2)

It is obvious that h(G;x, y) is a 2-variable Laurent polynomial in x and y

with nonnegative degrees on y.
Let us define a polynomial g̃(G, x, y) by the formula

g̃(G, x, y) = (−x)|E|h(G;x, y) =
∑
S⊆E

(−1)|S|x|S|+b0([G:S]) yb1([G:S]). (3)
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Clearly, each monomial of g̃(G, x, y) has nonnegative degrees on x and y.
Let us make change of variables x = 1 + t, y = 1 + w and define

g(t, w) = g̃(1 + t, 1 + w) =
∑
S⊆E

(−1)|S|(1 + t)|S|+b0([G:S]) (1 + w)b1([G:S]).

We intend to construct the chain complex and homology (in the sense
of Khovanov) corresponding to this polynomial.

The following evident statement was pointed out in [4].

Lemma 3.1. Let G = (V,E) and S be a subset of E. Suppose that e ∈
E−S, and denote S′ = S∪{e}. Then one of the following two cases occurs.
(i) If endpoints of e belong to one component of [G : S] then

b0([G : S′]) = b0([G : S]) and b1([G : S′]) = b1([G : S]) + 1.

(ii) If endpoints of e belong to different components of [G : S] then

b0([G : S′]) = b0([G : S]) − 1 and b1([G : S′]) = b1([G : S]).

4. The chain complex

4.1. Algebraic prerequisite

Let R be a commutative ring with unit. Recall (see [2] or [8] for example)
that a Z-graded R-module or simply graded R-module M is an R-module
with a family of submodules Mn such that M is a direct sum M = ⊕n∈ZMi.
Elements of Mn are called homogeneous elements of degree n.

If R = Z and M = ⊕n∈ZMn is a graded Z-module (abelian group) then
the graded dimension of M is the power series

q dimM =
∑

n

qn · dimQ(Mn ⊗ Q).

In the same way a Z⊕Z-graded or bigraded R-module is a R-module M

with a family of submodules Mn,k, n, k ∈ Z such that M = ⊕(n,k)∈Z⊕ZMn,k.

The elements of Mn,k are called homogeneous elements of bidegree (n, k).
The graded dimension of M over Z is the 2-variable power series

q dimM =
∑
n,k

xnyk · dimQ(Mn,k ⊗ Q).

4.2. The general construction

Let M be a bigraded module over the ring R equipped with an associative
multiplication m : M ⊗ M → M and a map u : R → M, which even not
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necessary to be a unit for the multiplication m. Let N be any bigraded
module over R. For each integer ν ≥ 0, let fν : N⊗ν → N⊗(ν+1) be a
degree preserving module homomorphism. Given such M,N and fν , we can
construct cohomology groups in the following manner which is standard for
Khovanov’s approach.

As in Section 2 we consider a graph G = (V (G), E(G)) and |E(G)| = n.
In Khovanov construction for links an ordering of all crossings was done.
Such an ordering is usual in homological constructions. Here for graphs an
ordering of edges of G is fixed: e1, · · · , en. To visualise Khovanov construc-
tion Bar-Natan [1] suggests to consider the n-dimensional cube with vertices
{0, 1}n. For each vertex α = (α1, . . . , αn) of the cube there corresponds a
subset S = Sα of E(G), where ei ∈ Sα if αi = 1. Bar-Natan defines a height
of the vertex α = (α1, . . . , αn) as |α| =

∑
αi, which is equal to the number

of edges in Sα. Each edge ξ of the cube {0, 1}E Bar-Natan labels by a se-
quence (ξ1, . . . , ξn) in {0, 1, ∗}E with exactly one “∗”. The tail αξ(0) of ξ is
obtained by setting ∗ = 0 and the head αξ(1) is obtained by setting ∗ = 1.
The height |ξ| is defined to be equal to the number of 1’s in the sequence
presenting ξ. We consider a subgraph [G : S] of G (see Section 2) and take a
copy of the R-module M for each edge of S and each connected component
of [G : S] and then take a tensor product of copies of M over the edges and
the components. Let Mα(G) be the resulting bigraded R-module, with the
bigrading induced from M . Thus,

Mα(G) ∼= M⊗λ ⊗ M⊗µ,

where λ = |S| and µ = b0([G : S]). Suppose Nα(G) = N⊗ν , where ν =
b1([G : S]). We define

Cα(G) = Mα(G) ⊗ Nα(G) = M⊗λ ⊗ M⊗µ ⊗ N⊗ν .

So for each vertex α of the cube, we associated the bigraded R-module
Cα(G) (also denoted by CS(G), where S = Sα). The ith chain module of
the complex is defined by

Ci(G) := ⊕|α|=i Cα(G). (4)

The differential maps di : Ci(G) → Ci+1(G) are defined using the multi-
plication m on M , the map u, and the homomorphisms fν as follows.

Consider the edge ξ of the cube which joins two vertices αξ(0) (the
starting point) and αξ(1) (its terminal). Denote the corresponding subsets
of E(G) by S0 = Sαξ(0) and S1 = Sαξ(1). The edge of the graph e ∈
E(G) is such that S1 = S1 ∪ {e}. Let us define now the per-edge map
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dξ : Cαξ(0)(G) → Cαξ(1)(G). Denote λi = |Si|, µi = b0([G : Si]), and
νi = b1([G : Si]) for i = 0, 1. Then we present

dξ = dM
ξ ⊗ dN

ξ : M⊗λ0 ⊗ M⊗µ0 ⊗ N⊗ν1 → M⊗λ1 ⊗ M⊗µ1 ⊗ N⊗ν1 ,

with dM
ξ : M⊗λ0 ⊗ M⊗µ0 → M⊗λ1 ⊗ M⊗µ1 and dN

ξ : N⊗ν0 → N⊗ν1 .
Obviously, λ1 = λ0 + 1. Suppose that dM

ξ acts on the factor M⊗λ0 of
the tensor product M⊗λ0 ⊗ M⊗µ0 by the map u:

M⊗λ0 = M ⊗ · · · ⊗ M ⊗ R ⊗ M ⊗ · · · ⊗ M

→ M ⊗ · · · ⊗ M ⊗ M ⊗ M ⊗ · · · ⊗ M = M⊗(λ0+1) = M⊗λ1 ,

where the position of R is determined by the number of the edge e.
There are two possibilities which correspond to two cases in Lemma 3.1.
If endpoints of e belong to one component of [G : S0] then µ1 = µ0 and

ν1 = ν0 + 1. So, we put that dM
ξ acts on the factor M⊗µ0 of M⊗λ0 ⊗M⊗µ0

by the identity map and dN
ξ : Nαξ(0)(G) = N⊗ν0 → Nαξ(1)(G) = N⊗ν1

acts by the homomorphism fν0 : N⊗ν0 → N⊗(ν0+1). Thus, the per-edge
map dξ = dM

ξ ⊗ dN
ξ : Cαξ(0)(G) → Cαξ(1)(G) is defined.

If endpoints of e belong to different components of [G : S0], say E0

and E1, then µ1 = µ0 − 1 and ν1 = ν0. In this case we suppose that
dM

ξ acts on the factor M⊗µ0 of M⊗λ0 ⊗ M⊗µ0 by the multiplication map
m : M ⊗ M → M on tensor factors corresponding to E0 and E1, and by
the identity map on tensor factors corresponding to remaining components.
Put that dN

ξ : Nαξ(0)(G) = N⊗ν0 → Nαξ(1)(G) = N⊗ν1 = N⊗ν0 acts by
the identity map. Thus, the per-edge map dξ = dM

ξ ⊗ dN
ξ : Cαξ(0)(G) →

Cαξ(1)(G) is defined.
Now we define the differential di : Ci(G) → Ci+1(G) as usual by

di =
∑

|ξ|=i sign(ξ) dξ, where sign(ξ) = (−1)
P

i<j ξi and j is the position of
“∗” in the sequence (ξ1, . . . , ξn) presenting ξ.

If Γ is a subgraph of G then there exists a chain projection map pi :

Ci(G) → Ci(Γ) defined by pi(x) =

{
x, if x ∈ Cα such that Sα ⊂ E(Γ) ,

0, otherwise.
Denote the complex that we constructed by {Ci

Y }.
The difference of our construction with that of [4] for {Ci

T } is the pres-
ence of the factor M⊗λ in each term Cα of Ci. We define a chain map
φ : Ci

T → Ci
Y using the maps u⊗λ on each term.

Suppose now that there exists a map η : M → R such that its composi-
tion with u, η ◦u : R → M → R, is identity. Then there exists a chain map
ψ : Ci

Y → Ci
T constructed using the maps η⊗λ on each term. The compo-

sition of φ and ψ is the identity map of {Ci
T } and so it becomes a direct
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summand of {Ci
Y }. Denote by Hi

T (G) the cohomology theory constructed
in [3] and by Hi

Y (G) the cohomology theory defined by our complex {Ci
Y }.

Theorem 4.1. (a) The modules Ci
Y (G) and the homomorphism di form a

chain complex of bigraded modules whose differential preserves the bidegree

0 → C0
Y (G) d0

→ C1
Y (G) d1

→ · · · dn−1

→ Cn
Y (G) → 0.

Denote it by CY (G) = CY,M,N,fν (G).
(b) The cohomology groups Hi

Y (G)(= Hi
Y,M,N,fν

(G)) are invariants of the
graph G, they are independent of the ordering of the edges of G. The iso-
morphism type of the graded chain complex CY (G) is an invariant of G.
(c) If the graded dimensions of the modules M and N are well defined, then
the graded Euler characteristic is equal

χq(CY (G)) =
∑

0≤i≤n

(−1)iq dim(Hi
Y ) =

∑
0≤i≤n

(−1)iq dim(Ci
Y )

= g(G; q dimM − 1, q dimN − 1)

(d) There is a morphism φ of chain complexes CT (G) → CY (G) which gen-
erates a morphism of graded modules Hi

T (G) → Hi
Y (G).

(e) If there existes a map η : M → R such that its composition with u is
identity, then there exists a chain map ψ : Ci

Y → Ci
T such that its compo-

sition with φ is the identity map of {Ci
T } and it becomes a direct summand

of {Ci
Y }. The same is true for the cohomologies Hi

Y (G) and Hi
T (G).

(f) The constructions above are functorial with respect to inclusions of sub-
graphs Γ ⊂ G.

Proof. We follow the proofs of analogous statements for categorifications
of the chromatic polynomial and the Tutte polynomial from [3] and [4].

(a) The map d is degree preserving since it is built on the degree pre-
serving maps. It remains to show that d · d = 0. Let S ⊆ E(G). Consider
the result of adding two edges ek and ej to S where ek is ordered before ej .
It is enough to show that

d(...1...∗...)d(...∗...0...) = d(...∗...1...)d(...0...∗...) (5)

The proof of (5) consists of checking various situations, depending on
how many components we have with or without ek and ej . Consider, for
example the case when ek joins the edges of the same component, and ej
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joins this component with the other one. Then we have

CS(G) = M⊗λ ⊗ M⊗µ ⊗ N⊗ν ,

CS∪{ek}(G) = M⊗(λ+1) ⊗ M⊗µ ⊗ N⊗(ν+1),

CS∪{ej}(G) = M⊗(λ+1) ⊗ M⊗(µ−1) ⊗ N⊗ν ,

CS∪{ek,ej}(G) = M⊗(λ+2) ⊗ M⊗(µ−1) ⊗ N⊗(ν+1),

and the per-edge maps act on factors of the tensor products as follows:

d(...∗...0...) = (u, id, fν), d(...1...∗...) = (u,m, id),

d(...0...∗...) = (u,m, id), d(...∗...1...) = (u, id, fν).

This implies di · di+1 = 0.
(b) The proof is the same as the proof of Theorem 2.12 in [3]. For any

permutation σ of {1, .., n}, we define Gσ to be the same graph but with
labels of edges permuted according to σ. It is enough to prove the result
when σ = (k, k + 1). Define an isomorphism f of complexes f : C∗(G) →
C∗(Gσ) as follows. For any subset S of E with i edges, there is a summand
in Ci(G) and one in Ci(Gσ) that defined by S. Let α = (α1, . . . , αn) be
the vertex of the cube that corresponds S in G and fS be the map between
these two summands that is equal to −id if αk = αk+1 = 1 and equal to id

otherwise. We define f : Ci(G) → Ci(Gσ) d by f = ⊕|S|=i fS . Obviously,
f is an isomorphism.

This shows that the isomorphism class of the chain complex is an in-
variant of the graph.

(c) It follows from homological algebra that∑
0≤i≤n

(−1)iq dim(Hi(G)) =
∑

0≤i≤n

(−1)iq dim(Ci(G)).

We use (4) and the equality

q dimCα(G) = (q dimM)|S|+b0([G:S])(q dimN)b1([G:S])

which is exactly the contribution of the state [G : S] in g(G; t, w).
Proofs of statements (d), (e), and (f) follow obviously from the above

considerations.

4.3. The special case

Let R = Z, and the role of M and N play the algebras A = Z[t]/(t2) and
B = Z[w]/(w2), where deg t = (1, 0) and deg w = (0, 1). Algebras A and B

are bigraded algebras with q dimA = 1 + t and q dimB = 1 + w. The map
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uA : Z → A is given by uA(1) = 1, and the map ηA : A → Z is given by
ηA(1) = 1 and ηA(t) = 0.

Note that A⊗m ⊗B⊗n is a bigraded Z-module whose graded dimension
is q dimA⊗m ⊗B⊗n = (1 + t)m(1 + w)n. The algebra structure on B is not
used, and the map B⊗k → B⊗(k+1) is constructed by the map uB : Z → B

is analogous to uA: uB(1) = 1.

Applying Theorem 4.1 to this case we get

Theorem 4.2. The analogues of items (a) and (b) of Theorem 4.1 hold.
The item (c) is precised in the following form:
(c′) The graded Euler characteristic is equal

χq(CY (G)) =
∑

0≤i≤n

(−1)iq dim(Hi
Y ) =

∑
0≤i≤n

(−1)iq dim(Ci
Y ) = g(G; t, w).

As for the items (d) and (e) we have the following
(d′ ∪ e′) There are morphisms of chain complexes φ : CT (G) → CY (G)
and ψ : CY (G) → CT (G) with the composition equal to the identity of
{Ci

T }, so it becomes a direct summand of {Ci
Y }. These morphisms generate

morphisms of graded modules Hi
T (G) → Hi

Y (G) and Hi
Y (G) → Hi

T (G),
with the composition equal to the identity of {Hi

T }, so it becomes a direct
summand of {Hi

Y }.

5. The Example

Let us illustrate the above constructions for the bigon G = P2: . Thus,
n = 2 and for vertices α of {0, 1}2 we get: if α = (0, 0) then (λ, µ, ν) =
(0, 2, 0); if α = (1, 0) then (λ, µ, ν) = (1, 1, 0); if α = (0, 1) then (λ, µ, ν) =
(1, 1, 0); if α = (1, 1) then (λ, µ, ν) = (2, 1, 1). Therefore, C0 = A ⊗ A,
C1 = A ⊗ A ⊕ A ⊗ A, C2 = A ⊗ A ⊗ A ⊗ B. The corresponding chain
complex is:

0 → A ⊗ A
d0

→ A ⊗ A ⊕ A ⊗ A
d1

→ A ⊗ A ⊗ A ⊗ B→0 (6)

Where the differential map d0 = d(0,∗) + d(∗,0) acts as follows:

t ⊗ t 7→ (0, 0) 1A ⊗ 1A 7→ (1A ⊗ 1A, 1A ⊗ 1A)
t ⊗ 1A 7→ (1A ⊗ t, 1A ⊗ t) 1A ⊗ t 7→ (1A ⊗ t, 1A ⊗ t)

The kernel of d0 is generated by the elements t ⊗ t and t ⊗ 1A − 1A ⊗ t.
Thus H0

Y (P2) ∼= A{(1, 0)} ∼= Z(1, 0) ⊕ Z(2, 0). Here A{(1, 0)} denotes the
module A with the bidegrees shifted by (1, 0).
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The differential map d1 = d(∗,1) − d(1,∗) acts as following:

(1A ⊗ 1A, 0) 7→ −1A ⊗ 1A ⊗ 1A ⊗ 1B , (1A ⊗ t, 0) 7→ −1A ⊗ 1A ⊗ t ⊗ 1B ,

(t ⊗ 1A, 0) 7→ −t ⊗ 1A ⊗ 1A ⊗ 1B , (t ⊗ t, 0) 7→ −t ⊗ 1A ⊗ t ⊗ 1B ,

(0, 1A ⊗ 1A) 7→ 1A ⊗ 1A ⊗ 1A ⊗ 1B , (0, 1A ⊗ t) 7→ 1A ⊗ 1A ⊗ t ⊗ 1B ,

(0, t ⊗ 1A) 7→ 1A ⊗ t ⊗ 1A ⊗ 1B , (0, t ⊗ t) 7→ 1A ⊗ t ⊗ t ⊗ 1B .

The kernel of d1 is generated by the elements (1A ⊗ t, 1A ⊗ t) and (1A ⊗
1A, 1A ⊗ 1A). Two of them lie in the image of d0, thus H1

Y (P2) ∼= 0. We
have H2

Y (P2) ∼= Z(2, 0) ⊕ Z(3, 0) ⊕ Z(0, 1) ⊕ 3Z(1, 1) ⊕ 3Z(2, 1) ⊕ Z(3, 1).
Clearly Hi

Y (P2) = 0, for i ≥ 3. Hence χ(H∗(P2)) = t+2t2 + t3 +w +3tw +
3t2w + 3t3w = g(P2; t, w) = −(1 + t)2 + (1 + t)3(1 + w).

Let us compare this with the cohomology of E.F. Jasso-Hernandez and
Y. Rong [4]. They have the complex

0 → A ⊗ A
d0

→ A ⊕ A
d1

→ A ⊗ B
d2

→ 0 (7)

which is evidently the direct summand of (6) as well as cohomology groups.
Thus H0

T (P2) ∼= Z(1, 0) ⊕ Z(2, 0), H1
T (P2) ∼= 0, H2

T (P2) ∼= Z(0, 1) ⊕ Z(1, 1).
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In this note, we give an idea of the proof of a conjecture due to J. Dubois and
R. Kashaev [6]. It says that there exists a relationship between: (i) differential
coefficients of the Milnor torsion of the complement of a knot and (ii) limit
values of the non-abelian twisted Reidemeister torsion at bifurcation points of
the SL(2, C)-representation variety of the knot group.

Keywords: knot, knot group, Reidemeister torsion, SL(2, C)-representation

1. Introduction

This note is adapted from the talk given at the conference ‘Intelligence of
Low Dimensional Topology 2006’ at Hiroshima University.

The Reidemeister torsion is an invariant of a CW-complex and a rep-
resentation of its fundamental group. In the case that a representation is
abelian, it is known that the Reidemeister torsion is related to the Alexan-
der polynomial. In particular, for a knot complement, the Reidemeister tor-
sion is expressed by using the Alexander polynomial [11,15]. This is usually
called Milnor torsion. On the other hand, if a representation is non-abelian,
the Reidemeister torsion is related to the theory of the twisted Alexander
invariant [12,13,17].

There is a relationship between the Reidemeister torsion of abelian rep-
resentations and that of non-abelian ones for a knot complement. This
relation shows that Reidemeister torsion of non-abelian representations is
given by using the Alexander polynomials at bifurcation points which are
intersection points between abelian parts and non-abelian parts of the char-
acter varieties of the knot. The relationship which we will show has been
proposed as a conjecture by J. Dubois and R. Kashaev[6]. For the details,
see [19].
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2. Limit values of the non-abelian twisted Reidemeister
torsion associated to knots

Let K be a knot in S3 and XK the complement of K, i.e., XK = S3 \
IntN(K). We will consider two functions on the SL(2, C)-character variety
of a knot group π1(XK). One is defined on the abelian part of the SL(2, C)-
character variety and the other is defined on the non-abelian part. We
review the definitions of some notions [6] and the intersection points of the
character variety in the following.

Torsion of a chain complex

First, we review the basic notions and results about the Reidemeister tor-
sion. For the details, see [10] and [15,16].

Let C∗ = (0 −→ Cn
dn−→ Cn−1

dn−1−−−→ · · · d1−→ C0 −→ 0) be a chain complex
of finite dimensional vector spaces over C. Choose a basis ci for Ci and a
basis hi for the i-th homology group Hi. The torsion of C∗ with respect to
these choices of bases is defined as follows.

Let bi be a sequence of vectors in Ci such that di(bi) is a ba-
sis of Bi−1 = Im (di : Ci → Ci−1) and let h̃i denote a lift of hi in
Zi = Ker (di : Ci → Ci−1). The set of vectors di+1(bi+1)h̃ibi is a basis
of Ci. Let [di+1(bi+1)h̃ibi/ci] ∈ C∗ denote the determinant of the transi-
tion matrix between those bases (the entries of this matrix are coordinates
of vectors in di+1(bi+1)h̃ibi with respect to ci). The Reidemeister torsion
of C∗ (with respect to the bases c∗ and h∗) is the following alternating
product (see [15]):

Tor(C∗, c∗) =

(
n∏

i=0

[di+1(bi+1)h̃ibi/ci](−1)i+1

)
(⊗j≥0(dethj)(−1)j

)

∈ ⊗j≥0(∧dimHj H
(−1)j

j ).

Here V (−1) means the dual vector space of a vector space V and dethi is
the volume element constructed by taking wedge products of all vectors in
hi.

The torsion Tor(C∗, c∗) does not depend on the choices of bi, hi and
h̃i by the definition.
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The twisted Reidemeister torsion

We apply the torsion of a chain complex to the following local systems of
XK ,

C∗(X̃K ; Z) ⊗Ad◦ρ sl(2, C),

where X̃K is a universal cover of XK , each module of C∗(X̃K ; Z) is a
Z[π1(XK)]-module, ρ is an SL(2, C)-representation and the symbol Ad is
the adjoint action of SL(2, C) to sl(2, C). We denote by C∗(XK ; sl(2, C)ρ)
this local system and H∗(XK ; sl(2, C)ρ) its homology groups.

Let λ be a preferred longitude of the boundary torus of XK . An SL(2, C)-
representation ρ is said to be λ-regular if the following conditions hold:

• ρ is irreducible;
• dimC H1(XK ; sl(2, C)ρ) = 1;
• suppose that ι : λ → XK is an inclusion, then the induced homomorphism

ι∗ : H1(λ; sl(2, C)ρ) → H1(XK ; sl(2, C)ρ) is surjective; and
• if Tr(ρ(π1(∂XK))) ⊂ {±2}, then ρ(λ) 6= ±I.

Here we use the same notation λ for its homology and homotopy class.
Note that the λ-regularity is concerned with the bases of H∗(XK ; sl(2, C)ρ)
(see [5,14]). We denote by Pρ an invariant vector in sl(2, C) by the action
of Ad ◦ ρ of π1(∂XK). A λ-regular SL(2, C)-representation is an irreducible
representation such that we can choose λ ⊗ Pρ and ∂XK ⊗ Pρ to be bases
of H1(XK ; sl(2, C)ρ) and H2(XK ; sl(2, C)ρ). For example, the lifts of the
holonomy representation for a hyperbolic knot are λ-regular.

If ρ is a λ-regular representation, then we can choose λ ⊗ Pρ and
∂XK ⊗ Pρ as the bases of H∗(XK ; sl(2, C)ρ) and represent the torsion of
C∗(XK ; sl(2, C)ρ) by

Tor(C∗(XK ; sl(2, C)ρ), c∗) = T
K
λ (ρ) · (λ ⊗ Pρ)∗ ⊗ (∂XK ⊗ Pρ).

Here the basis c∗ of C∗(XK , sl(2, C)ρ) is constructed from the cells of X̃K

and a basis of sl(2, C) and we denote by TK
λ the coefficient of the torsion of

C∗(XK ; sl(2, C)ρ). We call TK
λ the twisted Reidemeister torsion associated

to K.

Character variety of a knot group

We denote the space of SL(2, C)-representations of π1(XK) by

R(XK) = Hom(π1(XK),SL(2, C)).
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This space is endowed with the compact-open topology. Here π1(XK) is
assumed to have the discrete topology and the Lie group SL(2, C) is given
as the usual one.

The group SL(2, C) acts on the representation space R(XK) by conju-
gation, but the naive quotient R(XK)/SL(2, C) is not Hausdorff in general.
Following [3], we will focus on the character variety R̂(XK) which is the
set of character of π1(XK). Associated to the representation ρ ∈ R(XK),
its character χρ is defined by χρ(γ) = Tr(ρ(γ)), where γ is an element in
π1(XK) and Tr denotes the trace of matrices.

In some sense R̂(XK) is the “algebraic quotient ”of R(XK) by the action
by conjugation of PSL(2, C). It is well known that R(XK) and R̂(XK) have
the structure of complex algebraic affine sets (for the details, [3]).

We can regard the union of determinant lines of the homology
groups H∗(XK ; sl(2, C)ρ) as a complex line bundle on the SL(2, C)-
representation space of π1(XK). This line bundle is called determinant
line bundle. The torsion of C∗(XK ; sl(2, C)ρ) is a section of the deter-
minant line bundle by the definition. It is known that if ρ and ρ′ are
conjugate, then the homology groups H∗(XK ; sl(2, C)ρ) are isomorphic to
H∗(XK ; sl(2, C)ρ′) and the torsion Tor(C∗(XK ; sl(2, C)ρ), c∗) is identified
with Tor(C∗(XK ; sl(2, C)ρ′), c∗) under this isomorphism. Moreover two ir-
reducible representations of π1(XK) with the same character are conjugate.
Hence we can construct a complex line bundle on the character variety of
π1(XK) by gathering the determinant lines of H∗(XK ; sl(2, C)ρ). Also the
torsion of C∗(XK ; sl(2, C)ρ) is a section of the complex line bundle on the
SL(2, C)-character variety of π1(XK).

When we trivialize the determinant line bundle by using the bases λ ⊗
Pρ and ∂XK ⊗ Pρ of the homology groups on the character of λ-regular
representation ρ, the twisted Reidemeister torsion T

K
λ may be regarded as

a section under this trivialization. For the details, see [5, 10, 14].

Let Rab(XK) be the subset of abelian SL(2, C)-representations of
π1(XK) and Rnab(XK) the subset of non-abelian SL(2, C)-representations
of π1(XK). We denote the image of Rab(XK) under the map R(XK) →
R̂(XK) by R̂ab(XK), and the image of Rnab(XK) by R̂nab(XK).

Bifurcation point

Bifurcation points are the intersection points of the abelian part R̂ab(XK)
and the non-abelian part R̂nab(XK) in the SL(2, C)-character variety
R̂(XK). It is well known that π1(XK)/[π1(XK), π1(XK)] ∼= H1(XK ; Z) ∼= Z
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is generated by the meridian µ of K. As a consequence, each abelian rep-
resentation of π1(XK) in SL(2, C) is conjugate either to

φz : π1(XK) 3 µ 7→
(

ez 0
0 e−z

)
∈ SL(2, C)

with z ∈ C, or to a representation ρ with ρ(µ) = ±
(

1 1
0 1

)
.

In this note, we consider the bifurcation points corresponding to simple
roots of the Alexander polynomial of K [1,4]. If e2z0 is a simple root of
the Alexander polynomial of K, then there exists a reducible non-abelian
SL(2, C)-representation ρz0 whose character is equal to that of φz0 . These
representations give bifurcation points. In addition, these bifurcation points
are limits along a path of characters of irreducible SL(2, C)-representations
converging to the bifurcation points, which was shown by M. Heusener, J.
Porti and E. Suárez [8].

The character of an abelian representation is determined by the eigen

value of the meridean µ. Thus the character of ρ(µ) =
(

1 1
0 1

)
is the same

as that of the trivial representation. We define τK to be the map

R̂ab(XK) 3 [φz] 7→
∆K(e2z)
ez − e−z

∈ C,

where ∆K(t) is the normalized Alexander polynomial of K, namely,
∆K(t) = ∆K(t−1) and ∆(1) = 1 [2]. This function is regarded as the
Milnor torsion of XK parametrized by the eigen value of φz(µ). (The Mil-
nor torsion of XK is expressed in terms of the Alexander polynomial ∆K(t)
of K as ∆K(t)/(

√
t − 1/

√
t) [9,11,16].) By the definition, the function τK

has a simple root at each of these bifurcation points.
On the other hand, the twisted Reidemeister torsion TK

λ is a function on
the characters of λ-regular representations. It is known that we obtain the
set of the characters of λ-regular representations by removing finite points
from the set of irreducible SL(2, C)-representations. We can consider the
limits of T

K
λ at the bifurcation points corresponding to the simple roots of

the Alexander polynomial of K, if necessary, by changing the domain of
the path. Under these notations, the following relation holds.

Theorem ([19]). Let z0 be a complex number such that e2z0 is a sim-
ple root of the Alexander polynomial of K. Let ρz0 denote the SL(2, C)-
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representation corresponding to φz0 . Then the following equation holds.(
1
2

d

dz
τK(φz)

∣∣∣∣
z=z0

)2

= ± lim
ρ→ρz0

T
K
λ (ρ). (1)

Here the limit is taken along a path of λ-regular SL(2, C)-representations ρ

converging to ρz0 .

Remark 2.1. The sign in the right hand side of the equation means that
the equation holds up to sign. The same result also holds for knots in
homology 3-spheres (see [19], for the details).

Dubois and Kashaev calculated differential coefficients of τK and the
twisted Reidemeister torsion for torus knots and the figure eight knot explic-
itly. They proposed this relation from their calculations. For some examples
of the above theorem, see [6,7].

3. Proof of Theorem

Here we show the idea of the proof of the main theorem. We use a de-
scription of the non-abelian twisted Reidemeister torsion as the differential
coefficient of the twisted Alexander invariant of K (Theorem 1, [18]). This
description is given by

T
K
λ (ρ) = − lim

t→1

∆K,Ad◦ρ(t)
t − 1

,

where ∆K,Ad◦ρ(t) is the twisted Alexander invariant of K and the repre-
sentation Ad ◦ ρ.

From this description, the right hand side of the equation (1) becomes

lim
ρ→ρz0

lim
t→1

∆K,Ad◦ρ(t)
t − 1

up to a sign. First we will prove that there exists the limit of T
K
λ (ρ) at

ρ = ρz0 and that we can interchange two limits. Next we calculate the
resulting limit

lim
t→1

∆K,Ad◦ρ(t)
t − 1

and see that this limit coincides with the left hand side of (1).
These claims can be obtained from the next proposition. For the details,

see [19].
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Proposition 3.1 ([19]).

∆K,Ad◦ρ(t) = ±tm · ∆K(t)∆K(te2z0)∆K(te−2z0)
(t − 1)(t2 − (Tr(ρz0(µ2)))t + 1)

(2)

where m is an integer.

The numerator of the right hand side in (2) has a zero of second order
since e−2z0 is also a simple root of the Alexander polynomial. Therefore the
limit of TK

λ (ρ) at ρz0 exists and we can interchange two limits for ρ and t.
Finally we calculate the limit:

lim
t→1

±tm · ∆K(t)∆K(te2z0)∆K(te−2z0)
(t − 1)2(t2 − (Tr(ρz0(µ2)))t + 1)

=
±1

2 − (e2z0 + e−2z0)
· lim

t→1

∆K(te2z0)
t − 1

· lim
t→1

∆K(te−2z0)
t − 1

= ±∆′
K(e2z0)∆′

K(e−2z0)
2 − (e2z0 + e−2z0)

.

The equation (1) follows from this calculation and ∆′
K(e−2z0) =

−e4z0∆′
K(e2z0).
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8. M. Heusener, J. Porti and E. Suárez, Deformations of reducible representations

of 3-manifold groups into SL2(C), J. Reine Angew. Math. 530 (2001) 191-227.
9. J. Milnor, A duality theorem for Reidemeister torsion, Ann. of Math. (2) 76

(1962) 137-147.
10. , Whitehead torsion, Bull. Amer. Math. Soc. 72 (1966) 358-426.
11. , Infinite cyclic coverings, Conference on the Topology of Manifolds (

Michigan State Univ. 1967), Prindle, Weber & Schmidt, Boston, Mass. (1968)
115-133.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

354

12. P. Kirk and C. Livingston, Twisted Alexander Invariants, Reidemeister Tor-
sion, and Casson-Godon Invariants, Topology, 38 (1999) 635-66.

13. T. Kitano, Twisted Alexander polynomial and Reidemeister torsion, Pacific
J. Math. 174 (1996) 431-442.

14. J. Porti, Torsion de Reidemeister pour les variétés hyperboliques, Mem. Amer.
Math. Soc. 128, no. 612 (1997) x+139 pp.

15. V. Turaev, Introduction to combinatorial torsions, Lectures in Mathematics
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We study open books (or open book decompositions) of a closed oriented 3-
manifold which support overtwisted contact structures. We focus on a simple
closed curve along which one can perform Stallings twist, called “twisting loop”.

Keywords: contact structure, open book decomposition, Stallings twist.

1. Introduction

Let M be a closed oriented 3-manifold. Giroux [1] showed a one-to-one
correspondence between isotopy classes of contact structures on M and
equivalence classes of open books on M modulo positive stabilization (See
also [2]). In this article we forcus on a certain simple closed curve on the
fiber surface of an open book, we call it a twisting loop, along which we can
perform Stallings twist, and we will see that a twisting loop is related di-
rectly to an overtwisted disk in the contact structure which is corresponding
to the open book via Giroux’s one-to-one correspondence.

2. Open books

Let L be a link in M with its Seifert surface Σ and φ an automorphism of
Σ fixing ∂Σ pointwise, and suppose that M has a decomposition as follows;

M = (Σ × [0, 1]/(x, 1) ∼ (φ(x), 0)) ∪g (D2 × L),

where g is a gluing map between the boundary tori such that g({p} ×

[0, 1]/(p, 1) ∼ (p, 0)) = ∂(D2 × {p}) for p ∈ ∂Σ = L. We call this structure
of M an open book of M and denote by a pair (Σ, φ). The automorphism
φ is called a monodromy map of the open book.

Let c be a simple closed curve on an orientable surface S. We use no-
tation Fr(c; S) for the framing of c determined by a curve parallel to c on
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S, and D(c) (D(c)−1 resp.) for a positive (negative resp.) Dehn twist on S

along c. We say that c is essential on S if c does not bound a disk region
on S.

Definition 2.1. An essential simple closed curve c on Σ is a twisting loop
if c bounds a disk D embedded in M and satisfies that Fr(c; Σ) = Fr(c;D).

If an open book (Σ, φ) has a twisting loop on Σ, (±1)-Dehn surgery
along c yield a new open book (Σ′, D(c)±1 ◦φ) of M . We call this operation
a Stallings twist along a twisting loop c.

c =⇒

(Σ, φ) (Σ′, D(c)±1 ◦ φ)
Fig. 1. Stallings twist

A positive or negative stabilization of an open book (Σ, φ) of a closed
oriented 3-manifold is an open book (H± ∗ Σ, D(c)±1 ◦ φ) of M , where
H± ∗ Σ is a plumbing of a positive or negative Hopf band H± and Σ, and
c is the core curve of H± .

⋃
=⇒

(Σ, φ) H+

c

(H+ ∗ Σ, D(c) ◦ φ)

Fig. 2. positive stabilization of open book

3. Contact structure

A contact form on M is a smooth global non-vanishing 1-form α satisfying
α∧dα 6= 0 at each point of M . A contact structure ξ on M is a 2-plane field
defined by the kernel of α. The pair (M, ξ) is called a contact 3-manifold .
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We say that a contact structure ξ = ker α is positive when α ∧ dα > 0. We
assume that a contact structure is positive throughout this article.

We say that two contact structures on M , ξ0 and ξ1, are isotopic if there
is a diffeomorphism f : M → M such that ξ1 = f∗(ξ0).

A simple closed curve γ in a contact 3-manifold (M, ξ) is Legendrian if
γ is always tangent to ξ, i.e., for any point x ∈ γ, Txγ ⊂ ξx. A Legendrian
curve γ has a natural framing called the Legendrian framing denoted by
Fr(γ; ξ), which is determined by a vector field on ξ|γ such that each vector
is transverse to γ.

Let E be a disk embedded in a contact manifold (M, ξ). E is an
overtwisted disk if ∂E is a Legendrian curve in (M, ξ) and Fr(∂E;E) =
Fr(∂E; ξ). A contact structure ξ on M is overtwisted if there is an over-
twisted disk E in (M, ξ). A contact structure is called tight if it is not
overtwisted.

4. Contact structures and open books

A contact structure ξ on M is said to be supported by an open book (Σ, φ)
if it is defined by a contact form α such that (1) on each fiber Σt, dα|Σt > 0
and (2) On K = ∂Σ, α(vp) > 0 for any point p ∈ K, where vp is a
positive tangent vector of K at p. W. Thurston and H. Winkelnkemper [7]
showed that one can always construct a contact structure on M starting
from a structure of an open book of M . The resulting contact structure is
supported by the open book.

Theorem 4.1 (Giroux 2002,[1]; Torisu 2000,[6]). Contact structures
supported by the same open book are isotopic.

Remark 4.1. It is known (e.g. [3]) that for an open book (Σ, φ) there is a
contact structure supported by (Σ, φ) such that at any point p ∈ IntΣ the
plain of ξ is arbitrary close to the tangent plain of Σ. By Theorem 4.1, we
may assume that a contact structure supported by an open book always
has the property.

As mentioned in Section 1, Giroux showed that there is a one-to-one
correspondence between contact structures and open books.

Theorem 4.2 (Giroux 2002,[1]). Every contact structure of a closed
oriented 3-manifold is supported by some open books. Moreover open books
supporting the same contact structure are equivalent up to positive stabi-
lization.
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Definition 4.1. A simple closed curve c on Σ is isolated if there is a
connected component R of Σ − c such that R ∩ ∂Σ = ∅. We say that c is
non-isolated if it is not isolated.

The following lemma is a variant of the Legendrian Realization Principle
on the convex surface theory, due to Ko Honda [4].

Lemma 4.1. There is a contact structure ξ supported by (Σ, φ) such that
a simple closed curve c on Σ is Legendrian in (M, ξ) if and only if c is
non-isolated on Σ.

5. Overtwisted open books

For the simplicity, we call an open book supporting an overtwisted contact
structure an overtwisted open book .

Let (Σ, φ) be an open book of a closed oriented 3-manifold M .

Proposition 5.1. (Σ, φ) is overtwisted if (Σ, φ) has a non-isolated twisting
loop.

Proof. Let c be a non-isolating twisting loop on Σ, and let ξ(Σ,φ) denote
a contact structure supported by (Σ, φ). By the definition of twisting loop,
c bounds a disk D in M such that

Fr(c;D) = Fr(c; Σ). (1)

Since c is non-isolated in Σ, by Lemma 4.1 we may assume that c is Leg-
endrian in (M, ξ(Σ,φ)).

On the interior of Σ, plains of ξ(Σ,φ) are arbitrary close to tangent plains
of Σ as mentioned in Remark 4.1. So we have that

Fr(c; ξ(Σ,φ)) = Fr(c; Σ). (2)

From the equations (1) and (2) we have that

Fr(c; ξ(Σ,φ)) = Fr(c;D).

This means that D is an overtwisted disk in (M, ξ(Σ,φ)).

Next we focus on an arc properly embedded on the fiber surface of
an open book and its image of the monodromy map, and show another
criterion of overtwistedness of open books.

Let a be an arc properly embedded in Σ. We always assume that φ(a) is
isotoped relative to the boundary so that the number of intersection points
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between a and φ(a) is minimized. We orient the closed curve a∪φ(a). It does
not matter which orientation is chosen. At a point p of a∩φ(a) define ip to be
+1 if the oriented tangent to a at p followed by the oriented tangent to φ(a)
at p is an oriented basis for Σ otherwise we set ip = −1 (See Figure 3). We

−©

+©

a

φ(a)
a

φ(a)

a

φ(a)

a
φ(a)

a
φ(a)

: ip = −1

: ip = +1

(a) (b)
Fig. 3.

define two kinds of intersection numbers of a and φ(a) as in Goodman’s way
[3]; The geometric intersection number, igeom(a, φ(a)) =

∑
a∩φ(a)∩Int Σ |ip|,

is the number of intersection point of a and φ(a) in the interior of Σ. The
boundary intersection number, i∂(a, φ(a)) = 1

2

∑
a∩φ(a)∩∂Σ ip, is one-half

the oriented sum over intersections at the boundaries of the arcs.

Proposition 5.2. (Σ, φ) is overtwisted if (Σ, φ) has a proper arc a such
that a is not isotopic to φ(a) and satisfies

igeom(a, φ(a)) = i∂(a, φ(a)) = 0.

Sketch of the proof. Suppose that a given open book (Σ, φ) has an arc
a as above.

The union of arcs a and φ(a) bounds an embedded disk D in M . By
small deformation of D we obtain an embedded disk D′ whose boundary is
a twisting loop on Σ. We may assume that ∂D′ is a non-isolated curve by
some positive stabilizations if necessary.

Then by Proposition 5.1, we have that the given open book (Σ, φ) is
overtwisted.

From these propositions above, we have our main result as follows;
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Theorem 5.1. Let (Σ, φ) be an open book of a closed oriented 3-manifold.
The following are equivalent;

(1) (Σ, φ) is overtwisted.
(2) (Σ, φ) is equivalent up to positive stabilization to an open book whose

fiber surface has a twisting loop.
(3) (Σ, φ) is equivalent up to positive stabilization to an open book (Σ′, φ′)

with an arc a properly embedded in Σ′ such that i∂(a, φ′(a)) ≤ 0.

The arc a in (3) is an extension of Goodman’s sobering arc [3]. We
should mention that the equivalence between (1) and (3) has already shown
by Honda, Kazez and Matić [5], but we give a proof in [8] which differs from
theirs in focusing a twisting loop to detect an overtwisted disk.
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Let X be a compact connected orientable Haken 3-manifold with bound-
ary, and let M(X) denote the 4-manifold ∂(X × D2). We show that if
(f, b) : N → M(X) is a degree 1 TOP normal map with trivial surgery obstruc-
tion in L4(π1(M(X))), then (f, b) is TOP normally bordant to a homotopy
equivalence f ′ : N ′ → M(X). Furthermore, for any CW -spine B of X, we
have a UV 1-map p : M(X) → B and, for any ǫ > 0, f ′ can be chosen to be a
p−1(ǫ)-homotopy equivalence.

Keywords: Haken 3-manifold; Surgery.

1. Introduction

Hegenbarth and Repovš [3] compared the controlled surgery exact sequence
of Pedersen-Quinn-Ranicki [7] with the ordianry surgery sequence and ob-
served the following:

Theorem 1.1 (Hegenbarth-Repovš). Let M be a closed oriented TOP

4-manifold and p : M → B be a UV 1-map to a finite CW -complex such

that the assembly map

A : H4(B; L•)→ L4(π1(B))

is injective. Then the following holds: if (f, b) : N →M is a degree 1 TOP

normal map with trivial surgery obstruction in L4(π1(M)), then (f, b) is

TOP normally bordant to a p−1(ǫ)-homotopy equivalence f ′ : N ′ →M for

any ǫ > 0. In particular (f, b) is TOP normally bordant to a homotopy

equivalence.

Remarks. (1) A map f : N →M is a p−1(ǫ)-homotopy equivalence if there
is a map g : M → N and homotopies H : g ◦ f ≃ 1N and K : f ◦ g ≃ 1M
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such that all the arcs

[0, 1]
H(x,−)−−−−−→ N

f−−−−→ M
p−−−−→ B

[0, 1]
K(y,−)−−−−−→ M

p−−−−→ B

have diameter < ε.
(2) L• is the 0-connective simply-connected surgery spectrum [8].
(3) The definition of UV 1-maps is given in the next section. We have an
isomorphism π1(M) ∼= π1(B).
(4) This is true because the assembly map can be identified with the
forget-control map F : H4(B; L•) → L4(π1(M)) which sends the controlled
surgery obstruction to the ordinary surgery obstruction. By the injectivity
of this map, the vanishing of the ordinary surgery obstruction implies the
vanishing of the controlled surgery obstruction.

For each torus knot K, Hegenbarth and Repovš [3] constructed a 4-
manifold M(K) and a UV 1-map p : M(K) → B to a CW -spine B of the
exterior of K such that A : H4(B; L•) → L4(π1(B)) is an isomorphism.
The aim of this paper is to extend their construction as follows.

Let X be a compact connected orientable 3-manifold with nonempty
boundary. Then M(X) = ∂(X × D2) is a closed orientable smooth 4-
manifold with the same fundamental group as X. In fact, for any CW -spine
B of X, one can construct a UV 1-map p : M(X) → B.

Theorem 1.2. If X is a compact connected orientable Haken 3-manifold
with boundary, and B is any CW -spine of X, then there is a UV 1-map
p : M(X) → B, and the assembly map A : H4(B; L•) → L4(π1(B)) is an
isomorphism.

Thus we can apply Theorem 1 to these 4-manifolds. Here is a list of
such 3-manifolds X:

(1) the exterior of a knot or a non-split link [1],
(2) the exterior of an irreducible subcomplex of a triangulation of S3 [9].

The author recently learned that Qayum Khan proved the following [4].

Theorem 1.3 (Khan). Suppose M is a closed connected orientable PL

4-manifold with fundamental group π such that the assembly map

A : H4(π; L•) → L4(π)
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is injective, or more generally, the 2-dimensional component of its prime 2
localization

κ2 : H2(π; Z2) → L4(π)

is injective. Then any degree 1 normal map (f, b) : N → M with vanishing
surgery obstruction in L4(π) is normally bordant to a homotopy equivalence
M → M .

In the examples constructed above, X’s are aspherical; so Khan’s theo-
rem applies to the M(X)’s.

In §2, we give a general method to construct UV m-maps, and finish the
proof of Theorem 1.2 in §3.

2. Construction of UV m−1-maps

A proper surjection f : X → Y is said to be UV m−1 if, for any y ∈ Y and for
any neighborhood U of f−1(y) in X, there exists a smaller neighborhood V

of f−1(y) such that any map K → V from a complex of dimension ≤ m−1
to V is homotopic to a constant map as a map K → U . A UV m−1 map
induces an isomorphism on πi for 0 ≤ i < m and an epimorphism on πm.
See [6, pp. 505–506] for the detail.

Let X be a connected compact n-dimensional manifold with nonempty
boundary, and fix a positive integer m. We assume that X has a handlebody
structure. Recall from [2, p.136] that X fails to have a handlebody structure
if and only if X is an nonsmoothable 4-manifold.

Take the product X × Dm of X with an m-dimensional disk Dm, and
consider its boundary M(X) = ∂(X × Dm), which is an (n + m − 1)-
dimensional closed manifold.

Recall that a handlebody structure gives a CW -spine of X [5, p.107].
So, take any CW -spine B of X: there is a continuous map q : ∂X → B and
X is homeomorphic to the mapping cylinder of q. The mapping cylinder
structure extends q to a strong deformation retraction q : X → B. Define a
continuous map p : M(X) → B to be the restriction of the composite map

X × Dm projection−−−−−−→ X
q−→ B

to the boundary.

Proposition 2.1. For any CW -spine B of X, p : M(X) → B is a UV m−1-
map.
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Proof. First, let us set up some notations. M(X) decomposes into two
compact manifolds with boundary:

P = X × Sm−1 , Q = ∂X × Dm .

For any subset S of B, define subsets PS ⊂ P and QS ⊂ Q by

PS = q−1(S) × Sm−1, QS = q−1(S) × Dm .

Then p−1(S) = PS ∪ QS .
Let b be a point of B and take any open neighborhood U of p−1(b) in

M(X). Since M(X) is compact, the map p is closed and hence there exists
an open neighborhood Û of b in B such that p−1(Û) ⊂ U . Choose a smaller
open neighborhood V̂ ⊂ Û of b, such that the inclusion map V̂ → Û is
homotopic to the constant map to b, and set V = p−1(V̂ ).

Suppose that ϕ : K → V is a continuous map from an (m − 1)-
dimensional complex. We show that the composite map

ϕ′ : K
ϕ−−−−→ V

inclusion map−−−−−−−−−→ U

is homotopic to a constant map.
First of all, Q

bV has a core q−1(V̂ ) × {0} of codimension m, and, by
transversality, we may assume that ϕ : K → P

bV ∪ Q
bV misses the core,

and hence, we can homotop ϕ to a map into P
bV . Since P

bV deforms into
V̂ × Sm−1, we can further homotop ϕ to a map into V̂ × Sm−1. By the
choice of V̂ , ϕ′ is homotopic to a map into {b} × Sm−1. Pick any point
b ∈ q−1(b). Then this map is homotopic to a map

K → {b} × Sm−1 ⊂ {b} × Dm ⊂ Q
bU .

Therefore ϕ′ is homotopic to a constant map.

Proposition 2.2. If X has a handlebody structure, then πi(X) ∼=
πi(M(X)) for i ≤ m − 1 , and πm(X) is a quotient of πm(M(X)).

Proof. This immediately follows from the proposition above, but we will
give an alternative proof here.

Take any handle decomposition of X:

X = h1 ∪ h2 ∪ · · · ∪ hN .

This defines the dual handle decomposition of X on ∂X, in which an n-
handle of the original handlebody is a 0-handle. Since X is connected, one
can cancel all the 0-handles of the dual handle decomposition. Thus we may
assume that there are no n-handles in the handlebody structure of X.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

365

The handlebody structure of X above gives rise to a handlebody struc-
ture of X × Dm:

X × Dm = h′
1 ∪ h′

2 ∪ · · · ∪ h′
N ,

where h′
i = hi × Dm is a handle of the same index hi. So there are only 0-

handles up to (n−1)-handles, and the dual handle decomposition of X×Dm

on M(X) has no handles of index ≤ m. The result follows.

3. Proof of Theorem 1.2

Roushon [10] proved the following (among other things):

Theorem 3.1 (Roushon). Let X be a compact connected orientable
Haken 3-manifold. Then the surgery structure set S(X×Dn rel ∂) is trivial
for any n ≥ 2.

The vanishing of S(X ×Dn rel ∂) implies that the 4-periodic assembly
maps [8]

A : Hi(X; L•(Z)) → Li(π1(X)) (i ∈ Z)

are all isomorphisms. Since

Hi(X; L•(Z)) ∼= Hi(X; L•)

for i ≥ dimB, the 0-connective assembly map

A : H4(X; L•) → L4(π1(X))

is also an isomorphism.
Let B be any CW -spine of X and let p : M(X) → B be the UV 1-map

constructed in the previous section. Since B is a deformation retract of X,
the assembly map

A : H4(B; L•) → L4(π1(B))

is an isomorphism. This finishes the proof of Theorem 1.2.
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CELL-COMPLEXES FOR t-MINIMAL SURFACE
DIAGRAMS WITH 4 TRIPLE POINTS
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For a surface diagram, there is a cell-complex associated with the surface dia-
gram. The index of a surface diagram is the rank of the second homology group
of the cell-complex. We present that if a 2-knot has the triple point number
four, its t-minimal surface diagram has four branch points and its cell-complex
has index 1, then the knot group of the surface-knot for the surface diagram
has a presentation of the knot group of the double twist spun trefoil.

Keywords: Surface-knots; Surface diagrams; 2-knots

1. Introduction

A surface-knot is a connected, oriented, closed surface smoothly embedded
in 4-space R4. Throughout this paper we denote a surface-knot by F . If F
has genus 0, then F is called a 2-knot. A surface diagram is a generically
projected surface in 3-space R3 with specified crossing information. We
denote a surface diagram of F by DF [1]. A surface diagram may have
double points, isolated triple points and isolated branch points [1,4]. The
number of triple points and the number of branch points in DF are denoted
by t(DF ) and b(DF ) respectively. The minimal number of triple points for
all possible DF is called the triple point number of F and denote it by
t(F ). A surface diagram DF that gives t(F ) is called a t-minimal surface

diagram. For a characterisation of surface diagrams, we introduce a cell-
complex with labels associated with a given surface diagram DF denoted
by KDF (see Section 2). The rank of the second homology group of KDF is
called the index of DF denoted by ind(DF ). We obtain the following.

Theorem 1.1. Let F be a 2-knot with t(F ) = 4. Let DF be a t-minimal
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surface diagram of F . If b(DF ) = 4 and ind(DF ) = 1, then the knot group
of F has the following presentation.

πF = 〈v0, v1 | v0v1v0 = v1v0v1, v0v
2
1 = v2

1v0〉. (1)

Note that the presentation in Theorem 1.1 is that of the group of a double
twist spun trefoil [9].

This paper is organised as follows. In Section 2 we define KDF
and

present its properties. In Section 3 we present a construction of a cell-
complex K satisfying the conditions of Theorem 1.1. This paper is a research
announcement and the details and proofs will appear elsewhere (cf. [8]).

2. Cell-complexes for surface diagrams

In this section we define a cell-complex associated with a surface diagram.
Let X be a topological space. For a subset A ⊂ X, we denote the interior
and the closure of A in X by Int(A) and Cl(A) respectively. Let π : R4 →
R3 be the projection defined by π(x1, x2, x3, x4) = (x1, x2, x3). Let h :
R4 → R be the height function defined by h(x1, x2, x3, x4) = x4. Let DF

be a surface diagram of F . For the set

S(π|F ) = {x ∈ F | #(F ∩ π−1(π(x))) > 1}, (2)

there are two families Sa = {s1
a, . . . , sr

a} and Sb = {s1
b , . . . , s

r
b} of immersed

open intervals and immersed circles in F such that (1) S(π|F ) = (
⋃r

i=1 si
a)∪

(
⋃r

i=1 si
b), (2) π(si

a) = π(si
b) for i = 1, . . . , r, and (3) for xa ∈ si

a and
for xb ∈ si

b (i = 1, . . . , r) with π(xa) = π(xb), h(xa) > h(xb). Set Sb =⋃r
i=1 Cl(si

b) [2]. Then Sb contains pre-images of branch points; we call these
pre-images also branch points.

The set F \Sb =
⋃n

i=0 Ri is a disjoint union of connected open sets. Take
a closed neighbourhood N(Sb) of Sb in F . The set F \ N(Sb) =

⋃n
i=0 Vi is

a disjoint union of connected open sets such that Vi ⊂ Ri, (i = 0, . . . , n).
We obtain a quotient space from F by identifying Vi with a vertex vi,
(i = 0, . . . , n). This gives the quotient map q : F → F/ ∼.

Note that Sb can be seen as a union of some embedded closed intervals
or embedded loops or isolated embedded circles. The summand will be
denoted by Θj (j = 1, . . . ,m): Sb =

⋃m
j=1 Θj .

Take proper arcs γ` in Cl(N(Sb)) such that each γ` intersects Int(Θ`) at
a single point, (1 ≤ ` ≤ m). We define q(γ`), (1 ≤ ` ≤ m) as edges of F/ ∼.
For each double point p ∈ π(Θ`) ⊂ DF , there is a small ball-neighbourhood
B(p) of p in R3 such that B(p) ∩ DF = B(p) ∩Cl(π(Ri) ∪ π(Rj) ∪ π(Rk))
for some i, j, k, (0,≤ i, j, k ≤ n), Ri and Rj are adjacent and π(Ri) and
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π(Rj) are separated by π(Rk) as the upper sheet in B(p) ∩ DF . Suppose
that p = π(γ`) ∩ π(Rk). Then for each ` = 1, . . . ,m, the orientation of γ`

is given so that the orientation of π(γ`) matches with the orientation of an
orientation normal to π(Rk) at p. If an edge q(γ`) is from vi to vj , then we
write the edge as vivj and label the edge by vk.

Let [0, 1] × [0, 1] ⊂ R2 be a rectangle with vertices a0 = (0, 0), a1 =
(0, 1), a2 = (1, 0), a3 = (1, 1) in [0, 1]×[0, 1]. We call the rectangle a standard
rectangle and denote it by ρ. We write the rectangle by (a0; a0a1, a0a2; a3),
where aiaj means an edge of ρ (0 ≤ i, j ≤ 2). The pairs of edges {a0a1, a2a3}
and {a0a2, a1a3} are called parallel edges. We have two other standard 2-
cells depicted as the middle picture and the right picture of Figure 1) called
a standard loop disc denoted by δ and called a standard bubble denoted by
λ respectively.

a0

a1

a0 a2

a3a1

a0

a0a0

δ λρ

Fig. 1.

There is a map fX : X → F/ ∼ for each X ∈ {ρ, δ, λ} such that (1) each
vertex of X is mapped onto a vertex in F/ ∼, (2) each edge in X is mapped
onto an edge or loop edge in F/ ∼, (3) each loop edge in δ is mapped by
fδ onto a loop edge in F/ ∼, (4) fX |Int(X) is an embedding, and (5) for
edges e1 and e2 of λ, fλ(e1) = fλ(e2). We call images fX(X), X ∈ {ρ, δ, λ}
a rectangle, a loop disc and a bubble respectively. Images of parallel edges
mapped by fρ is also called parallel edges. Thus the quotient space has a
cell-complex structure; we call this a cell-complex for DF and denote it by
KDF . If a loop disc and a rectangle in KDF form a disc with three vertices,
three edges and one loop edge, then we call the union of them a triangle.

For a rectangle or a triangle X in KDF
, a vertex v ∈ X is called a source

vertex of X, if v has two outward non-loop edges of X; a vertex v is is called
a target vertex of X, if v has two inward non-loop edges of X.

We can view the set of vertices of KDF
as a set of generators of the knot

group πF = π1(R4 \F ). A relation is obtained from a directed edge and its
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label. In fact, an edge vivj with the label vk gives the relation v−1
k vivk = vj .

Therefore, the cell-complex KDF
with labels gives a Wirtinger presentation

of πF .

Example 2.1. It is proved that there is a t-minimal surface diagram DF of
the double twist spun trefoil with t(DF ) = 4, b(DF ) = 4 [5]. From the data
of triple points of DF we obtain its pre-image as depicted in the left picture
of Figure 2. In the left picture, thick lines represent Sb and the shaded area
represents N(Sb). From this, we obtain the cell-complex KDF

depicted in
the right picture in Figure 2. Obviously, ind(DF ) = 1.
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V3V2

τ1

τ3

τ4

τ2

Fig. 2.

From the definition, some properties of KDF can be obtained. Since F

is connected, KDF is connected and β1(KDF ) ≤ β1(F ), where β1 is the first
Betti number. Since KDF is a 2-dimensional complex, the second homology
group is a free abelian group.

Lemma 2.1. If F ∼= S2, then there is no t-minimal surface diagram, in
which a triple point directly connects to two or more than two branch points.

From the definition of KDF
, q(Sb) ∼= Sb. We draw each crossing point

of q(Sb) as a crossing point in a knot diagram; the upper arc at a crossing
point represents the top sheet at the corresponding triple point in DF . We
denote this diagram by Kb.
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Lemma 2.2. Suppose that DF is a t-minimal surface diagram of F . For
a triangle τ of KDF

, the edge in Kb connecting to the branch point is an
upper arc in Kb.

Let E = {e1, . . . , em} be the set of edges of KDF
. Then a function w : E → V

is defined by that w(ej) is the label of the edge ej in KDF
. We call w(ej)

a weight of ej , (1 ≤ j ≤ m). In particular, for the loop edge of a loop disc,
vivi, (1 ≤ i ≤ n), w(vivi) = vi. At a rectangle of KDF

, two under arcs of Kb

intersect a pair of parallel edges, say e1 and e2. The pair of weights w(e1)
and w(e2) forms an edge in KDF . From this property and Lemma 2.2 we
have the following lemma.

Lemma 2.3. The following holds.

• There is no t-minimal surface diagram DF of F such that KDF
contains

the subcomplex C1 depicted in Figure 3.
• There is no t-minimal surface diagram DF of a 2-knot F such that

KDF
contains the subcomplex C2 depicted in Figure 3.

vi vjvk

C1 C2

v

u

e1 e2

e3

δ2δ1

δ3

δi δj

Fig. 3.

Proof. C1. Denote loop discs at vi and vj in C1 by δi and δj respectively.
By the minimality of DF , and Lemma 2.2, there is a unique upper arc γ

in Kb ∩ C1 whose end points are in δi and δj . Note that these end points
represent branch points in DF . We denote them bi and bj respectively. For
arc γ intersects the edge with weight vk in C1 between δi and δj . Thus there
is Rk ⊂ F \Sb such that Cl(Rk) contains bi and bj . This means that vi and
vj must be the same vertex. This is a contradiction.
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C2. Denote loop discs at u in C2 by δ1 and δ2 and denote the loop disc
at v by δ3. In Kb ∩C2 there are three simple upper arcs γ1, γ2 and γ3 such
that γ1 is from a point in δ1 passing through an interior point of e1 and γ2

is from a point in δ2 passing through an interior point of e2 then they meet
at an interior point of the upper arc γ3 which is from the point in δ3 to an
interior point of e3. The weights w(e2) = w(e3) = u form a loop edge uu.
The weight of uu is determined by w(e3) = v, since γ3 intersects e3 and
γ3 represents the upper sheet separating sheets both labelled by u. Thus
w(uu) = v. This means that u and v must be the same vertex. This is a
contradiction.

3. Constructing cell-complexes

In this section, we shall construct possible cell-complexes K satisfying the
conditions of Theorem 1.1.

Since F ∼= S2, β1(KDF ) = 0. Furthermore, the condition ind(KDF ) =
1 implies that χ(KDF ) = 2 and thus |KDF | ∼= S2. By Lemma 2.1 and
conditions t(DF ) = 4 and b(DF ) = 4, each triple point connects to exactly
one branch point. This implies that KDF

must have 4 triangles and thus
4 loop discs. If we ignore the loop discs, then there exist two types of
diagrams consisting of four triangular faces. We call them type A and type
B depicted in Figure 4. Label the vertices of diagrams of types A and B

A B

v0

v1v2

v3

e1

e5

e2
e3

e4

e6

v0

v1v2

v3

e1e2

e3
e4

e5e6

Fig. 4.

with {v0, v1, v2, v3} as in Figure 4. In the following we fix these diagrams.
For the diagram of type A, let pairs of subscripts of vertices, 01, 02, 03 12,
13, and 23 represent edges. For example, 01 represents either v0v1 or v1v0.
We denote them e1, e2, e3, e4, e5, and e6 respectively.

Similarly for the diagram of type B, 01, 02, 03, 0̄3, 13 and 23 are pairs
of subscripts for edges, where 0̄3 means the outermost edge between v0 and
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v3 of the diagram. We denote them by e1, e2, e3, e4, e5, and e6 in the order.
For graphs of type A and B, there are seven types of orientations on

edges: A1, A2, A3, B1, B2, B3, B4 (see Figure 5). In Figure 5 the black dot
indicates the place where a loop disc can be added and the cross indicates
the place where a loop disc cannot be added. We add numbers 1, . . . , 8 to
black dots. Using this convention, we describe K. For example, type A1

with loop discs added at a ∈ {1, 2}, b ∈ {3, 4}, c ∈ {5, 6}, d ∈ {7, 8} is
written as A1(abcd). Replace each face with a triangle so that we obtain a
possible cell-complex K.

B3

A1 A2 A3

1

23

4

5
6

7
8

1

2

3

4
6

5
7 8

1

2
3

4

5 6
7

8

B2 B4B1

1

23

4 5
6 7

8 1

2

3

4

5
6

7
8

1

23

4

5
6 7

8

1

2

3

4
5
6

7
8

Fig. 5.

We can define Kb for K such that (1) Kb consists of arcs between
branch points in loop discs passing through midpoints of parallel edges,
or immersed circles passing through midpoints of parallel edges of tri-
angles or rectangles, (2) each triangle or rectangle of K has exactly one
crossing point of Kb with a specified crossing information. Since there are
only four loop discs, at least two edges have unknown weights. We use
x, y, z, . . . , w ∈ {v0, v1, v2, v3} as labels for the unknown weights in the or-
der of edges.

Using lemmas in the previous sections and properties of Kb, we can
show that only two cell-complexes K of types B2(1468) and B2(2357) are
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realisable (see Figure 6).
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Fig. 6.

In Example 2.1, we saw a t-minimal surface diagram DF of the double
twist spun trefoil has the cell-complex KDF depicted in Figure 2. This cell-
complex KDF coincides the cell-complex of type B2(2357). Note that the
cell-complex of type B2(1468) is associated with surface diagram obtained
by reversing the orientation of DF .
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AN EXOTIC RATIONAL SURFACE
WITHOUT 1- OR 3-HANDLES
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Harer, Kas and Kirby conjectured that every handle decomposition of the
Dolgachev surface E(1)2,3 requires both 1- and 3-handles. In this article, we
construct a smooth 4-manifold which has the same Seiberg-Witten invariant
as E(1)2,3 and has neither 1- nor 3-handles in a handle decomposition.

Keywords: 4-manifold; Kirby calculus; rational blow-down; 1-handle

1. Introduction

Many simply connected closed smooth 4-manifolds are known to have nei-
ther 1- nor 3-handles in their handle decompositions. Problem 4.18 in
Kirby’s problem list [8] is the following: “Does every simply connected,
closed 4-manifold have a handlebody decomposition without 1-handles?
Without 1- and 3- handles?” This open problem is closely related to the 4-
dimensional smooth Poincaré conjecture. If an exotic 4-sphere exists, then
it requires 1- or 3-handles. (For candidates of exotic 4-spheres, see for ex-
ample Gompf-Stipsicz [5].) The elliptic surfaces E(n)p,q are better candi-
dates of counterexamples to Problem 4.18. It is not known whether or not
the simply connected closed smooth 4-manifold E(n)p,q (n : arbitrary, p, q ≥
2, gcd(p, q) = 1) admits a handle decomposition without 1-handles (cf.
Gompf [4], Gompf-Stipsicz [5]). Here E(n) is the simply connected ellip-
tic surface with Euler characteristic 12n and with no multiple fibers, and
E(n)p,q is the smooth 4-manifold obtained from E(n) by performing loga-
rithmic transformations of multiplicities p and q. In particular, Harer, Kas
and Kirby conjectured in [6] that every handle decomposition of E(1)2,3
requires at least a 1-handle. Note that by considering dual handle decompo-
sitions, their conjecture is equivalent to the assertion that E(1)2,3 requires
both 1- and 3-handles.
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In [14] we will construct the following smooth 4-manifolds by using
Kirby calculus and rational blow-downs. In this article we give an outline
of the proof of the following theorem.

Theorem 1.1 ([14]). (1) For each q = 3, 5, 7, 9, there exists a smooth 4-
manifold Eq with the following properties:
(a) Eq is homeomorphic to E(1)2,q;
(b) Eq has the same Seiberg-Witten invariant as E(1)2,q;
(c) Eq admits a handle decomposition without 1-handles, namely,
Eq = 0-handle ∪ 12 2-handles ∪ 2 3-handles ∪ 4-handle.

(2) There exists a smooth 4-manifold E′
3 with the following properties:

(a) E′
3 is homeomorphic to E(1)2,3;

(b) E′
3 has the same Seiberg-Witten invariant as E(1)2,3;

(c) E′
3 admits a handle decomposition without 1- and 3-handles, namely,

E′
3 = 0-handle ∪ 10 2-handles ∪ 4-handle.

As far as the author knows, Eq and E′
3 are the first examples in the

following sense: If Eq (resp. E′
3) is diffeomorphic to E(1)2,q, then the above

handle decomposition of E(1)2,q (= Eq [resp. E′
3]) is the first example which

has no 1-handles. Otherwise, i.e., if Eq (resp. E′
3) is not diffeomorphic to

E(1)2,q, then Eq (resp. E′
3) and E(1)2,q are the first non-diffeomorphic

examples which are simply connected closed smooth 4-manifolds with the
same non-vanishing Seiberg-Witten invariants.

An affirmative solution to the Harer-Kas-Kirby conjecture implies that
both E3 and E′

3 are not diffeomorphic to E(1)2,3, though these three have
the same Seiberg-Witten invariants. In this case, the minimal number of 1-
handles in handle decompositions does detect the difference of their smooth
structures.

The author wishes to express his deeply gratitude to his adviser, Pro-
fessor Hisaaki Endo, for encouragement and many useful suggestions. The
author would like to thank to Professor Kazunori Kikuchi and Professor
Yuichi Yamada for helpful comments and discussions. Kikuchi’s theorem
[7, Theorem 4] partially gave the author the idea of the construction. Ya-
mada gave the author interesting questions (cf. Remark 4.1).

2. Rational blow-down

In this section we review the rational blow-down which was introduced by
Fintushel-Stern [1]. See also Gompf-Stipsicz [5].

Let Cp and Bp be the smooth 4-manifolds defined by Kirby diagrams in
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Fig. 1. The boundary ∂Cp of Cp is diffeomorphic to the lens space L(p2, 1−
p) and to the boundary ∂Bp of Bp.

−p − 2 −2 −2 −2 −2

· · ·

p − 2

Cp :

Bp :

p − 1

p

Fig. 1.

Suppose that Cp embeds in a smooth 4-manifold X. The smooth 4-manifold
X(p) := (X − int Cp) ∪L(p2,1−p) Bp is called the rational blow-down of X

along Cp. Note that X(p) is uniquely determined up to diffeomorphism by
a fixed pair (X,Cp). This operation preserves b2

+, decreases b2
−, may create

torsions in the first homology group, and has the following relation with
the logarithmic transformation.

Theorem 2.1 (Fintushel-Stern [1], cf. Gompf-Stipsicz [5]).
Suppose that a smooth 4-manifold X contains a cusp neighbourhood. Let
Xp be the smooth 4-manifold obtained from X by performing a logarithmic
transformation of multiplicity p in the cusp neighbourhood. Then there ex-
ists a copy of Cp in X](p−1)CP

2
such that (X](p−1)CP

2
)(p), the rational

blow-down of X](p − 1)CP
2

along the copy of Cp, is diffeomorphic to Xp.

Since E(1)p (which is obtained from E(1) by performing a logarithmic
transformation of multiplicity p) is diffeomorphic to E(1) = CP2]9CP

2
,

we get the following corollary. Note that E(1)p,q (p, q ≥ 2, gcd(p, q) = 1) is
homeomorphic but not diffeomorphic to E(1).
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Corollary 2.1. E(1)p,q is obtained from CP2](8 + q)CP
2

by rationally
blowing down along a certain copy pCq of Cq, for each natural number p

and q.

3. Seiberg-Witten invariants

We briefly review the facts about the Seiberg-Witten invariants with b2
+ =

1. For the details, see Fintushel-Stern [3], [1], Stern [12], and Park [9].
Suppose that X is a simply connected closed smooth 4-manifold with

b2
+(X) = 1. Let C(X) be the set of characteristic elements of H2(X;Z).

Fix a homology orientation on X, that is, orient H2
+(X;R) := {H ∈

H2(X;Z) |H2 > 0}. Then the (small-perturbation) Seiberg-Witten invari-
ant SWX,H(K) ∈ Z is defined for every positive element H ∈ H2

+(X;R)
and every element K ∈ C(X) such that K · H 6= 0. Let e(X) and σ(X) be
the Euler characteristic and the signature of X, respectively, and dX(K) the
even integer defined by dX(K) = 1

4 (K2 − 2e(X)− 3σ(X)) for K ∈ C(X). It
is known that if SWX,H(K) 6= 0 for some H ∈ H2

+(X;R), then dX(K) ≥ 0.
The wall-crossing formula tells us the dependence of SWX,H(K) on H: if
H,H ′ ∈ H2

+(X;R) and K ∈ C(X) satisfy H ·H ′ > 0 and dX(K) ≥ 0, then

SWX,H′(K) = SWX,H(K)

+


0 if K · H and K · H ′ have the same sign,

(−1)
1
2 dX(K) if K · H > 0 and K · H ′ < 0,

(−1)1+
1
2 dX(K) if K · H < 0 and K · H ′ > 0.

Note that these facts imply that SWX,H(K) is independent of H in the case
b2
−(X) ≤ 9, in other words, the Seiberg-Witten invariant SWX : C(X) → Z

is well-defined.
Let X be a simply connected closed smooth 4-manifold that contains a

copy of Cp, and X(p) the rational blow-down of X along the copy of Cp.
Suppose that b2

+(X) = 1 and that X(p) is simply connected with b2
−(X(p)) ≤

9. The following theorems are known.

Theorem 3.1 (Fintushel-Stern [1]). For every element K ∈ C(X(p)),
there exists an element K̃ ∈ C(X) such that K|X(p)−int Bp = K̃|X−int Cp

and dX(p)(K) = dX(K̃). Such an element K̃ ∈ C(X) is called a lift of K.
If an element K̃ ∈ C(X) is a lift of some element K ∈ C(X(p)), then

SWX(p)(K) = SWX,H(K̃) for every positive element H ∈ H2
+(X;R) which

is orthogonal to H2(Cp;R) ⊂ H2(X;R).
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Theorem 3.2 (Fintushel-Stern [1], cf. Park [9]). If an element K̃ ∈
C(X) satisfies that (K̃|Cp)2 = 1 − p and K̃|∂Cp = mp ∈ Zp2 ∼= H2(∂Cp;Z)
with m ≡ p−1 ( mod 2), then there exists an element K ∈ C(X(p)) such that
K̃ is a lift of K.

4. Outline of proof of Theorem 1.1

In this section we give an outline of the proof of Theorem 1.1. The key of the
construction of Eq and E′

3 is effective use of Kirby calculus, especially cre-
ating 2-handle/3-handle pairs and sliding 2-handles along peculiar bands,
in Kirby diagrams of CP2 and its blow-ups. Park [10], Stipsicz-Szabó [13],
Fintushel-Stern [2], and Park-Stipsicz-Szabó [11] used rational blow-downs
together with elliptic fibrations on E(1) (and knot surgeries) to construct
exotic smooth structures on CP2]nCP

2
(5 ≤ n ≤ 9). In [14] we use Kirby

calculus and rational blow-downs instead of elliptic fibrations and rational
blow-downs (and knot surgeries) to construct exotic smooth structures on
CP2]nCP

2
(5 ≤ n ≤ 9). We do not know if Eq, E′

3 and other manifolds
constructed in [14] are diffeomorphic to the manifolds obtained in [10], [13],
[2] and [11].

Outline of proof of Theorem 1.1. We construct Eq and E′
3 by using

the following proposition. This proposition is proved with effective use of
Kirby calculus. See [14] for detailed homological properties of C̃q and C̃ ′

5

defined in Proposition 4.1.

Proposition 4.1 ([14]). (1) For each q = 3, 5, 7, 9, CP2](8 + q)CP
2

ad-
mits the handle decomposition drawn in Fig. 2 and has the following prop-
erty. The homomorphism H2(C̃q;Z) → H2(CP2](8 + q)CP

2
;Z) induced

by the inclusion of C̃q is equal to that of 2Cq defined in Cor. 2.1. Here C̃q

drawn in the figure is a copy of Cq, and nq is a certain integer.

(2) CP2]13CP
2

admits the handle decomposition in Fig. 2. Here C̃ ′
5 drawn

in the figure is a copy of C5.

Definition 4.1. Let Eq be the smooth 4-manifold obtained from CP2](8+
q)CP

2
by rationally blowing down along the above C̃q, for q = 3, 5, 7, 9.

Let E′
3 be the smooth 4-manifold obtained from CP2]13CP

2
by rationally

blowing down along the above C̃ ′
5.

Proposition 4.1 together with the following lemma and Freedman’s the-
orem implies Theorem 1.1.(1)(a),(c) and (2)(a),(c).
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∪ 1 4-handle

∪ 9 2-handles

C̃ ′
5

· · ·

−2−2−2−2−7

∪ 1 4-handle

∪ 2 3-handles

∪ 11 2-handles

C̃q

· · ·

nq−2−2−2−q − 2

CP2♯(8 + q)CP
2

CP2♯13CP
2

=

=

Fig. 2.

Lemma 4.1 ([14]). Suppose that a simply connected closed smooth 4-
manifold X has the handle decomposition drawn in Fig. 3. Here n is an
arbitrary integer, h2 and h3 are arbitrary natural numbers. Let X(p) be the
rational blow-down of X along Cp drawn in the figure. Then X(p) admits a
handle decomposition

X(p) = 0-handle ∪ (h2 + 1) 2-handles ∪ h3 3-handles ∪ 4-handle.

In particular X(p) admits a handle decomposition without 1-handles.

−p − 2 −2 −2 −2 n

· · ·

Cp

∪h2 2-handles

∪h3 3-handles

∪ 1 4-handle

Fig. 3.
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To finish the proof of Theorem 1.1, we compute the Seiberg-Witten in-
variants of the above 4-manifolds. Theorem 3.1, 3.2 and the wall-crossing
formula together with the Cauchy-Schwartz inequality ((x1y1 + · · · +
xnyn)2 ≤ (x2

1 + · · · + x2
n)(y2

1 + · · · + y2
n) for x1, . . . , xn, y1, . . . , yn ∈ R)

imply that the Seiberg-Witten invariants of Eq and E′
3 are determined

by homological properties of the smooth embeddings of C̃q and C̃ ′
5. Since

the smooth embeddings of C̃q and 2Cq are homologically the same, we
can construct an isomorphism g : H2(E(1)2,q;Z) → H2(Eq;Z) which pre-
serves the intersection forms, the homology orientations, and the values of
the Seiberg-Witten invariants. We can also construct such an isomorphism
g′ : H2(E(1)2,3;Z) → H2(E′

3;Z), though the homology of C̃ ′
5 and that of

2C3 are different. Freedman’s theorem shows that there exist homeomor-
phisms f : Eq → E(1)2,q and f ′ : E′

3 → E(1)2,3 such that f∗ = g and
f ′∗ = g′. Therefore we get Theorem 1.1.(1)(b) and (2)(b).

Remark 4.1. Yamada asked the author if a topologically trivial but
smoothly non-trivial h-cobordism between Eq and E(1)2,q exists. Follow-
ing the argument in Gompf-Stipsicz [5, Example 9.2.15], we can prove that
such an h-cobordism exists. Note that the same argument also shows that a
topologically trivial but smoothly non-trivial h-cobordism between E(1)2,q

and itself exists.

References

1. R. Fintushel and R. Stern, Rational blowdowns of smooth 4-manifolds, J.
Differential Geom. 46 (1997), no. 2, 181–235.

2. R. Fintushel and R. Stern, Double node neighborhoods and families of simply
connected 4-manifolds with b+ = 1, J. Amer. Math. Soc. 19 (2006), no. 1,
171–180.

3. R. Fintushel and R. Stern, Six Lectures on Four 4-Manifolds,
arXiv:math.GT/0610700.

4. R. Gompf, Nuclei of elliptic surfaces, Topology 30 (1991), no. 3, 479–511.
5. R. Gompf and A. Stipsicz, 4-manifolds and Kirby calculus, Graduate Studies

in Mathematics, 20. American Mathematical Society, 1999.
6. J. Harer, A. Kas and R. Kirby, Handlebody decompositions of complex sur-

faces, Mem. Amer. Math. Soc. 62 (1986), no. 350.
7. K. Kikuchi, Positive 2-spheres in 4-manifolds of signature (1, n), Pacific J.

Math. 160 (1993), no. 2, 245–258.
8. R. Kirby, Problems in low-dimensional topology, in Geometric Topology (W.

Kazez ed.), AMS/IP Stud. Adv Math. vol. 2.2, Amer. Math. Soc., 1997,
35–473.

9. J. Park, Seiberg-Witten invariants of generalised rational blow-downs, Bull.
Austral. Math. Soc. 56 (1997), no. 3, 363–384.



March 4, 2007 11:41 WSPC - Proceedings Trim Size: 9in x 6in ws-procs9x6

382

10. J. Park, Simply connected symplectic 4-manifolds with b+2 = 1 and c21 = 2,
Invent. Math. 159 (2005), no. 3, 657–667.

11. J. Park, A. Stipsicz and Z. Szabó, Exotic smooth structures on CP
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