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PREFACE

The international conference Intelligence of Low Dimensional Topology
2006 (ILDT 2006) was held at Hiroshima University, Hiroshima, Japan
during the period 22-26 July, 2006. It is a part of the research project
“Constitution of wide-angle mathematical basis focused on knots” (Akio
Kawauchi, the project reader). It is the fourth of the series of conferences
Intelligence of Low Dimensional Topology, following the preceding series of
conferences Art of Low Dimensional Topology, organized A. Kawauchi and
T. Kohno, and is organized also by S. Kamada from the new series. This
time, the conference was held as international conference and it was a joint
conference with the extended KOOK seminar. The aim of the conference
is to promote research in low-dimensional topology with the focus on knot
theory and related topics. This volume is the proceedings of the conference
and includes articles by the speakers. The articles were prepared under 8
page limit, except for plenary speakers. The details might be omitted. I
hope that the readers would enjoy the quick view of a lot of current works.

The plenary speakers were J. Scott Carter, Gyo Taek Jin, Louis
H. Kauffman, Masanori Morishita, Tomotada Ohtsuki, Colin Rourke,
Masahico Saito, and Vladimir Vershinin. Besides the 9 plenary talks, there
were 39 talks. There were 105 participants including 19 persons from for-
eign countries: Australia, Bulgaria, China, Colombia, France, Korea, Rus-
sia, Spain, Tunisia, U.K., and U.S.A.

I would like to thank the speakers and participants. The organizing
committee and local organizing committee also deserve great thank.

This conference is supported by the Grant-in-Aid for Scientific Research,
Japan Society for the Promotion of Sciences:

(B)17340017 — Seiichi Kamada, the Principal Investigator
(B)16340014 — Toshitake Kohno, the Principal Investigator
(A)17204007 — Shigenori Matsumoto, the Principal Investigator
(B)16340017 — Takao Matumoto, the Principal Investigator
(B)18340018 — Makoto Sakuma, the Principal Investigator

and the 21st Century COE Program
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e “Constitution of wide-angle mathematical basis focused on knots”
— Akio Kawauchi, the Project Reader.

Articles by Sofia Lambropoulou and Toshitake Kohno are also in this
volume. They were expected as plenary speakers, however they could not
attend the conference.

Seiichi Kamada Hiroshima, Japan
(Chairman, Organizing Committee 25 December 2006
for the International Conferences

“Intelligence of Low Dimensioanl Topology 2006”)



vii

ORGANIZING COMMITTEES

EDITORIAL BOARD
for the proceedings of Intelligence of Low Dimensional Topology 2006

J. Scott Carter — University of South Alabama, USA
Seiichi Kamada (Managing Editor) — Hiroshima University, Japan

Louis H. Kauffman — University of Illinois at Chicago, USA
Akio Kawauchi — Osaka City University, Japan
Toshitake Kohno — University of Tokyo, Japan

ORGANIZING COMMITTEE
for the conference, Intelligence of Low Dimensional Topology 2006

J. Scott Carter — University of South Alabama, USA
Seiichi Kamada (Chairman) — Hiroshima University, Japan

Taizo Kanenobu — Osaka City University, Japan

Louis H. Kauffman — University of Illinois at Chicago, USA
Akio Kawauchi — Osaka City University, Japan
Toshitake Kohno — University of Tokyo, Japan

Takao Matumoto — Hiroshima University, Japan
Yasutaka Nakanishi — Kobe University, Japan

Makoto Sakuma — Osaka University, Japan



viii

LOCAL ORGANIZERS
for the conference, Intelligence of Low Dimensional Topology 2006

Hideo Doi — Hiroshima University, Japan
Naoko Kamada — Osaka City University, Japan
Atsutaka Kowata — Hiroshima University, Japan
Hiroshi Tamaru — Hiroshima University, Japan
Toshifumi Tanaka — Osaka City University, Japan
Masakazu Teragaito — Hiroshima University, Japan
Kentaro Saji — Hokkaido University, Japan

Takuya Yamauchi — Hiroshima University, Japan



CONTENTS

Preface

Organizing Committees

Ford domain of a certain hyperbolic 3-manifold whose boundary
consists of a pair of once-punctured tori
H. Akiyoshi

Cohomology for self-distributivity in coalgebras
J. S. Carter and M. Saito

Toward an equivariant Khovanov homology
N. Chbili

Milnor numbers and the self delta classification of 2-string links
T. Fleming and A. Yasuhara

Some estimates of the Morse-Novikov numbers for knots and links
H. Goda

Obtaining string-minimizing, length-minimizing braid words
for 2-bridge links
M. Hirasawa

Smoothing resolution for the Alexander—Conway polynomial
A. Ishii

Quandle cocycle invariants of torus links
M. Twakiri

vii

19

27

35

43

o1

o7



Prime knots with arc index up to 10 65
G. T. Jin, H Kim, G.-S. Lee, J. H. Gong, H. Kim, H. Kim
and S. A. Oh

p-adic framed braids and p-adic Markov traces 75

J. Juyumaya and S. Lambropoulou

Reidemeister torsion and Seifert surgeries on knots in
homology 3-spheres 85
T. Kadokami

Miyazawa polynomials of virtual knots and virtual crossing numbers 93
N. Kamada

Quandles with good involutions, their homologies and knot invariants 101
S. Kamada

Finite type invariants of order 4 for 2-component links 109
T. Kanenobu

The Jones representation of genus 1 117
Y. Kasahara

Quantum topology and quantum information 123
L. Kauffman

The L-move and virtual braids 133

L. Kauffman and S. Lambropoulou

Limits of the HOMFLY polynomials of the figure-eight knot 143
K. Kawagoe
Conjectures on the braid index and the algebraic crossing number 151

K. Kawamuro

On the surface-link groups 157
A. Kawauchi



Enumerating 3-manifolds by a canonical order
A. Kawauchi and 1. Tayama

On the existence of a surjective homomorphism between knot
groups
T. Kitano and M. Suzuki

The volume of a hyperbolic simplex and iterated integrals
T. Kohno

Invariants of surface links in R?* via classical link invariants
S. Y. Lee

Surgery along Brunnian links and finite type invariants of
integral homology spheres
J.-B. Meilhan

The Yamada polynomial for virtual graphs
Y. Miyazawa

Arithmetic topology after Hida theory
M. Morishita and Y. Terashima

Gap of the depths of leaves of foliations
H. Murai

Complex analytic realization of links
W. D. Neumann and A. Pichon

Achirality of spatial graphs and the Simon invariant
R. Nikkuni

The configuration space of a spider
J. O’Hara

Equivariant quantum invariants of the infinite cyclic covers
of knot complements
T. Ohtsuki

xi

165

173

179

189

197

205

213

223

231

239

245

253



xii

What is a welded link?
C. Rourke

Higher-order Alexander invariants for homology cobordisms
of a surface
T. Sakasai

Epimorphisms between 2-bridge knot groups from the view
point of Markoff maps
M. Sakuma

Sheet numbers and cocycle invariants of surface-knots
S. Satoh

An infinite sequence of non-conjugate 4-braids representing
the same knot of braid index 4

R. Shinjo

On tabulation of mutants
A. Stoimenow and T. Tanaka

A note on Cl-moves
K. Tanaka

On applications of correction term to lens space
M. Tange

The Casson—Walker invariant and some strongly periodic link
Y. Tsutsumi

Free genus one knots with large Haken numbers
Y. Tsutsumi

Yamada polynomial and Khovanov cohomology
V. Vershinin and A. Vesnin

263

271

279

287

293

299

307

315

323

331

337



A note on limit values of the twisted Alexander invariant
associated to knots
Y. Yamaguchi

Overtwisted open books and Stallings twist

R. Yamamoto

3-Manifolds and 4-dimensional surgery
M. Yamasaki

Cell-complexes for t-minimal surface diagrams with 4 triple points
T. Yashiro

An exotic rational surface without 1- or 3-handles
K. Yasui

xiii

347

355

361

367

375



Intelligence of Low Dimensional Topology 2006 1
Eds. J. Scott Carter et al. (pp. 1-8)
(© 2007 World Scientific Publishing Co.

FORD DOMAIN OF A CERTAIN HYPERBOLIC
3-MANIFOLD WHOSE BOUNDARY CONSISTS OF
A PAIR OF ONCE-PUNCTURED TORI

Hirotaka AKIYOSHI

Osaka City University Advanced Mathematical Institute
8-3-138 Sugimoto, Sumiyoshi-ku, Osaka 558-8585, Japan
E-mail: akiyoshi@sci.osaka-cu.ac.jp

The combinatorial structures of the Ford domains of quasifuchsian punctured
torus groups are characterized by T. Jorgensen. In this paper, we try to find
an analogue of Jorgensen’s theory for a certain manifold with a pair of once-
punctured tori as boundary. This is a report on a work in progress.

Keywords: hyperbolic manifold, Kleinian group, Ford domain

1. Introduction

The following is our initial problem.

Problem 1.1. Characterize the combinatorial structures of the Ford do-
mains for hyperbolic structures on a 3-manifold which has a pair of punc-
tured tori as boundary.

See Definition 3.2 for the definition of Ford domain. In what follows, we see
some background materials which motivate Problem 1.1.

Both knots depicted in Figure 1 are hyperbolic, and have genus 1. In fact,
they have (once-)punctured tori depicted in the figure as Seifert surfaces.
One can see that K5 is obtained from K; by performing a Dehn surgery on
the loop in the Seifert surface depicted in the figure.

One major difference between the two knots is that K is a fibered knot
while K5 is not. Thus there is a big difference between the constructions
of the complete hyperbolic structures on these knot complements following
the proof of the Thurston’s Hyperbolization Theorem for Haken manifolds.
Following it, one can construct the complete hyperbolic structure of finite
volume on the complement of each K7 and K5 by cutting along essential



(a) (b)

Fig. 1. (a) the figure-8 knot K1 = 41, (b) K2 = 61

surfaces in the manifold several times to obtain a finite number of balls,
constructing hyperbolic structures on each component, then deforming and
gluing back the structures until one obtains a hyperbolic structure on the
original manifold. The argument which guarantees the final gluing is as
follows. If one cuts the original manifold along a fiber surface as in the
case of K7, then, by the “double limit theorem”, one can find a hyperbolic
structure which is invariant under the gluing map. On the other hand,
if one cuts the manifold along a non-fiber surface as in the case of Ko,
then one needs to define a certain map on the space of geometrically finite
hyperbolic structures. A fixed point of the map gives a structure which
is invariant under the gluing map, which is obtained by the “fixed point
theorem” for the map.

The Jorgensen theory tells in detail the combinatorial structures of the
Ford domains of hyperbolic structures on punctured torus bundles. So,
we expect to understand in detail the hyperbolic structures on manifolds
with non-fiber surfaces from the combinatorial structures of Ford domains.
Problem 1.1 is the first step to the attempt to fill in the box with “?7?” in
the following table.

. combinatorial
analytic
(genus=1)
fiber surface double limit theorem Jorgensen theory
non-fiber surface | fixed point theorem 777

2. A family of 3-manifolds with a pair of punctured tori as
boundary

We denote the one-holed torus (resp. once-punctured torus) by Tp (resp.
T). Let v be an essential simple closed curve on the level surface Ty x {0} of
the product manifold Ty x [—1, 1], and denote by M the exterior of 7, i.e.,



My =Ty x [-1,1] — Int N(v), where N(v) is a regular neighborhood of ~.
For each sign € = &, we denote the one-holed torus Ty x {el} C M, by T¢.
We define the slopes (= free homotopy classes) p and A in 9N (v) as follows.
1 is the meridian slope of «, i.e., u is represented by an essential simple
closed curve which bounds a disk in N (), and X is the slope represented by
the intersection of 9N () and the annulus 7 x [0,1]. Then {u, A} generates
Hy (N (7).

For a pair of coprime integers (p, q), let M(p,q) be the result of Dehn
filling on My with slope pu + ¢, i.e., the manifold obtained from M, by
gluing the solid torus V' by an orientation-reversing homeomorphism 0V —
ON(y) C OMy so that the meridian of V' is identified with a simple closed
curve on ON (7) of slope pu+gA. We regard My as a submanifold of M (p, q)
by using the canonical embedding.

Proposition 2.1. For any pair of coprime integers (p,q), M(p,q) is home-
omorphic to the handlebody of genus 2.

Set P = 90Ty x [—1,1]. In contrast to Proposition 2.1, the pair
(M(p,q), P) does not necessarily admit a product structure.

Proposition 2.2. The surfaces TOjE is incompressible in M (p, q) if and only
if (p,q) # (0,£1). In this case, it follows that (M(p,q), P) is an atoroidal
Haken pared manifold (in the sense of [9]).

By the Thurston’s Hyperbolization Theorem for Haken pared manifolds
(cf. [9, Theorem 1.43]), we obtain the following corollary.

Corollary 2.1. For any pair of coprime integers (p,q) # (0,£1), M(p,q)
admits a complete geometrically finite hyperbolic structure with the parabolic
locus P.

For the rest of this paper, we fix a pair of coprime integers (p,q) #
(0,+1), and set M = M(p,q).

Definition 2.1. We shall denote by MP the space of geometrically finite
hyperbolic structures on the pared manifold (M, P) with the parabolic locus
P.

By Corollary 2.1, MP is not empty. The following proposition follows
from Marden’s isomorphism theorem.

Proposition 2.3. The space MP is isomorphic to the square T X T of
the Teichmdller space T of the punctured torus.



The following proposition follows from Proposition 2.2 and the covering
theorem [6].

Proposition 2.4. There is a natural embedding of MP into the square of
the quasifuchsian space of the punctured torus.

3. Ford domains for hyperbolic structures in MP

In what follows, we use the upper half space model for H3.

Definition 3.1. For an element  of PSL(2,C) which does not stabilize
oo, the isometric hemisphere, Th(7y), of «y is the set of points in H* where
acts as an isometry with respect to the canonical Euclidean metric on the
upper half space. We denote the exterior of Ih(y) by Eh(vy).

Definition 3.2. For a Kleinian group T, the Ford domain, Ph(T'), of T is
defined by Ph(I') =\, _ _ Eh(7), where I'; is the stabilizer of oo in T".
For any hyperbolic structure o on My and M(p, ¢), the Ford domain for o
is defined to be the Ford domain of the image of a holonomy representation
for o which sends the peripheral element [0Ty x {0}] of the fundamental

0 to 12
rou .
group 01

To answer Problem 1.1 for the pared manifold (M, P) with a coprime
integers (p, q) # (0,+1), we will follow the following program.

(1) Construct a geometrically finite hyperbolic structure, og, on the pared
manifold (My, PUON (7)UN (o)) with the parabolic locus PUON (y)U
N(aF), where N(a*) is the regular neighborhood in Tjf of the union
of two simple closed curves a® C Toi.

(2) Construct a geometrically finite hyperbolic structure, o(p,q), on the
pared manifold (M (p,q), PUN (a¥)) in 9MP by hyperbolic Dehn fill-
ing on the structure oy.

(3) By using the “geometric continuity” argument, which is used in the
Jorgensen theory, characterize the combinatorial structures of Ford do-
mains of the structures in MP.

The combinatorial structures of Ford domains for o¢ and o(p,q) are
characterized by using EPH-decomposition introduced in [3]. (See Figure
2, which illustrates the Ford domains for o¢ and o(3,5).)

Definition 3.3. For o € {09,0(p,q)}, let Ag(co) be the subcomplex of the
EPH-decomposition for o consisting of the Euclidean facets. Let Ag (o) be



(a) (b)

Fig. 2. (a) Ford domain for o¢, (b) Ford domain for o(3,5)

the subcomplex of Ag (o) consisting of the facets whose vertices correspond
to the parabolic locus P.

By the observation in [3, Section 10], it can be proved that Ag (o) is
dual to the Ford domain for o.

Let QF be the closure of the quasifuchsian space of T. Let D be the
Farey tessellation of H?. Let v = (v—,v1) : QF — H2 x H2 — diag(dH?) be
the extension of Jorgensen’s side parameter. (See [4, Section 4] for detail.)
For any point v € H2 x H2 — diag(9H?), a topological ideal polyhedral
complex Trg(v) is defined in [4, Section 5]. Then, for any p € OF, Ag(p) is
isotopic to Trg(v(p)) in the convex core of H?/p(m1(T)) (see [4, Theorem
5.1]).

For the step (1), the desired hyperbolic structure, o, is obtained from
two copies of the manifold of the double cusp group v~1(co,1/2) by gluing
along a pair of boundary components of their convex cores.

Definition 3.4. Let Ag be the complex obtained from the two copies of
the complex Trg(oo, 1/2) by gluing them together along the edge with slope
oo (see Figure 3).

0 e

Fig. 3. The link of the ideal vertex of Ag

The following proposition follows from [4, Theorem 9.1].



Proposition 3.1. The complex Ago(00) is combinatorially equivalent to
the complex Ag.

For the step (2), the following Proposition 3.2 is proved by studying
the Ford domains after hyperbolic Dehn filling. See [2] for an outline, in
which the definition of layered solid torus is not correct; it should be mod-
ified as follows. The following construction is parallel to the construction
of the topological ideal triangulation of the two bridge link complement
introduced in [10]. Let o* be the triangle of D with vertices 0, 1/2 and 1/3.
For any coprime integers (p, q), let [ be the geodesic in H? with endpoints
p/q and sT € {0,1/2,1/3} which intersects the interior of . Let o~ be
the triangle of D with vertex p/q whose interior intersects I. Let o~* be
the triangle which shares an edge with ¢~ and does not contain p/q. Let
s~ be the vertex of ¢7* which is not contained in o~. We introduce the
equivalence relation ~,- on the boundary component of Trg(s~,s™) cor-
responding to o ~* following [10, Section I1.2]. Let V (p, q) be the quotient
space Trg(s™,s")/ ~,—. Then V(p,q) is homeomorphic to the solid torus
with a point on the boundary removed whenever o+ and ¢~ * do not share
an edge. We can see also that the meridian of V(p, ¢) has slope p/q.

Definition 3.5. Let ‘7(]3, q) be the double cover of V(p,q). Let A(p,q)
be the complex obtained by gluing ‘7(]3, q) to Ag so that the triangle of
8‘7(p, q) with edges of slopes (0,1/3,1/2) and the triangle of 9Ay with
edges of slopes (00,0, 1) are identified (see Figure 4).

Fig. 4. The link of the ideal vertex of A(p, ¢); this figure illustrates the case (p,q) =
(3,5)

Proposition 3.2. For all but finite coprime integers (p,q), the complex
Ago(o(p,q)) is combinatorially equivalent to A(p, q) (see Figure 4).



Let MPgyym be the subspace of MP consisting of the elements whose
image (A7, AT) in 7 x 7 by the map defined in Proposition 2.3 satisfies
that A is the mirror image of A~. Then o(p, ¢) is contained in OMPgyn,.
The symmetry of this kind seems to be useful to carry out the “geometric
continuity” argument.

Question 3.1. Is the combinatorial structure of the Ford domain for every
hyperbolic structure in MPgyr, characterized by a way similar to that given
in Proposition 3.27

Let Jsym be the subspace of MPgy, to which the answer for Question
3.1 is positive. Figure 5 illustrates the Ford domain for a hyperbolic struc-
ture contained in Jsym for (p, ¢) = (3,5). We can draw a conjectural picture
of Jsym for (p,q) = (3,5) as Figure 6. In the figure, the hyperbolic structures
are parametrized by Trp(7), where p is a lift to a SL(2,C)-representation
of the holonomy representation for the structure. A point in the plane is
colored gray if the corresponding representation determines an embedding
into C of a simplicial complex which is supposed to be the dual of the
Ford domain and if the radii of the isometric hemispheres corresponding
to the vertices of the complex do not exceed 1. The condition on the radii
of isometric hemispheres is necessary for the corresponding holonomy rep-
resentation to be discrete. Those points are colored by two different colors
according to the change of combinatorial structures of the Ford domains.

Question 3.2. How is the Ford domain for a hyperbolic structure in MP —
Jsym characterized?
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We present a symbolic computations for developing cohomology theories of
algebraic systems. The method is applied to coalgebra self-distributive maps
to recover low dimensional differential maps.

Keywords: self-distributivity, quandle, Lie algebra, cohomology

1. Introduction

The Jacobi identity is related to the Yang-Baxter equation and therefore
the braid relation.>? Self-distributive structures are also related to the
Yang-Baxter relations. Sets with self-distributive maps are called racks,
quandles, and keis!:6810:11 depending on the specificity of the remaining
axioms. Their cohomology theories®*7 have been studied recently. How are
Lie algebras, quandles, and their cohomology theories related? Such rela-
tions were investigated in terms of coalgebra structures.? A cohomology
theory was constructed in coalgebras that describes Lie algebra and rack
cohomology theories in a unified manner, in low dimensions. The construc-
tion was made by category theoretical considerations, with an extensive use
of diagrammatics.

In this paper, an alternative symbolic (and more traditional) approach
to such a construction is proposed. The method is based simply on calcu-
lations with general elements of coalgebras, but formulated in an abstract
linear combinations of symbols that reflect deformation theory, and the
principle applies to a wide range of cohomology theories of algebraic sys-
tems.

This article is organized as follows. In Section 2, a unified view of Lie
algebras and racks is described in coalgebras. A symbolic method is pro-
posed for Hochschild cohomology of associative algebras in Section 3. In the
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last section, we describe the cohomology theory? from this new viewpoint,
recovering the same differential maps, and show that d> = 0 follows from
such symbolic computations.

The authors would like to thank the organizers of the conference “Intel-
ligence of Low Dimensional Topology 2006”, in particular Seiichi Kamada,
who served both the organizing and local committees. Our collaborators
Alissa Crans and Mohamed Elhamdadi helped create the work that this
note summarizes. The authors also acknowledge partial support from NSF,
DMS #0301095, #0603926 (JSC) and #0301089, #0603876 (MS).

2. Self-distributivity: From sets to coalgebras

A coalgebra is a vector space C over a field k together with a comultiplication
A : C — C®C that is bilinear and coassociative: (A®@1)A = (1@ A)A. A
coalgebra is cocommutative if the comultiplication satisfies 7TA = A, where
T:C®C — C®C is the transposition 7(z ® y) = y @ . A coalgebra
with counit is a coalgebra with a linear map called the counit e : C — k
such that (e ® 1)A =1 = (1® ¢)A via k ® C = C. We use the notation
A(x) = )" 21y ® x(2) and frequently suppress the sum. The coassociativity
is written in these symbols (suppressing the sum) as T(1)(2) OT(1)(2) BT(2) =
T(1) ®T(2)(1) R T(2)(2), cocommutativity as z(1) @ (2) = T(2) @z (7). Together
these imply z(1)(1) ® Z(2) ® T(1)(2) = T()(1) ® T(1)(2) ® T(2)-

Let g be a self-distributive binary operation on a set X. By using the
notation z <y = q(x,y) for z,y € X, the self-distribitivity (x <y) <z =
(x<z)<(y<z) can be formulated, in terms of compositions of maps, as

glgx 1) =qlgx )1 xTx1)(Ix1xA): X*— X,

where A : X — X x X is the diagonal map A(z) = (z,z), and 7 is
the transposition 7(z,y) = (y, ). Diagrams representing these maps are
depicted in Fig. 1. The diagrammatic technique was used extensively? A
standard construction of a coalgebra from a set X is to make a vector
space C' with basis being the elements of X, and define the comultiplication
defined by A(z) = z ® x for any x € X. Then the self-distributivity in this
coalgebra is written as

q®1)=ql¢2q)(1eTe1) (1818 A): C% - C.

This equality is called coalgebra self-distributivity.

We now observe that the Lie bracket of a Lie algebra gives rise to coal-
gebra self-distributive maps. A Lie algebra g is a vector space over a field
k of characteristic other than 2, with an antisymmetric bilinear form [-, ] :
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X X
X XXX XXX
Self-distributiv
‘ q T A law
XXX XXX X X XX X
XX X X XXX

Fig. 1. Diagrams of self-distributivity

g®g — g that satisfies the Jacobi identity [[z, y], z]+[[y, 2], z]+[[z, ], y] = 0
for any z,y,z € g. Given a Lie algebra g over k we can construct a coal-
gebra N = k @ g. We will denote elements of N as either (a,z) or a + z,
depending on context and to enhance clarity of exposition, where a € k and
x € g. Note that N is a cocommutative coalgebra with comultiplication and
counit given by A(z) =z @1+ 1@z forr e gand A(1) =1®1, €(1) =1,
e(x) =0 for = € g. In general we compute, for a € k and = € g,

A((a,2) = Ala+3) = Aa) + Alz)
=al@)+2z1+102 = (a®14+201)+1®x
—(a+2)@1+187 = (0,0) e (1,0)+ (1,0)® (0,).
Define ¢(z ®y) = [z, y] for z,y € g. For z,y, z € g, we compute ¢(¢®1)(z®
y®z) = [[z,y],2] and
g1 1)(101RA)(ry® 2)
=q(q®(1eT7el)(zeye (:@1+1®2))
=qq@(re:eyl+r010y® 2))
Define g(z®1) = x, then the Jacobi identity gives that g is self-distributive.
This leads to the following map, found in quantum group theory®? that is
coalgebra self-distributive: Define ¢ : N ® N — N by linearly extending

1@ (b+y) =eb+y), qla+z)®1) =a+zand q(z,y) = [z,y] for
a,bek and z,y € g, i.e.,

a((a,2)® (b,y)) = ql(a+2) ® (b+y)) = ab+be + [x,y] = (ab, b + [z, y]).

3. Hochschild cohomology

Let X be an associative algebra and A be an X-bimodule. In this sec-
tion we look at symbolic view point of the Hochschild cohomology of X
with coefficient A. The 2-cocycle condition is related to the associativity
(xy)z = x(yz). We apply the following rule: replace a multiplication xy
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by a symbol {z|y} only at a single place among all multiplications in the
equality of associativity (zy)z = z(yz), and take a formal linear sum of
such expressions. Then we obtain

{zlytz + {zylz} = 2{ylz} + {z]yz}

which leads to the Hochschild 2-differential

(dp)(rRy®2)=9(r®y)z+ ¢(ry ®2) —2d(y ® 2) — p(z @ yz)

for a 2-cochain ¢ € Hom(X®?2, X). For the 3-cocycle condition, we use the
notation

u( (zy)z Jo ufzlylzto )= ul z(yz) Jv

to indicate the place where the associativity is applied. Then the pentagon
relation of associativity is expressed as follows.

LHS : ((zy)2)w <({zlylz}w )= (2(y2))w <({z|yz|w} )= z((yz)w)
Hz{ylzlw} )= 2(y(zw)),

RHS : ((zy)2)w <{zylzlw} )= (2y)(zw) {({zlylzw} )= 2(y(zw)).

The five expressions inside of —( }— are added together (minus signs for
the expressions on the right) to construct the 3-differential

(d)(z@yz0w) =@y z)w+Y(rRyzRw)+ 1Y (y ® 2 @ w)
Py ® 2@ w) —P(z ® y ® 2w)

for a 3-cochain ¢ € Hom(X®3, X). The fact that d?(¢) = 0 is recovered
from the following symbolic substitution

{zlylz}w = {zly}zw + {zylz}w — a{y[z}w — {z|yz}w
{zlyzlw} = {zlyz}w + {zyzlw} — a{yzlw} - {z|yzw}
a{ylzlw} = a{ylz}w + a{yzlw} — zy{z|w} — 2{y[zw}
—{aylzlw} = —{zylz}w — {zyzlw} + zy{z|w} + {zy[zw}
—{zlylew} = —{zly}zw — {zylaw} + {ylzw} + {z[yzw}.
Note here that the associativity is used to equate corresponding terms to
cancel. In the following sections, we apply this symbolic rule to the coalge-

bra distributivity to observe that this method can be widely used to invent
cohomology theories for various algebraic systems.
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4. Cohomology for the coalgebra self-distribitivity

In this section, we follow the set-up of symbolic representations of 2- and 3-
differentials of the Hochschild cohomology in the preceding section to derive
a 2- and 3-differentials for the coalgebra self-distributivity, and demonstrate
that the square of the differentials vanishes by the same symbolic schemes
for these dimensions (2 and 3), to illustrate that this symbolic method can
be used in a variety of algebraic systems.

Let X be a coalgebra and ¢ : X®X — X be a coalgebra self-distributive
map. For simplicity we consider the case where the comultiplication is fixed.
We represent ¢(z ® y) symbolically by x <y as in the case for a quandle.
Then the coalgebra self-distributivity and its compatibility with the comul-
tiplication, respecitively, is written, for x,y,z € X, as

(x<ay)<z = Z(xqz(l)) A(y < z2)),
Z(SEQZ/)Q) ® (z<9y)2) = Z(ff(n 1Y) ® (T2) 1Y(2))-

By applying the same principle of formal linear sum as in the Hochschild
cohomology case, we obtain

{zly} 9z +{zaylz} =
{(z az@)l(y<z@)} + {zlz0)} < (¥ <22)) + (2 9201)) <{ylz2) ),
{zly}) @ {zly}e) =
ey} © (22) 1y@) + () <ym) @ {z@) Yo
respectively, where the sum is suppressed. This gives rise to the 2-cocycle
conditions
(d*'m)(z @y ®2)
=qmr oY) ©2) +mlgeey) ®2) - Y mlgr e z1) @ ¢y %))
=Y alm(z @ 21) @4y @ 22))) = > ala(x ® 21)) O (Y ® 2(2)));
@ m)zey) = > mEeyn@mn@oy)e
— Z m(za) ®yay) @ q(ze) @ ye) — Z q(z) ®ya)) @m(ze) @y@e),
for a 2-cochain 7; € Hom(X®2 X). A 2-cochain 7, € Hom(X, X®?), that
has the same condition for the coassociativity as the coalgebra Hochschild
cohomology theory, was also considered,? but in this paper we assume that

this cocycle vanishes, for simplicity and limited pages. Thus in this paper
we formulate the 2-differential only for n; as D@ () = (d>' + d>?)(m1).
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For the 3-cocycle condition, we use the symbol for applying ¢ analogous
to the Hochschild case:
u®((zay)az)@vHufzlylz}v)=> ve ((z9zq) <(Y<zm) ) O,
u® ((z49y)1) ® (x<4y)2) ) ®v
~ulzlylv )= u® (z0) 9y)) @ (T2) Y2)) ) @0

respectively. Then one computes

LHS : ((zay)<z)qw {{z|ylz} qw )= ((x921)) 9 (y<z2)) <w
~{(xaz)y<z@)lw} )= (z<92q)) <wa)) < ((y <2@2) <wz))
~({zlzylway} < ((y 222)) <wezy) )=
(@ <wa)m)) 2 (z0) Twaye)) (Y 922)) Qwez)
~ ((z qwyy) < (20) Twaye))) AHulz@lwe) -

((z qwym)) < () Tw)))) < (Y Qw @) < (22) W) 2);

RHS : ((z ay) <2) aw {{z aylz|w} )= ((x<1y) Qwqy) < (2 Qw(z))
—{zlylwmy} < (z<we)) =
~{(z qway))|(y <wy2)|(z <we)} )=
((z<awaya)) <(z<9we) ) Ay qway @) (2 Qwe)@e)
= (@ <wmya))< (Y <wye))[zlwe)] -
((z <wayay) < (2)) Qwz)w)) (¥ <waye)) <(2@2) Twe)@))-
The last operation happens to distant elements. This corresponds to the
3-differential, for 3-cochains ¢; € Hom(X®3, X) and & € Hom(X®2% X®2)
d*(£,6)(z 0y ® 2@ w)
=q&i(z®y®z)@w) +&(9(z® 21) ®q(y @ 2(2)) @ W)

+q(&1(r ® z) ® W) @ q(q(Y @ 2(2)) ® W(z)))

+q(q(g(z ® wy1)) ® q(z1) @ waye))) @ E1(Y @ 22) ® wa)))

&gz @y) ® 2@ w) — q(&i(z @y @wa)) ® ¢(2 @ w())

—&1(q(r @ way1)) @ q(y @ way2)) @ q(z @ w(a)))

—q(q(q(z @ wy1)) @ 2,1(2 @ w(2))) @ q(q(y @ w)(2)) ® &2.2(2 @ Ww())))
where {3 : X®X — X ®X is denoted by &2(z®y) = £21(xQy) @&2,2(x®Y)
by suppressing the sum. Other 3-differentials are formulated in a similar
manner.

Then (d**D®)(n,) is represented by the following symbols. The four
terms of the LHS are substituted as follows, where each term is labeled by
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(*n) to identify canceling pairs, with positive integers n. Some terms cancel
in the LHS already, and many appear on the RHS.
{alylz} aw
= ({zly} <2) aw "D 4 {z aylz}t qw 2
—{(z 22y 2@} 4w O = {alz} < (g a2) aw
—((zaz)) <{ylz@)}) <w (+5)

{(z<az0))|(y < z2))|w}

= {(zaz)l(y 92@)} qw O+ {(2 920)) < (y < 29))[w} *0
—{(zaz)) qw|(y<z@) Qwe} &7
—{zazmlwa)} 9 ((y92@) qwe) *
—((xazqy) <wgy) 4 {(y < 22)) w2

(zlzqylway } 9 ((y 12(2)) <w(z))
= ({zlz)} qw)) < (¥ 9 2(2)) Qwz)) ¢
Harazm|way } <a((yazg)) < w(2))
—{(z awey1)|(z0) Qw(y(2)} < (1 9 2(2)) Qwzy) F1
—({zlwaym)} 9 20y qway@)) (Y < 2) Qw)
~((zqwmm) < Lz lwaye ) < (Y 22@) Q) 2

(z <wayay) < (z) Qwaye))) <{ylz@)lwe)}

= ((z1wayw) < (20) Qw)e)) < {ylze)} qwe)

+((z qwayy) A (zq) Qwa) @) <{y Qz@)|we}

— (@ 2wy < (zq) Tw)e) W TweE o)l Twae)}
~((z 2wy < 2y Twe) < {Hlwem} < (e Twee) ¢
—((z qw(y1)) < (2(1) Qway2)) < (Y Tweya)) Az lwey e ) ©F
The next four terms are negatives of the RHS also with corresponding
terms labeled. We note that the following terms are identical and canceled

directly: (2), (3), (8), (17), (19). The following terms cancel after applying
the coalgebra self-distributivity (possibly multiple times): (1), (4), (5), (6),

(9), (16), (18).
—{z aylz|w}
= {zaylz}aw P — {(zay) az|w} ¢
+H(z ay) qw))|(z awz))} (16) 4[24 ylway} < (z <wea)) (+17)
+((z ay) qwpy) @ {zlwe} &

(5)
(+9)

14)
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(

= —((z qwuy)) < {zlwe) b)) <((y qwaye) <{zlwe) be)
)
)<

—{zlylway} < (z <we))
—({zly} <wq)) < (zqw(z)
+({(z qwaym) vy away@)}) < (2 qweg)) “
+{zlwaya)} <2 (¥ <waye))
+((z awyay) <{ylwaye)})

U —{zaylwy} < (zawg) ©17

(2 Qwg)) (+11)
(2 aw(z)) (x14)
—{ (@ qwy @) (¥ <waye)l(z qwe)}
= —{(z qwy) (¥ Qwy2)} 4 (2 Q) "9
—{(z awy1)) A (y Qwye)|(z qwez))} *1O
H (@ qwayny) 4 (z Q) )y Twaye) < (2 4we) @)} 7
H(@ away)(z qwe) 1y} < ((y Qwaye) < (2 Qwe)) @) “10
+((z qwyay) < (2 Qwe) 1)) Y Qway@)|(z <we) @} &)

((IQIU(l)U) > (qu(l (2)) )[ |w(2)]
(*18)

+((z <wyw) <z lwem}) < (yawaye) < (22 Twe) ) 2

+((z < W(1)(1) (2(1 dw 2)(1))) ((y< w(l)(2)) < {z(2)|w(2)(2)}) (19

The other corresponding terms cancel by repeated applications of axioms

of cocommutative coalgebras and coalgebra self-distributivity.

In summary, in this paper we proposed symbolic computations that can

be used to develop cohomology theories of algebraic systems in low dimen-
sions, that follow analogies of deformation theory, and demonstrated that
this method recovers a cohomology theory of coalgebra self-distributivity.
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This paper is concerned with the Khovanov homology of links which admit a
semi-free Z/pZ-symmetry. We prove that if we consider Khovanov homology
with coefficients in the field F2, then the Z/pZ-symmetry (for any odd integer p)
of the link extends to an action of the group Z/pZ on the Khovanov homology.

Keywords: Khovanov homology, periodic links, equivariant Reidemeister
moves.

1. Introduction

Khovanov homology is an invariant of links which was introduced by M.
Khovanov.® The most basic feature of this link invariant is that it dominates
the Jones polynomial. Let L be an oriented link in $3, Khovanov defines
bigraded homology groups H**(L) which categorizes the Jones polynomial
of L, i.e. the polynomial Euler characteristic of H**(L) is the Jones poly-
nomial of L:

Vi(g) =Y (=1)'¢’rankH" (L),

.3

here V1, (q) is equal to (¢+ ¢~ 1) times the original Jones polynomial.® Since
its discovery, Khovanov homology has been subject to extensive literature.
For instance, there were various attempts to simplify Khovanov’s construc-
tion and to generalize it into several directions. In particular, Viro® intro-
duced a combinatorial definition of the Khovanov chain complex. Viro’s
elementary construction plays a key role in our paper.

*Supported by a fellowship from the COE program " Constitution of wide-angle mathe-
matical basis focused on knots”, Osaka City University. The Author would like to express
his thanks and gratitude to Akio Kawauchi for his kind hospitality.



20

An oriented link L in the three-sphere is said to be p-periodic (here p > 2 is
an integer) if it has a diagram D which is invariant by a planar rotation ¢
of 27 /p-angle. Since the Jones polynomial of a periodic link satisfies some
congruence relations,%” it is natural to ask whether the Khovanov homol-
ogy carries out some information about the symmetry of links? In other
words, is it possible to define a Z/pZ—equivariant Khovanov homology as-
sociated to p-periodic links? The main purpose of this paper is to study
the Khovanov chain complex of a periodic diagram trying to extend the
symmetry of the link diagram to some group action in homology.

Here is an outline of our paper. In section 2, we review the definition of the
Khovanov homology. Section 3 is to explain how to construct an equivariant
Khovanov homology for periodic diagrams. In section 4, we state our main
theorem which proves the invariance of our construction under equivariant
Reidemeister moves. It is worth mentioning here that we only give a sketch
of the proof of our main result. The details shall be given in a forthcoming

paper.

2. Khovanov homology

In this section we briefly review Viro’s construction of Khovanov homology.
This construction which is purely combinatorial was inspired by the state
sum formula of the Kauffman bracket polynomial of links. Let D be a link
diagram with n crossings labelled 1,2,...,n. A Kauffman state of D is an
assignment of +1 marker or —1 marker to each crossing of D. In a Kauffman
state the crossings of D are smoothed according to the following convention:

Figure 1

Denote that a Kauffman state s may be seen as a collection of circles Dy.
Let |s| be the number of circles in D and let

o(s) = t{+1 markers} — #${—1 markers}.
It is well known that the Kauffman bracket of D is given by:
<D= (A)= Y (A=A Ak,
states s of D

here also we use a normalization of the Kauffman bracket different from
the original one.* Namely, we set the Kauffman bracket of the trivial knot
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to be —A% — A72

An enhanced Kauffman state S of D is a Kauffman state s together with
an assignment of a + sign or — sign to each of the circles of Dg. If D is
oriented, we set w(D) to be the writhe of D. Now, let:

and

where 7(.9) stands for the algebraic sum of signs in the enhanced state S,
i.e. 7(S) = #{cirles with + sign} — #{ circles with — sign }. Let ¢ and j be
two integers. We define C*(D) to be the free abelian group generated by
all enhanced states with i(S) = i. Let C%J(D) be the subgroup of C*(D)
generated by enhanced states with j(S) = j. The Khovanov differential is
defined by:

d9 : CH (D) — ciﬂj(D)
S o > ()88

All states S’
where (S :5') is

e 1if S and S’ differ exactly at one crossing, call it v, where S has a
+1 marker, S’ has a —1 marker, all the common circles in Dg and Dg-
have the same signs and around v, S and S’ are as in figure 2,

e (S:5') is zero otherwise

and ¢(.5,.5”) is the number of —1 markers assigned to crossings in S labelled
greater than v.
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The chain complex (C**(D),d**) is called the Khovanov chain complex of
the link diagram D. Its homology H**(D) does not depend on the labelling
of the crossings. Moreover, it is invariant under Reidemeister moves, hence
H** is a link invariant called the Khovanov homology.5®

3. Equivariant Khovanov homology

This section is concerned with the Khovanov homology of periodic links.
Let p > 2 be an integer and let L be a p—periodic link. Assume that D is
a diagram of L such that D is invariant by a planar rotation ¢ of the angle
27 /p. Let S be the set of all enhanced states of D. Since the diagram D
is symmetric then the action of the rotation on D induces an action of the
finite cyclic group G =< ¢ > on the set of enhanced states S. Moreover,
one can easily see that if .S is an enhanced state then we have:

i(#*(9)) = i(S) and j(¢"(S)) = j(S) forall 1 <k <p.

Hence, we deduce that the finite cyclic group G = Z/pZ acts on the set S%J
of enhanced states with i(S) =i and j(S) = j. Let S%J be the quotient set
of 8% under the action of G. Since C%J(D) is the free group generated by
S%J. Then, the action of G on S%/ extends to an action of G on C*J (D). Let

C%3 (D) be the quotient group. Obviously, C*J (D) is the free abelian group
generated by SJ. So far, we have proved that G acts on the Khovanov
chain groups. It remains now to check if the action commutes with the
differential.

Lemma 3.1. For all 1 < k < p, we have: d o gpk = gok od modulo 2.
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Proof. First, we notice that we have: (S: 5') =1 < (¢(S) : p(5")) = 1.
According to the definition of the differential in section 2 we have:

p(dI(S) =p( Y (-1)!(5: 88
= STy Es e
=S L) (8 (8l S)

All states S’

= Z (p(S): 7T modulo 2
All states T
=do p(9) modulo 2. U

The group action of G on the Khovanov chain groups together with Lemma
3.1 imply that if one consider the Khovanov chain complex with coeffi-
cients in Fq, (C**(D,F3),d), then we can define a quotient chain com-
plex (C**(D,Fs),d). We will refer to this chain complex as the equivariant
Khovanov chain complex of D. Its homology shall be called the equivariant

Khovanov homology of D and shall be denoted H;*(D).

Remark 3.1. The equality given by Lemma 3.1 is true only if coefficients
are considered in Fy. Our construction does not extend straightforward to
Khovanov homologies with coefficients in other rings.

4. Invariance under Reidemeister moves

In this section we shall deal with the natural question of whether the equiv-
ariant Khovanov homology defined in section 3, is an invariant of periodic
links. In other words, we would like to discuss whether this construction is
invariant under Reidemeister moves. Let D and D’ be two p—periodic dia-
grams which represent the same link L. Obviously, D and D’ are related by
Reidemeister moves. Since D and D’ are both p—periodic, then the Reide-
meister moves which relate D and D’ are applied along orbits of the action
defined by the rotation . We call these moves equivariant Reidemeister
moves. We denote the three equivariant Reidemeister moves by: ER1, ER2
and ER3, where ERi, for 1 < ¢ < 3 means that we apply p times the
Reidmeister move Ri along an orbit. The response to the above-mentioned
question is positive as explained in the following theorem:

Theorem 4.1. If p is odd, then HZ;* is an invariant of p—periodic links.
This means that Hg* is invariant under equivariant Reidemeister moves
ER1, ER2 and ERS.
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Proof. As we have mentioned earlier, we only give an outline of the proof.
The invariance of our construction under equivariant Reidemeister moves
is inspired by the proofs of the invariance of Khovanov homology under
Reidemeister moves given in.!*® Let D and D’ be two periodic diagrams
related by an equivariant Reidemeister move F Ri, the idea is to construct
a chain map p from (C**(D,Fs3),d) to (C**(D’,F3),d) such that:

e p induces an isomorphism p, in homology.
e p is equivariant under the action of < ¢ >, thus it induces a map p
between the quotient sub-complexes.

Now we have the two following commutative diagrams:

O*’*(D)LO*’*(D/) H*’*(D)LH*’*(D/)
= o |» ANEER AN
C**(D) - C++(D)) Hy7(D) P HE (D)

where 7 is the canonical surjection and ¢, is the transfer map in homol-
ogy.2 Using the fact that the composition m,t, is the multiplication by
p, we should be able to conclude that p, is an isomorphism between the
equivariant homologies of D and D’. The proof will be given in details in a
forthcoming paper. O

Remark 4.1. Theorem 4.1 is better described using the categorification of
the Kauffman bracket skein module of the solid torus introduced by Asaeda,
Przytycki and Sikora in.! A similar equivariant Khovanov homology can be
defined for links in the solid torus. Actually, this equivaraint Khovanov
homology is an invariant of links in the solid torus.
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Self Cj-equivalence is a natural generalization of Milnor’s link homotopy. It
has been long known that a Milnor invariant with no repeated index, for ex-
ample 1(123), is a link homotopy invariant. We show that Milnor numbers with
repeated indices are invariant under self Cx-moves, and apply these invariants
to study links up to self Ci-equivalence. Using these techniques, we are able
to give a complete classification of 2-string links up to self delta-equivalence.
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1. Introduction

For an n-component link L, Milnor numbers are specified by a multi-index
I, where the entries of I are chosen from {1, ..., n}. The most familiar Milnor
number is perhaps ©(123), which is the invariant often used to show that
the Borromean rings are nontrivial. However, the linking number 1k(£;, K;)
of the ith and jth components of L is the same as the Milnor number p(i7).
In fact, Milnor numbers can be thought of as a generalization of the linking
number. Just as the linking number of K; and K; can be calculated by
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Doctoral Fellowship for Foreign Researchers, (Short-Term), Grant number PE05003
TThe second author is partially supported by Sumitomo Foundation (#050027) and
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examining the longitude of K; in m (S%\ K;), Milnor numbers are calculated
by studying the longitude of K; in 7 (S®\ L).

More precisely, Milnor numbers are defined using the Magnus expan-
sion @ : w1 (S%\ L) — Z[[X1, X5 ... X,]], where the X; are noncommuting
variables and 6(m;) = 1 + X;. Here m; is the preferred meridian of K; in
71(S3 \ L). Given a zero framed longitude I; of K;, we may write it in
terms of the m; and take the Magnus expansion. The Milnor numbers are
the coefficients of the polynomials in this expansion. That is, if I’ = 41is...7,
is a multi-index, then 0(l;) = > pur(I'j)Xi, Xy, - - - X;,.. There are ways to
calculate Milnor numbers that are easier than using the definition. See for
example [1].

Let || denote the length of the multi-index I. Milnor numbers for a link
are interrelated, and p(I) is not well defined if p(J) # 0 for certain J with
|J| < |I|. However, this indeterminacy problem can be avoided by studying
(1) := p(I) modulo ged(z(J)) where J is obtained from I by deleting at
least one index, and permuting the remaining indices cyclically.

Two links L and L’ are said to be link homotopic if L’ is obtained from L
by ambient isotopies and self crossing changes, where a self crossing change
is a crossing change between two arcs that belong to the same component of
L. This relation was introduced by Milnor to study links while ignoring the
“knottedness” of the individual components. In his first paper [7] Milnor
proved that when the multi-index I had no repeated entries, the numbers
(1) are invariants of link homotopy. Milnor numbers with repeated indices
are known to be isotopy invariants [8], but are less well understood.

A Cj-move is generalization of a crossing change; see [4] for details.
Consider the generalization of link homotopy known as self Cj-equivalence,
introduced by Shibuya and the second author in [10]. Two links L and L’
are self Cy-equivalent if L' is obtained from L by ambient isotopies and Cy-
moves, where all the arcs in the Ci-move belong to the same component of
L.

Milnor’s link homotopy invariants are very useful for studying link ho-
motopy. In a similar way, Milnor numbers can be used to study self Cj-
equivalence. Given a multi-index I, let r(I) denote the maximum number
of times that any index appears in I. A Milnor invariant f(I) is called real-
izable if iy (I) # 0 for some link L. Then our main result is the following.

Theorem 1.1. Let 1i(I) be a realizable Milnor number. Then G(I) is an
invariant of self Cy-equivalence if and only if r(I) < k.

Notice that a self Cx-equivalence can be realized by self C/-moves when
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k' < k, self Ci-equivalence is link homotopy, and self Ca-equivalence is self
delta-equivalence. Thus self Cj-equivalence classes form a filtration of link
homotopy classes.

The classification of links up to link homotopy has been completed
by Habegger and Lin [3]. However, the structure of links under self Cy-
equivalence is not well understood. Using coefficents of the Conway poly-
nomial, Nakanishi and Ohyama have classified two component links up to
self Cy-equivalence [9]. In the next section we will present a classification
of 2-string links up to self Cy-equivalence.

Let L be the Bing double of the Whitehead link, shown in Figure 1.
The Alexander polynomial of this link is trivial, and in fact, J. Hillman
has pointed out that the three variable Alexander polynomial of L is also
0. Thus, L has the trivial Conway polynomial. But pr,(123123) = 1, so by
Theorem 1.1 L is not self Csy-equivalent to trivial. Thus, the classification
of 3-component links up to self Cs-equivalence will likely require Milnor
numbers.

aY

Fig. 1. The Bing double of the Whitehead link.

It is well known that Milnor’s link homotopy invariants vanish if and
only if the link is link homotopic to the unlink. However, the 2-component
link L in Figure 2 has vanishing Milnor numbers, and is not self Cs-
equivalent to a split link. The proof that this link is not split up to self
Cs-equivalence depends on the fact that L is Brunnian, and that for an n-
component Brunnian link, there is a relation between Cj,_1-equivalence
and self Ci-equivalence. For details, see [2].

For 2-component links under self Cs-equivalence, Nakanishi and
Ohyama’s classification implies that if all the self Co-invariant Milnor num-
bers vanish, then the 2-component link is self C-equivalent to trivial. Could
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Fig. 2. The Hopf link with both components Whitehead doubled.

this be true for links with a larger number of components?

For a certain class of links, it is. A link L is called a boundary link if the
components of L bound disjoint Seifert surfaces. Shibuya and the second
author have shown that boundary links (with any number of components)
are self Cy-equivalent to the trivial link [11]. However, whether the vanishing
of the self Cs-invariant Milnor numbers implies that an arbitrary link is
self Cy-trivial is not yet known. For 2-string links, it is not true. In the
next section, we will see that there are infinitely many 2-string links with
trivial Milnor self Cs-invariants that are not self Cs-equivlanent to trivial
(Remark 2.1).

2. Self Delta Classification of 2-String Links

Milnor numbers are derived from the fundamental group of the link com-
plement, and the indeterminacy of Milnor numbers arises because of the
choice of path from each component to the base point of S3. This problem
can be avoided by studying string links, where there is a canonical choice
of such a path. Thus, for string links, the Milnor numbers u(I) are well
defined for all 1.

For a 2-string link L, let f(L) := ax(L) — az(Ky) — as(K>). Here as is
the coefficient of 22 of the Conway polynomial, L denotes the plat closure
of L, and K (resp. K3) the first (resp. second) component of the closure
cl(L) of L, see Figure 3. Then we have the following lemma.

Lemma 2.1. For a 2-string link L, f(L) = as(L) — az(K1) — az(Ks) is an
invariant of both Cs-equivalence and self Cs-equivalence.

To prove the lemma above, we need the following lemma shown in [4].

Lemma 2.2. Let T be a Cy-clasper for a (string) link L,